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Foreword

Musimathics by Gareth Loy is aguided tour-de-force of the mathematics and physics of music. It
pulls no punchesin presenting the scientific fundamentals needed to really understand music, but
at the sametimeit is so clearly written that readers willing to spend time can learn all they need
to know to do basic research in modern technical music. Advanced placement coursesin math and
science in any good high school are plenty of background—from there on Loy leads readers to
wherever they want to go.

Loy hasawaysbeen abrilliantly clear writer. In Musimathics heis also an encyclopedic writer.
He covers everything needed to understand existing music and musical instruments or to create
new music or new instruments.

Loy's book and John R. Pierce's famous The Science of Musical Sound belong on everyone's
bookshelf, and the rest of the shelf can be empty.

Max Mathews






Preface

To start a great enterprise requires at the beginning only the first step.t

Mathematics can be as effortless as humming a tune, if you know the tune. But our culture does
not prepare us for appreciation of mathematics as it does for appreciation of music. Though we
start hearing music very early inlife, the same cannot be said of mathematics, even though the two
subjectsaretwins. Thisisashame; to know musicwithout knowing itsmathematicsislikehearing
amelody without its accompaniment.

If you are drawn to mathematics because of your love of music, thenthisbook isfor you. It pro-
vides a commonsense, self-contained, self-consistent, self-referential introduction to these sub-
jects for nonspecialist readers. It is designed for musicians who find their art increasingly
mediated by technology, and it is written for anyone who desires to understand the intersection
between art and science.

It has been my experience that there are many who want a deeper understanding of the math-
ematicsof musicif the subject could be presented in amanner accessibleto them. Thisbook aims
to meet that need. My goal isalwaysto sustain readers’ motivation while competenceisgradually
built up in mathematical fundamentals.

Readers will need only average experience with mathematics and music—advanced high
school math or college freshman algebra and some basic music theory. No knowledge of the cal-
culus, apart from asmall amount supplied in volume 2, isrequired. Some physics background is
helpful, but the text supplies amost everything necessary for understanding.

Virtually al of thisbook isfocused on the mathematics of music:

= Thetopicsareall subjectsthat contemporary composers, musicians, and music engineers have
found to be important.

= The examples are all practical problemsin music and audio.

= Even the fundamentals are cast in terms of the goal: | try to makeit clear up front why afoun-
dation is relevant and what readers will be able to do with it once it is mastered.

Thisisnot abook for themathematically inexperienced, nor isit for experts. My aimisbalance.
| travel at a somewhat leisurely pace through this very remarkable material, examining not just
its mathematical content but its aesthetic and philosophical qualities as well.
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Musi mathi cs presentsthe story of music engineering by examining itsmathematics. Sinceengi-
neering isbasically about applying human valuesto nature, readerswill discover alot about them-
selves, about theworld of sound and music, and about what human cultureshave valued. However,
because | approach these values from an abstract perspective, they can be seen objectively, giving
abetter vantage point from which readers can make their own choices.

There are three main directions of inquiry in volume 1:

= The materials of music: notes, intervals, scales

The physical properties of music: frequency, amplitude, duration, timbre
= The perception of music and sound: how we hear
= Music composition

Volume 2 presents a deeper cut into the underlying mathematics of music and sound, including

= Digital audio, sampling, binary numbers

= Complex numbers and how they simplify representation of musical signals
= Fourier transform, convolution, and filtering

= Resonance, the wave equation, and the behavior of acoustical systems

= Sound synthesis

= The short-time Fourier transform, phase vocoder, and the wavelet transform

The Web site, http://www.musimathics.com/, contains additional source material, animations,
figures, and sources for other program examplesin this book. Also, try saying “Musimathics’ to
your favorite Web browser and see what happens.

About the Author

This section is here to give readers a sense of comfort that they are in good hands. | received my
Doctor of Musical Arts (DMA) degree from Stanford University in 1980 in composition of com-
puter music. | did my graduate work at the Stanford Center for Computer Research in Music and
Acoustics (CCRMA), one of the premier institutions for the study of this subject, then housed in
the Stanford Artificial Intelligence Laboratory. | have been aperforming musician all my life(vio-
lin, guitar, lute, sitar, and voice) and am an award-winning composer (Bourges prize) and a
National Endowment for the Arts grant recipient. | spent over a decade conducting research and
teaching computer music, electronic music, and musical acoustics at the University of California,
San Diego, as Director of Research at the Center for Music Experiment. More recently I’'ve been
acomputer programmer, software architect, and digital audio systemsengineer invariouscompanies
in Silicon Valley. | am president of a (very) small corporation, http://www.Garethlnc.com/, which
provides engineering consulting services internationally.



Preface XVii

But there's more about me that you should know. Mathematics has never been an easy subject
for me; | am acomposer by training, not amathematician. My academic career suffered badly in
proportion to the amount of mathematics included in the syllabus. The aim of confessing thisis
paradoxically to give readers confidence. | know what it’s like not to comprehend mathematics
easily, and | also know what it's like not to give up.

Notwithstanding my inability to add a column of figures and come up with the same answer
twice, | found that mathematics was the lion in my path, the invariant obstacle to the reaization
of my artistic visions. So it was more out of necessity than facility that | came to study mathe-
matics. The composer Harry Partch constructed an entire orchestraof novel instrumentstorealize
his artistic vision and once called himself “a composer seduced into carpentry.” By analogy, |
suppose I’'m a composer seduced into mathematics.

| considered subtitling this book, “Everything | wanted to know about music when | was
eleven.” At that age| prowled the stacks of anearby university library in search of answersto my
burning questions, only to discover that they were out of reach because| didn’t understand thejar-
goninwhich theanswerswerewritten. At that agewe are till intellectually fearless. In my expe-
rience as a child and as a father and teacher, 1’ve come to believe that there is nothing an
eleven-year-old can’'t understand given the right explanation. But by the time most of us have
reached adulthood, thisinquisitivequality isin eclipse, inlarge part because theright explanations
arevery hard to come by. Thisbook is my gift to myself all those years ago, of al the best expla-
nations I’ ve been able to find or invent for many of the questions | had. And this book is my gift
to you; may it help throw open the doors to the mathematics of music, one of the crown jewels
of our civilization.

C. G. Jung (1962) wrote, “The decisive question for man is: Isherelated to something infinite
or not?Inthefinal analysis, we count for something only because of the essential we embody, and
if we do not embody that, lifeiswasted.”

In the storm called life, mathematics and music are two sure guidesto that essential that we al
embody.

Acknowledgments
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Lisa, and my children, Morgan, Greta, and Tultti.
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there is anything to praisein thiswork, it is because it reflects the wisdom of these antecedents;
if thereisfault, it ismine aone.

Thanks to those courageous individuals who reviewed chapters of this book prior to publica
tion: Charles Seagrave, Stan Green, Dana Massie, Mark Kahrs, Richard Kavinoky, Malcolm
Slaney, John Strawn, Dan Freed, Herbert Bielawa, Stephen Pope, Roy Harvey, Julius Smith, Ted
Marsh, Mark Dolson, Andy Maoorer, Robert Owen.

Thanks a so to the mockingbird outside my window whose song at this late hour reminds me
of the universality of music.

Gareth Loy
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1 Music and Sound

“How did you know how to do that?’ he asks.

“You just haveto figureit out.”

“1 wouldn't know where to start,” he says.

I think to myself, That'sthe problem, al right, whereto start. To reach him you have to back up and back up,
and the further back you go, the further back you see you have to go, until what looked like a small problem
of communication turns into amajor philosophic enquiry.”

—Raobert M. Pirsig, Zen and the Art of Motorcycle Maintenance

The problem of finding the right place to begin an explanationisrather likefinding theright fulcrum
point to moveastonewith alever. Putting theful crum point too closeto the stone providesgreat lever-
age but little range of movement (figure 1.1a). Putting it too far from the stone provides great range
of movement but noleverage (figure 1.1b). Thefulcrum point of an explanationisthe knowledgeand
assumptionsthereader must already havein order to make sense of the explanation. The assumptions
areliketheaxiomsin geometry: ashort list of simple, self-evident factsfrom which the entire subject
can ultimately be derived.

This chapter is such afulcrum for therest of thisbook, and it therefore runs the greatest risk of
overwhelm or underwhelm. Given the choice, I've decided to err on the side of underwhelm. The
rest of this chapter introduces some basic properties of sound that will becomeimmediately useful
in chapter 2. If it looks like there are no surprises here, skip this chapter.

And if thissubject isnew to you, | have asuggestion: if any of the material seems beyond you at
times, just read it likeamystery novel. Seriously! | recommend this approach based on years of per-
sonal experience reading things | didn’t at first understand. You don’t have to speak fluent French
in order to enjoy Paris, but you'll certainly get more out of it if you pick some up along the way.

1.1 Basic Propertiesof Sound

If youwereto strikeatuning fork and hold it next to your ear, youwould hear oneof nature’ spurest,
simplest sounds. What you hear isaresult of the periodic changesin air pressure at your ear drum
caused by the vibration of the air set in maotion by the tines of the fork (figure 1.2a). Figure 1.2bis
arepresentation of the air moleculesin thevicinity of thefork, showing areas of greater and lesser



2 Chapter 1

a)\<»\j
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Easy to lift but the rock hardly moves
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Hard to lift but the rock moves farther

Figurel.1
Fulcrum.

a) ulE

L Position

Figure1.2
Sound wave from a vibrating tuning fork.

air pressure radiating away from the fork asit vibrates, similar in some respectsto the way water
waves radiate away from a stone thrown into a pond.

1.1.1 Physical Properties

Therate of periodic pressurechangeisfreguency, and the strength of pressurefluctuationsisinten-
sity. The onset isthetime when the sound begins, and itsduration isthe length of timewe can hear
it. The characteristic way in which the intensity of a sound changes through time isits envelope.

Onefinal attribute, wave shape, completesthe basic list of the physical properties of sound. Our
hearing uses the shape of sound waves to characterize sound quality. We use words like “pure,”
“shrill,” and “muffled” to describe wave shapes. We also use wave shape to identify the type of
sound source, for instance, a trumpet or an oboe.

There are many other important properties of sound, such as the direction it comes from and
what it meansto us. But frequency, intensity, onset, duration, envel ope and wave shape are enough
to start with.
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Frequency ismeasured as cycles per second. The unit of one cycle per second ishertz (Hz) (see
section 4.3.1). Humans can hear sound over the range of about 17 Hz to about 17,000 Hz. Sound
intensity is measured in decibels (dB) (see section 4.24.1). From soft to loud, intensity of sound
ranges from the threshold of hearing at about 40 dB in very quiet rooms up to the limit of hearing
at about 120 dB, aso called the threshold of pain. Duration is measured in seconds.

1.1.2 Perception of Sound

Even though our senses are connected directly to the world, our inner experience of phenomena
isnot identical to the stimuli we receive. Our perception depends upon a multitude of interacting
factors, including the sensitivity of our sense organs and the various ways our brains can be wired;
even the culture of our birth and our location in time and space affect our experience of theworld.
So our language has developed terms that relate our inner experience to outer phenomena.

For simple sounds such as a tuning fork, the principal physical properties of sound are pretty
closely related to what we hear. When the high- and | ow-pressure waves from the tuning fork have
propagated through the air to the ears, they push and pull on the ear drum at the samerate that the
tuning fork created them (just asthereeds at the edge of apond rock back and forth from the waves
created by a stone thrown into the water). The ears report the frequency of these air pressure
changestothe brain as pitch. Theintensity of the pressure changesisreported to the brain asloud-
ness. If there are no changesin air pressure around the ears (that is, if the atmospheric pressure
remains unchanged), we hear silence. Inamusical context, onset and duration of sounds are per-
ceived as elements of rhythm.

Loudness, pitch, onset, and duration seem to be relatively straightforward one-dimensional
measures of our experience. A sound getslouder or softer; higher or lower; faster or slower, much
the same way as a thermometer rises and falls with temperature. Measuring timbre, on the other
hand, is not so simple.

Later | explain that the physical and psychological aspects of sound cannot be compartmental -
ized quiteasneatly as|’ve suggested here, and that timbreisnot ashard to study asit at first seems.

1.2 Waves

A waveisan organized traveling disturbance in amedium, such as air. The medium itself does not
flow because of the wave; rather, a disturbance in the medium travel s through the medium. Waves
transmit energy without transmitting matter. For instance, part of the energy from thevibrating tun-
ing fork istransferred to the ear.

121 Wave Shape

When | describe awave as organized, | mean that it has a characteristic shape. Our ears are very
sensitive to the shape of pressure changes in sound waves asthey strike our ears. Throughout our
lives we learn to associate particular wave shapes with particular sound sources. We a so use this
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The wave shape of avibrating tuning fork.

information to identify a sound's relative location and important characteristics about our environ-
ment. The wave shape of atuning fork isvery simplein comparison to most other sounds. If we graph
the average particle density of the tuning fork sound shown in figure 1.2b, we see a shape similar to
figure 1.2c.

Thevibration of thetines of atuning fork isvery small and too rapid for the eyeto see. But sup-
pose we could view this maotion, for example, by attaching a miniscule pen to one of itstinesand
then quickly passing aroll of paper underneath whileit vibrates. Under magnificationthevibration
might be seen to leave a wavy mark on the paper (figure 1.3). The wave shape would be similar
totheonein figure 1.2c.

1.2.2 Simple Harmonic Motion

Theback and forth motion of thetuning fork tineshowninfigures1.2 and 1.3isknown assimple
harmonic motion. Understanding this motion is fundamental to understanding all kinds of
vibration, including music, the quantum mechanical motion of an atom, and the celestial music
of the spheres. Thismotion is easiest to visualize when it is made up of theinterplay of inertia
of amass and the elastic force of a spring. For the tuning fork, the mass and the spring are
just different aspects of the same metallic substance: the metal hasbothinertiaand elastic force.
But we can better visualize simple harmonic motion by suspending alarge mass from the end
of aspring (figure 1.4a). This allows us to neglect the mass of the spring and the elasticity of
the mass.

If left undisturbed, the mass will eventually come to rest at its point of equilibrium, where
the downward force of gravity equals the upward-lifting spring force. But if it is disturbed
from its equilibrium position, the mass will vibrate up and down in simple harmonic motion
(figure 1.4b).

1.2.3 Guided Tour of Simple Harmonic Motion

If I pull down onthemassandreleaseit, theforceof thestretched spring liftsthe massupward against
gravity and against the inertia of the weight, attempting to restore it to its equilibrium position. As
its velocity increases, momentum tends to keep the mass traveling upward. The spring beginsto go
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a) b)
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Figurel1.4
Simple harmonic motion.

slack as the mass rises, and when the mass reaches the equilibrium point, the spring no longer lifts
the mass upward. But the mass continues to rise above the equilibrium point in spite of the dack
spring, thoughitsvel ocity dows. Whenitsmomentumisexhausted, the mass stops at apoint of max-
imum positive displacement from equilibrium, and its vel ocity momentarily goesto zero.

The dlack spring cannot hold the mass above its equilibrium point, so with its upward momen-
tum spent, the force of gravity takes over and begins to pull the mass downward. Its velocity
increases until it reaches its equilibrium point again. The mass continues to fall below the equi-
librium point, thoughit slowsbecauseitisincreasingly opposed by thetightening spring. The mass
stopsat apoint of maximum negativedisplacement from equilibrium, and itsvel ocity momentarily
goesto zero. Then the cycle repeats.

Now go back to the initial moment, while | was still holding the mass below its equilibrium
point. At that moment, the mass had zero velocity and zero acceleration. The moment | released
it, it had zero velocity, but maximum acceleration. As the mass rose to approach its equilibrium
point, its acceleration diminished, but its velocity continued to grow. At the equilibrium point,
acceleration was zero, but velocity was maximum. Above equilibrium, the mass decelerated and
velocity diminished, until at maximum positive displacement, velocity was zero.

Then the same process took placein reverse. At the moment it began its downward movement,
acceleration was maximum, velocity was zero. As the mass approached its equilibrium point, its
acceleration diminished, but velocity continued to grow. At the equilibrium point, acceleration
was zero, but velocity was maximum. Below equilibrium, the mass decelerated and vel ocity
diminished, until at maximum negative displacement, vel ocity was again zero.

Figure 1.5 showsthe motion of the spring/mass system through time. Pointsmarked A, B, and C
infigure 1.4 areshownaslinesinfigure 1.5for reference. The massachi evesits maximum vel ocity
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Figure1.5
Displacement, velocity, and acceleration of simple harmonic motion.
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Figure 1.6
Other sources of simple harmonic motion.

intheinstant it crossesitsequilibrium point (B), and at thispoint it has zero accel eration. The mass
achieves its maximum acceleration in the instant it reaches its point of maximum displacement
from equilibrium (A and C), and at this point it has zero velocity. When the mass has maximum
velocity (and zero acceleration) we say it has peak kinetic energy, and when the mass has maxi-
mum accel eration (and zero velocity) we say it has peak potential energy.

If wechanged theinertiaof the mass or theelasticity of the spring, we'd changeitscharacteristic
speed of vibration. If we used a heavier weight, the frequency would go down; if we used astiffer
spring, the frequency would go up. But the characteristic shape of the motion would remain. If we
stretched the spring farther beforeletting it go, we'd increase thetotal potential and kinetic energy
of thevibration, giving it alarger amplitude. But again, the characteristic harmonic motion would
remain.

There are many examples of simple harmonic motion in the universe. The tuning fork and the
spring/mass example and the examplesin figure 1.6 are all simple mechanical vibrating systems.
Even the basilar membrane, which is the organ within our hearing system that converts acoustic
energy into nerveimpulses, vibrates using the same principle of simple harmonic motion. Simple
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Sinusoi d—simple harmonic motion through time.

harmonic motion can also be studied in electrical, optical, chemical, thermal, atomic, and other
natural systems.

1.24 Sineand Sinusoid

Look again at figure 1.3. Tracing the shape made by a body moving in simple harmonic motion
through time, we observe it makes a characteristic curve. Such a curveisasinusoid. Simple har-
monic motion is sinusoidal motion.

Figure 1.7b shows one period of the sinusoid generated by the spring and weight apparatus
shown in figure 1.7a. Notice that the spring and weight make the pen move fastest when the wave
crosses the centerline. This point is aso where its acceleration reverses (going from acceleration
to deceleration). Thus, sinusoidal motion captures al the salient features of simple harmonic
motion through time.

The term sinusoidal means having the shape of a sine wave. Sine motion is a mathematical
abstraction of simple harmonic motion, just asapoint isageometrical abstraction of alocationin
space. We can make an ink dot on a piece of paper and say it represents ageometrical point; sim-
ilarly, aparticul ar sinusoidal motion can be said to represent sine motion. But both sinemotion and
geometrical point really exist only in our minds, and the sinusoid and ink dot are their real-world
counterparts.

Here's the difference: aswe will see in chapter 5, sine motion has a precise mathematical def-
inition in terms of circular motion. Because it is based on the circle, sine motion is a timeless
description of motion having no beginning or end. Thus, sine motion is a mathematical ideal,
an infinite, perfect motion that cannot exist outside of our imaginations. On the other hand, any
reasonabl e approximation of sinemotion (such astheoneshowninfigure1.7) canbecalled sinu-
soidal. Because no physical motion can more than approximate ideal sine motion, all such
real-world approximations are by definition sinusoidal.
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Figure1.8
Damped waveform of a plucked musical instrument.

Amplitude

1.2.5 Conservative and Nonconservative Forces

Unless we continually supply energy to an object vibrating in simple harmonic motion, it will
eventually cometorest at itsequilibrium position becauseitsenergy isconstantly being dissi pated,
radiated away asheat and/or sound. The effect of energy dissipation on avibrating systemisdamp-
ing. Figure 1.8 showshow asinusoid generated by the systeminfigure 1.7 might ook throughtime
because of theinterplay of vibratory forces and dissipative forces.

If al the energy drains away at once, there can be no vibration, because then there's no energy
|eft with which to vibrate. But even if the energy drainsaway slowly, all the energy will eventually
dissipate completely. Thissuggeststhat there are conservative and nonconservative forces at work
simultaneously in vibrating systems. The conservative forces operate within the system to perpet-
uate vibration, while the nonconservative forces operate between the system and its surroundings
to dissipate energy through friction, and radiate energy through heat and sound. The balance
between these two kinds of forces determines how the system vibrates.

= A spring’selastic forceisaconservativeforcethat isconstantly transforming the spring’sup and
down movement from potential to kinetic energy and back again as the system vibrates.

= Theexternal frictional force of air resistance and theinternal friction of the spring itself are non-
conservative forces that dissipate the system’s energy into its surroundings, until total energy in
the system has returned to its equilibrium.

Notein figure 1.8 that only the amplitude of the damped waveform changesthrough time, while
the frequency (here represented as the distance covered by each repeated waveform) remains the
same throughout.

In common usage, the terms “oscillate” and “vibrate” are often interchanged. But they are not
the same: asystem vibrateswhen it movesor swingsfromsideto sideregularly; asystem oscillates
if it moves or swings from side to side continuously and regularly. Hence, a sinusoid oscillates,
whereas a plucked string vibrates.
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1.3 Summary

The physical properties of sound include frequency, intensity, onset, duration, and wave shape.
Frequency, onset, and duration are time-based aspects of sound, and intensity is ameasure of the
energy in asound. These physical properties of frequency and intensity correspond to the percep-
tual cues of pitch and loudness. Onset and duration largely determine musical rhythm.

A waveisan organized traveling disturbance in amedium that transmits vibrating energy with-
out transmitting matter. The simplest wave shape is the sinusoid, generated by simple harmonic
motion. This motion is created by the interplay of elastic forces and inertia. The velocity of an
object moving in simple harmonic motion is greatest near its equilibrium point; acceleration is
greatest near the extremities of itsexcursion. If wegraph simpleharmonic motionintime, it makes
asinusoidal shape.

The forces that sustain vibration are conservative forces; the forces that cause damping are
nonconservative forces.






2 Representing Music

Both mathematical notation and musical notation point to universes quite different from the one in which
ordinary language functions so well. But, in each too, there is genius in the very notation that has devel oped
for giving representation to ideas that seem to lie beyond ordinary language. There are times in mathematics
when the similaritiesin notation isthe first clue to adeeper relationship. Similarly musical notation not only
created a structure within which Western music could develop but a so shows something other than just the
sounds being made. It indicates how the various elements stand in rel ation to one another, how sound creates
a space, it shows how different musical voices move against and through each other. The notation in both
subjects can make visible the hidden connections within each subject that reveal hidden connections among
outside phenomena.

—Edward Rothstein, Emblems of the Mind

Just as music comes alivein the performance of it, the sameistrue of mathematics. The symbols on the page
have no moreto do with mathematicsthan the notes on apage of music. They simply represent the experience.
—Keith Devlin, Mathematics: The Science of Patterns

Our earsare continuously bombarded with a stream of pressure fluctuations from the surrounding
air, not unlike the way ocean waves ceaselessly beat upon the shore. Nonethel ess, our earsdiscern
discrete eventsin this continuous flow of sound and assign them meaning, such as footsteps, a
baby’s cry, or amusical tone.

Just as the geometrical point isamental construct that hel ps us navigate the underlying conti-
nuity of space, so the musical toneisafree creation of the human mind that we apply to the unbro-
ken ocean of sound to help us organize and make sense of what we hear. Though its definition has
been stretched to the breaking point by recent musical trends, toneis still the fundamental unit of
musical experience. This chapter lays out the basics of music representation from a mathematical
perspective, laying the groundwork for subsequent chapters.

2.1 Notation

Therealm of personal musical experiencelies entirely within each one of us, and we cannot share
our inner experiences directly with anyone. However, many world cultures have developed sys-
tems for communicating musical experience by representing it in symbolic written and verbal
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forms. As members of aparticular culture, we learn from childhood to map our inner experiences
of music onto particular symbols which carry meaning that all members share. This allows usto
speak and writeabout music, learn and perform theworksof others, transcribe and analyze musical
performances, and teach music, among other things. All this is possible because of the innate
human capacity to abstract musical tones from the continuous stream of sound and to represent
these tones symbolically.

This chapter characterizes one such system: the Western common music notation system
(CMN). Its prevalence today makes it a good entry point to a broader discussion of the mathe-
matical basis of tuning systems (see chapter 3). Understanding CMN will help usto fully appre-
ciate its relationship to other musical traditions as well as to understand the history of tuning
systems and current musical research.

2.2 Tones, Notes, and Scores

In CMN atoneischaracterized by three sonic qualities: pitch, musical loudness, and timbre. When
atoneis combined with two additional temporal qualities, onset and duration, the result isanote.
A noteisatone placed in a particular temporal context.

Notes are combined in temporal order to create a musical score, which provides the necessary
context to correctly interpret the performance of the notes. Roughly speaking, when notes are per-
formed in sequence, the result is mel ody, and when notes are performed simultaneously, the result
isharmony. The context provided by ascoreincludesthe sequence order of the notesand their tim-
ing aswell as other details of how the notes are to be played on particular musical instruments.

Figure 2.1 showsacomplete scorewrittenin CMN consisting of asinglenote. The scoreiswrit-
ten out on a staff of five horizontal lines that serves as agrid indicating pitch range. The relative
pitch and duration of anote areindicated by placing note symbolssuch as J(quarter note), ) (eighth
note), J (haf note), and ., (whole note) on the staff lines. The mapping of pitchesto staff linesis
determined by thetype and placement of the clef sign, placed at theleft of each staff. The clef mark
infigure2.1isthe G clef, <§ . The spiral in this symbol encircles the second-to-bottom line, indi-
cating that this staff line corresponds—by ancient convention—to the pitch G. This pitch is
onewhole step below A440, the reference pitch used to tune all modern Western instruments.
Another common clef is the F clef, 9. When placed on a staff, its two vertical dots bracket the
second-to-top line, indi cating that this staff line corresponds—by the same ancient convention—to
the pitch F, afifth below middle C.

0 |
Violin jggF—re——=]

N %

Figure2.1
A score of asingle note in Western common music notation.
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Figure2.2
Amplitude function of the score in figure 2.1. The waveform has been shortened to make it fit the page.

If we wereto record amusical instrument performing this score, the waveform might look like
the onein figure 2.2, which shows fluctuating air pressure A as afunction of timet. Figures 2.1
and 2.2 arejust different views of the same information, the former describing the sound symbol-
icaly, the latter describing it physically.

Each view has advantages and disadvantages. The functional view provides a great deal of
information about how a particular performer realized (performed) the note, allowing usto ana-
lyze the physical vibration of the instrument. But it is generally not useful to give such arep-
resentation to another player to describe how to play the same note. For this, the symbolic
approach is superior.

Therearemany useful representationsof tones, each of which hasadvantagesand di sadvantages
in different contexts. For instance, although we can easily derive pitch, loudness, and duration
information from either amusical score or from afunctional representation like figure 2.2, neither
gives much direct insight into timbre (see chapter 6).

2.3 Pitch

Frequency is a physical measure of vibrations per second. Pitch is the corresponding perceptual
experience of frequency.

Pitch has been defined as “that auditory attribute of sound according to which sounds can be
ordered on ascalefromlow to high” (ANSI 1999). Unfortunately, stipulating precisely what “that
auditory attribute” isturns out to be a complex scientific affair that has spanned across centuries
of research. While our sense of pitchisproportional to frequency, itisal soinfluenced by frequency
range, loudness, and the presence of other higher or lower frequencies. Pitch islimited to sounds
within the range of human hearing, but frequency is not.

Thereareat |east two motivationsfor devel oping measurementsof pitch: scientific curiosity and
the requirements of music engineering. | take up the scientific interests in chapter 6. Meanwhile,
there isthe more pragmatic problem of engineering the pitch range of human hearing for musical
purposes so that we may communicate musically about pitch.
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2.3.1 Frequency and Pitch

If werestrict ourselvesto simpletones such as might come from aflute or tuning fork, then for some
tone with frequency f we hear some corresponding pitch p. For instance, if the frequency of atuning
fork isf= 440 Hz, then the pitch p that we hear is conventionally called A440, the pitch commonly
used by modern Western orchestras to tune al instruments together. The reference pitch used by
orchestras has not always been set at 440 Hz but has varied through the ages. It became standardi zed
at 440 vibrations per second in the early part of the twentieth century (see section 3.2.3).

2.3.2 Intervalsand Frequency

Aninterval isthe difference in pitch between two tones. The sensitivity of our earsto intervalsis
the basis of melody and harmony.

If areferencetonehasfrequency fg, thenatonewith frequency f - 21 issaidto be oneoctave
higher. If the frequency is fg - 22, then it is two octaves higher. Generalizing, the frequency f,
of any octave x of the reference frequency fyis

f,=fg - 2%, xe l. Octaves (2.1)

Thisequation says, “ The frequency x octaves above reference frequency fg isequal to theref-
erencefrequency times2 raised to the power of x.” Theexpression x € | meansthat xisan element
of the set of all integers—all possible positive and negative whole numbers. Hereit sufficesto say
that x e | meansthat x can be any integer. The significance of requiring x to be an integer isthat
frequency f, will only bean octave of fy if X isan integer value.

If x = 0, thefrequency of f, isinunisonwith f; because f, = fg- 20 = f5. If x = -1, the
frequency of f,isanoctavebelow fgbecausethen f, = fg - 271 = f/2.If wedlow x to beany
integer, al octaves of fi can be realized.

2.3.3 Character of Intervals

Our ears are extremely sensitive to the intervals of unison and octave, and virtually all cultures
organize their music primarily around these intervals. The unison hasthe musical quality of iden-
tity. For example, if two flutes intone A440, we say their pitch isidentical.

Octaves have a musical quality of equivalence. If identity means that two pitches sound the
same, equivalence meansthat we can tell them apart but each can serve the same musical purpose
equivalently. Invirtually every musical culture, pitchesin any octave can performthesamemusical
function, a principle known as octave equivalence.

If the range of x in equation (2.1) is expanded to include all real numbers, then we can obtain
the frequency f, of any arbitrary interval x of reference frequency fy:

f,=1:-2, xeR. Interval (2.2)

The expression x e R means x isan element of the set of real numbers (in other words, x can
be any real number). Real numbersinclude all integers and all possible fractional values between
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the integers aswell. Real valuesin therange 0 < x < 1 select frequencies within the first octave
above fg. Values x < O select frequencies below fg, values x = 1 select frequencies beyond the
first octave above fp, and so forth.

An exponent appearsin equations (2.1) and (2.2) asthe independent variable; it seemsthat our
neural anatomy iswired to perceive an exponential relation between pitch and frequency. Fre-
quency f goes up exponentially as pitch p goes up linearly: to double pitch, we must quadruple
frequency.t

2.3.4 Interval Ratios

The frequencies of tones that make up an interval can be compared by making a ratio of their
frequencies. For instance,

Theinterval of aunisonis 1/1.
Theinterval corresponding to one octave up is 2/1.
Theinterval corresponding to one octave down is 1/2.

Consider the interval formed by the frequencies 880 Hz and 440 Hz. This ratio can be reduced
to the lowest common denominator:

880 . 2
440 1°
The same is true of 132/66, 34/17, and so on. The advantage of expressing intervals as ratios in

the lowest common denominator isthat the kind of interval can be seen directly without the com-
plication of the actual frequencies involved.

2.35 Categorizing Intervals

If the unison expresses identity and the octave expresses equivalence, the rest of the intervals
signify individuality. Each of the intervals has a unique character to its sound—Ilike a unique
personality—that the ear can readily detect regardless of wide variationsin frequency, amplitude,
duration, or timbre. Our hearing seemsto organize intervals by a subjective sense of distance that
can be characterized asheight or width: theinterval of afifth (3/2 = 1%,) isexperienced as* higher”
or “wider” than afourth (4/3 = 1%s). In chapter 6 this quality is called chroma. Intervals figure
prominently in music because they are so readily distinguished by our hearing.

2.3.6 Organizing Pitch Space

Equation (2.1) showsthat there are an infinite number of pitches because we can assign any values
toreferencefrequency f ;or octavex. But to engineer apractical scalesystem requiresthat wetake
into account the realistic limits imposed by our hearing.

Deter mining the Range of Pitch Space First, we can only hear frequencies between about
17 Hz and about 17,000 Hz (higher generally for youths and women, lower for rock concert
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aficionados, people who listen to music over headphones at elevated levels, people who drove
Volkswagens in the 1960s, and the aged—especially the aged who drove Volkswagens to rock
concerts while wearing headphones).

Even within this frequency range, pitches above about 4000 Hz are difficult to tell apart. Rec-
ognizing this, themusical engineersof theworld’smusical traditions have historically set realistic
limits on the frequency range used by musical instruments to represent distinct musical pitches.
The piano has one of the widest pitch ranges of traditional instruments. Its lowest pitch is about
27 Hz, and its highest is alittle less than 4000 Hz.

Deter mining the Density of Pitch Space If pitches are crowded too closely together in fre-
quency, we have a hard time telling them apart. Because of this, the world's musical engineers have
limited the total number of pitchesthat cover the range of pitch space so that each can be easily iden-
tified. In sometraditionsthere are asfew asadozen pitchesaltogether. The Western orchestraprovides
only about 90total pitchesto work with. So eventhough there are thousands of potentially identifiable
pitchesin the range of human hearing, relatively few are actually selected for usein musical scaes.

Assigning Pitches  To communicate about music, we must be able to name the pitches and asso-
ciatethem with frequencies. Thisisnot an engineering problem so much as adesign question, and
each culturehasanswered itinamanner that speakstowhat isimportant to that culture. In the West
the choi ces have been profoundly influenced by the ideas of Pythagoras (see chapter 3).

2.4 Scales

A musical scaleis an ordered set of pitches, together with aformulafor specifying their frequen-
cies. Each individual pitch of ascaleis called adegree. The degrees are an ordered set of names
and positions for the scale pitches.

Most musical traditions have acknowledged the importance of the unison and octave intervals
by organizing their scales around them like anchor points. Most scales associate names of the
degrees with their frequencies in one octave only, with the understanding that because of octave
equivalence, degrees of the scale can be played in any other octave yet still perform the same
musical function in the scale.

In an unfortunate twist of terminology, the degrees of the scale are also sometimes called pitch
classes. (I'd rather they'd been called something like degree classes.) In any event, each degreeisa
member of aclassthat it shareswiththesamedegreeinall other octavesbecause of octaveequivaence.

241 Gamut

A term related to scale is gamut, the entire range of notes reachable by an instrument or voice.
Whereas ascal e theoretically hasno limitsin frequency, agamut does, asitisalwaystied to apar-
ticular instrument that can play only so high or so low.

“Gamut” isactually acompound of two other terms: the Greek letter gamma, T, used asasymbol
for the lowest tone of the medieval musical scale, and “ut,” the first syllable of athen-well-known
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hymnto St. John, the mel ody of which hasthe peculiarity of beginning one degree higher with each
successive phrase. “ Gamut” thus represents “all the tones from gamma onward” (Apel 1944).

2.4.2 Diatonic Scale

The prototype of all scale systemsin the West isthe diatonic scale. It has seven pitches per octave,
named with the seven letters C, D, E, F, G, A, and B corresponding to the seven degrees of this
scale.2 The degrees of the diatonic scale are named tonic (1), supertonic (2), mediant (3), subdom-
inant (4), dominant (5), submediant or superdominant (6), and subtonic (7). They are represented
in CMN as shown in figure 2.3. This scale may also be familiar as the scale that goes with the
solmization syllables do, re, mi, fa, sal, 1a, ti.3

Thediatonic scalecontainstwo interval sizes, the half step and thewhol e step. A whole step con-
tains exactly two half steps. The whole step and the half step are also called whole tone and semi-
tone. Chapter 3 details the frequencies that go with each diatonic scale degree and the frequency
size of the half and whole steps. Here | focus only on the order of the interval sizes. The interval
order of the diatonic scale is the sequence of whole and half stepsin the scale.

Theinterval order and the starting degree are the two primary identifying characteristics of the
diatonic scale that hold regardless of the pitch the scale starts on.

Figure 2.4 showstheinterval order of the diatonic scale. Notethe characteristic order of interval
sizes. {2, 2,1, 2, 2, 2, 1}, and observe that the scale starts on the first degree. For our purposes,
these two characteristics completely define the diatonic scale. Note the asymmetrical structure of
the interval order: theresagroup {2, 2, 1} followed by {2, 2, 2, 1}. The unique order of whole
and half steps provides a crucial asymmetry that our hearing exploitsin order to orient ourselves

Degree: 1 2 3 4 5 6 7

Letter: C D E F G A B (C)
A T 1T I 1I; |

[ )’ A ¥ T T T ]

Note: I:@’:‘:_‘ﬁ:,‘:‘::ﬁ
J o hd - I f

Syllable:  do re mi fa sol la ti  (do)

Whole step: 1 Half step: —~~

Figure2.3
Diatonic scale.

Starting
degree

'

Degree: 1 2 3 4 5 6 7
T l PN l l P
Interval size: 2 2 1 2 2 2 1

Figure2.4
Interval order of the diatonic scale.
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Figure2.5
Piano keyboard.

to the music we're hearing. If theinterval pattern were not asymmetrical, it would be impossible
for usto orient ourselvesin the scale.

2.4.3 Staff Linesand the Piano Keyboard

L ook at figure 2.3 again and noticethat the staff lines hide the asymmetry of thediatonicinterval
order visually. Each successive degree of the scale moves vertically up the staff by the same
distance regardless of whether the interval between the successive degrees is a semitone or
awhole tone. However, the asymmetry can’t be hidden in the layout of the piano keyboard
(figure2.5). When starting from C, theinterval pattern of thekeyboard isthe same asthediatonic
interval order.

2.5 Interval Sonorities

Groupsof intervalsshare sonorities, commontraitsthat all ow usto group themtogether (table2.1).
The sonorities correspond to the sonic character of the intervals. Perfect intervals have a quality
that has been described asclear, pristine, structural, or astringent. Major intervalsand minor inter-
vals supply awarmth or feelingful character. Augmented intervals and diminished intervals pro-
vide a pigquancy or strangeness that can be disturbing. Table 2.1 shows the classification of the
intervals. Intervals can also be classified as consonant or dissonant (see section 3.10).

251 Major and Minor Scales

Another namefor the diatonic scaleisthe major scale. The minor scale usesthe standard diatonic
interval order but starts on degree 6. Table 2.2 shows three octaves of the diatonic scale from left
toright. The diatonic interval order is highlighted in the middle row, and the minor interval order
is shown below it.

If we project one octave of the diatonic scale clockwise on acircle, asin figure 2.6, we seethat
theminor scaleisthe same asthemajor scal e started two diatonic degrees counterclockwisearound
the circle. So the major and minor scales are related by the underlying diatonic order and are dis-
tinguished only by their starting degrees.
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Table2.1
Interval Classification by Sonority
Class Name Semitones Description
Perfect Unison 0 Provides harmonic anchoring and framework.
Octave 12
Fourth 5
Fifth 7
Major Third 4 Provides expansive emotiona color.
Sixth 9
Seventh 11
Second 2
Minor Third 3 Upper pitch is one semitone smaller than major intervals.
Sixth 8 Minor intervals provide a contractive emotional color.
Seventh 10
Second 1
Diminished 6 Upper pitch is one half step less than aminor or a perfect
interval. A diminished fifth is called atritone.
Augmented 6 Upper pitch is one half step greater than amajor or a
perfect interval. An augmented fourth is also called a
tritone.
Table2.2

Diatonic and Minor Scale Interval Order

Diatonic Degree

.1 2 3 4 5 6 7

1 23 456 7|1 2 3 456 7...

Diatonic interval order

Minor interval order

.2 21 2 2 21

2 21222 1|2 212 2 2 1...

.2 21 2 2|21

2 2122|212 21222 1..

Minor [6]

Figure 2.6

Major and minor scales.
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1 lonian (Major)
Lochrian 7

2 Dorian

Aeolian 6
(Minor)

3 Phrygian

Mixolydian 5 4 Lydian

Figure2.7
Starting the diatonic scale on other degrees to create modes.

2.5.2 Modes

Starting a scale from other than degree 1 or 6 produces scales that are other than major or minor
but that share the diatonic interval order. Called modes, these variations of the diatonic scale order
areshowninfigure 2.7. Theinitial degree of amodeisitsfinal becausetypicaly musicin amode
would end on that note. So the final of lonian mode is 1 and the final of Aeolian is6.

The names derive, evidently, from seventeenth-century French music theorists, who named the
modes arbitrarily after regions of Greece (Apel 1944). (The music theory of the ancient Greeks
bears no resemblance to these modes.) The diatonic modes are the tonal basis of Gregorian chant
and of early Western music (until about 1600 C.E.).

Notice that the major and minor scales are synonyms for lonian and Aeolian modes, respec-
tively. The various modes can be played on the white keys of a piano simply by starting the mode
onthedegreeindicated in thefigure. For example, starting on degree 4 producesthe Lydian mode.
The Lochrian modeis purely atheoretical mode, considered unusable by conventional music the-
ory because of the tritone that exists between itsfinal (7) and its fourth degree.

The listener may notice that some of the modes, especially Phrygian and Mixolydian, have
akind of antique quality to their sound. Before the advent of tempered tunings (see chapter 3),
composers expl oited the modes as an important source of tonal contrast. Shifting between modes
was away to add structure and shape to a composition. However, with the arrival of transposable
instruments in the Barogue period, interest in modes declined, as key transposition took over the
role of the modes to structure music. This left only the mgjor and minor scales in common use.
Hence, music built upon modal scal escan sometimes suggest an ancient quality tothe Western ear.

2.5.3 Chromatic Scale

The chromatic scal e extends the diatonic scale by breaking up the whole stepsinto half steps and
adding these new half steps to the scale. It uses the standard diatonic letter names A—G but adds
symbols that raise or lower each diatonic degree by a semitone to indicate these in-between half
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Degree123 4 56 78 910 11 12

With sharps |

With flats

Figure2.8
Chromatic scale in common Western notation.

il I I N B B 2

Double sharps:

Sharps: ( B# C# D# E# F# G# A# )
I i I I I i I I
(c D E F G A B C
Fas (b, 5 R 6 A B G
Double flats: Dy, B, Fy Gl Ay, By, Cy,
Interval order: 2 2 1 o 2 o 2 2 T
Figure2.9

Diatonic scale names with chromatic and enharmonic inflections.

steps. The symbol § (sharp) raises a diatonic degree by a semitone, and the symbol ;, (flat) lowers
it asemitone. The symbol & (natural) restores apreviously sharped or flatted pitch to its diatonic
degree. Sharp, flat, and natural are accidentals. Given the order of half and whole stepsin the dia-
tonic scale from which it is constructed, there are thus 12 semitones in the chromatic scale:

{A1 (A“ | BL)! B! C, (Cf‘ | Dh)! D! (Dl‘ | EL)! E! F! (F# | Gb)! G, (G“ | AL)};

where the symbol | means or. Thus, one may write either A; or B,, since they are enharmonic
equivalents—they sound the same pitch. On the piano, for example, A; and B, are the same phys-
ical key (seefigure 2.5).

Themusical representation of all 12 pitches of the chromatic scalein CMN isgivenin figure 2.8.
This scale can equivalently be written using flatsinstead of sharps (or any mixture). The fact that
the degrees of the chromatic scale are named by their position with respect to the degrees of the
diatonic scale shows again that the chromatic scale was derived fromit.

In addition to the standard chromatic enharmonic spelling using sharps and flats, degrees can
also be represented using double sharps (x) and doubleflats (i), which raise or lower their respec-
tive degrees by two semitones (figure 2.9). The degree names in each column are enharmonic
equivalents, thusC, = D = E,



22 Chapter 2

a) [ ] | [ LN

G A B C D, E F G
b) N [ T 1\ ] T PN

1
FF G A B, C D, E, F

Figure2.10
Diatonic scalein keysof G and F.

<— Flat keys Sharp keys ——»
¢ 6 b AOB BB F C G D A E B K G

75 6} 5\, 4 b 3{, 2} 1[, lu 2“ 3“ 4“ 5# 6# 7“
~——— Number of flats Number of sharps ——»

Figure2.11
Transposition versus accidentals required for the diatonic scale.

25.4 Transposing

If ascaleisstarted on any chromatic degree but C, it is said to be transposed. The diatonic scale
can betransposed to any chromatic degree so long asthe diatonic interval order of whole and half
stepsis preserved. For instance, if we begin the diatonic scale on G, then F must be sharped to
preserve diatonic interval order; similarly, if we start it on F, then B must be flatted. Figure 2.10a
shows the diatonic scale transposed to G, and figure 2.10b showsiit transposed to F.4 The degree
to which the diatonic scaleis transposed is called the key. For example, the diatonic scale trans-
posed to G by the introduction of F; isthe key of G. The untransposed diatonic scale is the key
of C.

255 Key Signature

Noticethat Fisafifth below C, while G isafifth above C. Transposing the diatonic scale to begin
on F requires oneflat: B,. Transposing to G requires one sharp: F. Aswe go down by fifths from
C, the scale built on each subsequent transposed degree requires the introduction of one more flat
in order to preserve theinterval order of the diatonic scale. Correspondingly, aswe go up by fifths
from C, the scale built on each subsequent pitch requires the introduction of another sharp. This
result is shown pictorialy in figure 2.11.

A major or minor scale can be erected on any of the chromatic degrees by appropriate appli-
cation of accidentals to establish the correct major or minor interval order. The accidentals
required to start amajor or minor scale on each chromatic degreeare showninfigure2.12. These
are called key signatures because they stipulate the association between the key (the chromatic
degree that the scale starts on) and the accidentals required for the corresponding diatonic
scale.
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Major: C G D A E B F# C#
Minor: A E B F# C# G# D# A#

Majorr C F B, B A D, G, C,
Minorr A D G C F B, E, A,
Figure2.12

Key signatures.

Figure2.12 dlowsustoinfer fromascorewhat thekey should be. For example, if weobservethree
sharpsinascore, wecaninfer that itscorresponding major scalemust start on A anditscorresponding
minor scale must start on F.> Since the mgjor and minor keys that share akey signature are related
by the underlying diatonic interval order, they are called the relative major and relative minor. For
example, the relative major of B, minor is D, mgjor, while the relative minor of A mgjor is K minor.

2.5.6 Circleof Fifths

Aswe move farther away from the key of Cin figure 2.11, enharmonically equivalent keys start
to crop up. In particular, the key of D, is enharmonically identical to the key of C, the key of G,
isthe same asthe key of F, and the key of C, isthe same asthe key of B. This suggeststhat there
isacircularity involved in the key structure, which becomes apparent if we twist the key sequence
shown in figure 2.11 into a spiral, as shown in figure 2.13.

Thisisthecircleof fifths, althoughitiseasier to represent asaspiral, sinceit could continueinto
the double sharps and double flats, and so on. There are only 15 useful mappings of the diatonic
interval order onto the chromatic scale, namely the ones shown in figure 2.11.

2.5.7 Nondiatonic Scale Orders

Of course, the diatonic scale specifies but one of many possible orderings of intervals. Whiledia-
tonic ordering has had immense influence on music of cultures around the world, we're free to
choose any ordering that serves our needs. Thefollowing isaselect sampling of some nondiatonic
scales. More are considered in chapter 3.

Pentatonic Scale If the diatonic scale is the father of scales, the pentatonic scale must be the
grandfather, for it appearsin virtually every culture worldwide. Itsinterval order is{2, 3, 2, 2, 3}.
The black keys on a piano are an instance of the pentatonic scale. Like the diatonic scale, one can
create pentatonic modes by choosing a different starting degree (figure 2.14).

Harmonic Minor Scale This scale (figure 2.15) uses the interval order of the minor scale but
rai sesthe seventh degree by one semitone. Itsinterval orderis{2,1,2,2,1,3, 1}. Theminor scale
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Figure2.13
Spiral (circle) of fifths.

Figure2.14
Pentatonic scale.
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Figure2.15
Harmonic minor scale.

(seesection 2.5.1) issometimes called the natural minor scaleto differentiateit from the harmonic
minor. The seventh degree of the diatonic scale is sometimes called the leading tone because it
seemsto |ead the ear to the tonic. Raising the seventh degree of the natural minor lendsthisimpor-
tant harmonic function to the minor scale.

Melodic Minor Scale Thisscale(figure2.16) variesitsorder depending upon the melodic func-
tion of the music—hence its name. It has an ascending order, which is used when the music rises
up the scale, and a descending order, which is used when the music goes down the scale. The
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Figure2.16
Meéelodic minor scale.
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Hungarian minor.
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Figure2.18
Whole-tone scales.

ascending order of this scale is like the harmonic minor but with the sixth degree also raised by
a semitone. The descending form isidentical to the natural minor.

Hungarian Minor This minor scale (figure 2.17) has an augmented second between the third
and fourth degrees, and an augmented fourth (tritone) fromfirst to fourth, lending it aspicy, rakish
quality.

Whole-Tone Scale Asthere are 12 chromatic degrees per octave, picking every other semitone
yieldsascal e containing only six degrees (excluding the octave), all of them wholetones. Itsinter-
val order issymmetrica: {2, 2, 2, 2, 2, 2}. Since we pick every other degree, there are necessarily
two kinds of whole-tone scale (figure 2.18). The chromatic degrees of the first kind are 2n,
n=0,1,...,5, andthe degrees of the second kind are 2n + 1 over the same range (counting the
first degree of the chromatic scale as 0).

Because the whole-tone scaleinterval order is symmetrical, it does not provide the ear with the
anchoring asymmetry supplied by, for example, the diatonic interval order, leaving listeners har-
monically “at sea” An obvious compositional deviceisto aternate between the two whole-tone
scalesfor contrast. A fallingwhol e-tone scalegivesaparticularly vulnerableand “ slippery” feel -
ing to thefall. Composersasvariousas Claude Debussy® and Thel onious Monk” have featured this
scale in their compositions.
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2.6 Onset and Duration

Theduration of anoteisthe number of beatsit lasts. The beat isthe fundamental unit of time mea-
surement and corresponds to the pulse of the music—in other words, what you tap your foot to.
Beats are grouped into measures, set off from other measures in a score by bar lines.

Theonset of anoteisthe moment stipul ated by the scorefor it to begin, countedin beatsfrom the
beginning of the score. The onset time of a note is the same moment counted in seconds from
the beginning of the score. Onset time can be calculated by multiplying the number of beats
from the beginning times the duration of a beat.

2.6.1 Relative Duration

Musical symbols for relative note duration are given in the upper row of table 2.3. The symbols
inthelower row indicate theduration of rests, the silencesbetween notes. Intable 2.3, each symbol
indicates a duration one half as long as the symbol to its left. Shorter durations, such as one
thirty-second can be created by adding more flags (4) to the stem of the note.

Additional relative durations can be derived from those in table 2.3 as needed by the addition
of dotsto the right of notes or rests. A single dot extends the duration of the note or rest by 1/2.
For example, ). =)+ ), and:. = : + . A second dot increases the duration of the note or rest by an
additional /4. For example, J.=J+ ) + 5, and :. =+ + v+ 4. In general, n dots after anote or rest of
duration D indicate that the total duration Tis

1,1, ...,1
20 21 +2n)'

2.6.2 Absolute Duration

The absolute duration of any note is determined by ametronome mark on the scorein conjunction
with the duration symbolsin table 2.3. The metronome mark indicates which duration symbol gets
the beat and how many beats there are per minute. For example, the metronome mark J = 60MM
indicatesthat the quarter note getsthe beat and that there are 60 beats per minute. Thus, each quar-
ter note lasts for one second.

The tempo isthe number of beats per minute. Rubato, small perturbationsin the tempo, may
be employed by performers informally to emphasize a phrase or delineate a symmetry in the
music.

Table2.3
CMN Symbols for Relative Duration

Whole Half Quarter Eighth Sixteenth

Note o J J J’ ﬁ

Rest - - $ o g
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Table2.4
Time Signatures
Two quarters Three quarters Four quarters
per measure per measure per measure
2 3 4
4 4 4
Common time? Six eighths Nine 32ds
c per measure per measure
6 9
8 32

Note: a. Same as4/4 time.

The suffix MM on the metronome mark has an interesting history. It stands for “Malzel
Metronome.” Johann Nepomuk Mé zel was not the inventor of the metronome, which honor isin
fact due to Diedrich Nikolaus Winkel (1773-1826) of Germany. But Malzel was a shrewd busi-
nessman who patented Winkel’s invention in England and France before Winkel could do so. So
successful was his marketing effort that only Méalzel’s name remains commonly associated with
the metronome (Tiggelen 1987).

2.6.3 Time Signatures

The rhythm of ascore is determined by the time signature in much the same way that the scaleis
determined by the key signature. The time signature stipul ates how many beats there are per mea-
sureand what beatsare stressed to establish the rhythm (table 2.4). Common time groupsfour quar-
ter notes per measure. It is notated with a capital letter C.

Not all beats have an equal stress when performed. Often the first beat is stressed, while other
beats in a measure receive less stress. A few conventional stress patterns are associated with the
most common time signatures. For example, common time and 4/4 time stress beat 1 the strongest
and beat 3 somewhat | ess; the other beats are unstressed. For 3/4 time, typically beat 1 isthe stron-
gest, beat 3isstressedless, and beat 2 isunstressed. Likethe asymmetrical structure of thediatonic
scale, the asymmetry in stress patterns helps orient the listener in the measure.

2.7 Musical Loudness

The sound intensity of many musical instruments can be adjusted over acertain range, depending
upon their construction. The range from the softest to loudest sound for an instrument is its
dynamic range. Some instruments, such as the harpsichord, are fixed at one loudness level. The
oboe has a small dynamic range, and the pipe organ has quite a wide dynamic range. Loudness
dependsupon anumber of perceptual and acoustical factors, and isnot easy to characterizein gen-
eral terms (see section 6.5).

Nonetheless, CMN providesavery simple notation for dynamic levels. Part of every musician’s
trainingistolearn how to translatethe CMN symbol sfor dynamiclevel to the appropriateloudness
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Table2.5

CMN Indications for Dynamic Range

Pianississimo ppp As soft as possible Mezzo forte mf Moderately loud
Pianissmo pp Very soft Forte f Loud

Piano p Soft Fortissimo ff Very loud

Mezzo piano mp Moderately soft Fortississimo fff Asloud as possible

level for his or her instrument, depending upon musical context. The nuances of this context are
quite subtle and extensive, usually requiring years to master.

The CMN indications for dynamic range are shown in table 2.5. The Italian names are univer-
sally used, | suppose because they invented the usages, which were subsequently adopted by other
European countries. The dynamic range indicationsin table 2.5 are entirely subjective. | describe
how to relate them to objective measurementsin section 4.24.

For instruments that can change dynamic level over the course of time, the “hairpin” symbol
—— indicatesagradual increasein loudness, while — indicates agradual decrease. Bowed
and blown instruments can usually effect a change in dynamic level during the course of asingle
note. Struck instrumentsincluding pianos generally can’t change the dynamic level of anote after
it is sounded but can change dynamic levels over the course of severa notes. The proper inter-
pretation of these cuesis part of every musician’s training.

2.8 Timbre

Inmusical scores, timbre meansthetype of instrument to be played, such asviolin, trumpet, or bas-
soon. But timbre alsoisused in agenera senseto describe an instrument’s sound quality as sharp,
dull, shrill, and so forth.

How quickly aninstrument speaks after the performer startsanote, whether it can beplayed with
vibrato, and many other instrumental qualitiesare a solumped together astimbre. Timbre also gets
mixed up with loudness because some instruments, like the trombone, get more shrill asthey get
louder. As aconsequence, it's easier to say what timbreisn’t than what it is: timbreis everything
about atonethat isnot itspitch, not itsduration, and not itsloudness. However, negative definitions
are slippery and provide no new information.

There are other ways of representing tones that shed positive light on timbre. Just as colors can
be shown to consist of mixturesof light at various frequencies and strengths, sounds can be shown
to consist of mixtures of sinusoids at various frequencies and strengths (see volume 2, chapter 3).
For instance, when we hear anote played on atrumpet, even though our earstell uswe are hearing
asingletone, in fact we are hearing simpler tones mixed together in a characteristic way that our
minds—perhaps through long experience, perhaps through some intrinsic capability—fuse into
the perception of a trumpet sound.
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Figure2.19
Harmonic overtone series.

The individual sinusoids that collectively make up an instrumental tone are called its partials
because each carries a partial characterization of the whole sound. Partials are also known as
components, and | will usethesetermsinterchangeably. The principal propertiesof the partiasare
their frequencies and amplitudes. The way the partials manifest in frequency, amplitude, and time
iswhat our ears use to determine what kind of instrument made a particular sound.

2.8.1 Partials, Fundamentals, and Overtones

Thelowest pitched partial in atoneiscalled the fundamental. It isgenerally what our ears pick out
asthe pitch of the tone. Since, by definition, the remaining partialsin the tone are pitched higher,
they are called overtones.8Our ears use the pattern of overtone frequencies as an important cue to
recognize timbres. The overtone frequencies of wind and string instruments are positive integer
multiples of the fundamental, where the positive integersare 1, 2, 3, and so on. For instance, if a
flute or violin has fundamental frequency f, then the frequencies of its overtones will be positive
integer multiplesof f (figure2.19). The partialsof suchinstrumentsare called harmonics. Notethat
because the positive numbers start at 1, and because 1 x f = f, therefore the first harmonic is the
same as the fundamental.

Instruments with harmonic partials are usually chosen to carry the melody and harmony of
music because frequencies of the harmonicstend to agreein frequency with the pitches of the dia-
tonic scale. Instruments with inharmonic partial s such as drums and bells are usually not used to
carry melody and harmony because for the most part the frequencies of their partials do not agree
with the diatonic scale.

The amplitudes and frequencies of the partials of musical instrumentstend to vary in acharac-
teristic way over the duration of atone, depending upon the instrument and performance style of
the performer. Though the variation may be slight, the precise amplitude and frequency ballistics
of the partials help our earsto fuse asingle percept of an instrument out of itsindividual partials,
and help identify the type of instrument.

2.8.2 Vibration Modes

Each partial is created by a specific part of the vibrating system of the instrument. Consider a
vibrating string, for example. Its fundamental frequency is created by that portion of the total
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Figure2.20
Vibration modes.

energy in the string that vibrates coherently along its entire length (mode 1 in figure 2.20). Vibra-
tion along the entire length of astring is called mode 1 vibration.

Not all the energy in a string vibrates in mode 1; some energy pushes one part of the string
down while the other end counters it by rising (mode 2 in figure 2.20). The frequency of this
vibration is twice the frequency of the fundamental, corresponding to the second harmonic.
Some of the string’s energy causesit to vibratein three balanced regions (mode 3 in figure 2.20)
corresponding to the third harmonic. For many vibrating systems (but not all), the higher the
mode, theless energy it has. Stringed instruments can have dozens of vibration modeswith sig-
nificant energy.

Not al vibrating systems contain all possible modes. The clarinet has energy only at the fun-
damental and odd-numbered harmonics. Some vibrating systems do not divide the vibrating
medium into integer ratios asthe string does. The inharmonic partials of instruments such asbells
and drums are not integer multiples of afundamental.

2.8.3 Spectra

When we project sunlight through a prism, the resulting rainbow of colors, its spectrum, reveas
the individual colors of sunlight. The prism distributes the colorsinto alinear sequence from low
to high frequencies. The intensity of each color in the rainbow indicates the contribution of that
color to the quality of sunlight.

So, too, the spectrum of asound showstheintensities and frequencies of the sinusoidsthat make
up the sound. A spectrum shows the energy distribution of awaveform in frequency.

The spectrum comprises the set of al possible frequencies from — « to~ Hz at al possible
intensities from 0 to «» dB (measuring up from silence). The spectrum of a particular sound will
be a subset of this infinite two-dimensional space.

For exampl e, figure 2.21 showsfour waveforms and their corresponding spectra. Thetop wave-
form isasingle sinusoid. Its spectrum shows a single vertical line. The ling’s horizontal position
gives the sinusoid’s frequency, and its height gives the sinusoid’s intensity. The spectrum of
the second waveform showsit containstwo sinusoids, the fundamental at frequency f and thethird
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Harmonic waveforms and spectra.

harmonic at frequency 3f. The harmonic has less energy because its line is shorter than the fun-
damental. The last two waveforms show additional odd-numbered harmonics being added, each
with higher frequency and less energy than their predecessors. If we could hear the last waveform,
it would sound somewhat like a clarinet. Since all frequencies are integer multiples of the
fundamental, these are harmonic spectra. Because the componentsin figure 2.22 are noninteger
multiples of the fundamental, this spectrum is an inharmonic spectrum. Percussion instruments
such as bells, gongs, and drums produce inharmonic spectra.

Static and Dynamic Spectra In the foregoing discussion, | have conveniently neglected time
as arequired element. In order to compute the spectrum of a sound, we must have some length
of it to analyze. If we wish to capture al the spectral information available in a waveform, the
mathematics of spectral analysis requires us to observe the sound not just over its full duration
but actually over al of time, from minus infinity to positive infinity. Thisis clearly a physical
impossibility. Fortunately, there are mathematical techniques that allow us to analyze sounds
with limited length. However, the shorter the waveform, the less precisely we can characterize
its spectrum. So there is some inherent uncertainty between the temporal and spectral views
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of waveforms of finite length. This subject is related to Heisenberg's uncertainty principle (see
volume 2, chapter 3).

Thelength of sound available for spectral analysis determinesthe kind of spectrum we can cre-
ate. A static spectrum shows the energy distribution of partials averaged over afairly long period
of time, such astheduration of an entirenote. Figures2.21 and 2.22 represent static spectrabecause
they show the average intensities of the partials over the duration of an entire note. Because static
spectra show averages, they cannot show how the energy distribution of a sound changes dynam-
ically over the duration of the note. Static spectra can be useful, for instance, to confirm whether
asound is harmonic or inharmonic.

Dynamic Spectra Our earsare highly attuned to the way the spectra of sounds change through
time, and we rely on this information to help us identify the type of instrument making a sound.
The vibrational energy radiated by musical instruments evolves through time in a characteristic
way based on the physical properties of the instrument and how the musician performsit. The
dynamic elements in an instrument’s spectrum that are contributed by the performance include
vibrato, tremolo, glissando, crescendo, and decrescendo. There are a so dynamic properties of the
instrument’s vibration that are largely determined by the interaction of the physics of the instru-
ment and the physics of the performer’stouch. Clearly, it would be very useful if we could capture
the way spectra evolve through time.

Suppose we have amusical note lasting a few seconds. We can observe how its energy distri-
bution evolves through time as follows:

1. Break the note down into a sequence of short sound segments each lasting a small fraction of
a second.

2. Take the static spectrum of each sound segment separately.

3. Assemble the spectrain time order.

Imagine printing each static spectrum on a pane of glass, then assembling the panesin time
order. Looking through the panes, we can observe how the spectrum of the sound changesthrough



Representing Music 33

Magnitude

Figure2.23
Dynamic spectrum.

time. This three-dimensional result is a dynamic spectrum because it shows spectral evolution
through time. Figure 2.23 shows an idealized dynamic spectrum as a set of static spectrain time
order. The x-axis shows time, the y-axis intensity, and the z-axis frequency. Dashed lines connect
partials at the same frequency in adjacent spectral slices, showing how each partial’s amplitude
changes through time.

Figure 2.24 showsthe spectral evolution of astring tone. We can tell agreat deal about asound
by looking at its spectrum through time. For instance, the even spacing of the partials along the
frequency axis suggests a harmonic spectrum. There are relatively few partials with significant
energy. Most energy isconcentrated in thelowest partials, and energy drops quickly withincreas-
ing partial number. The lower harmonics start sounding rather more quickly than the higher har-
monics, as indicated by the broad grey line across the components at the beginning, and higher
harmonics drop out more quickly, asindicated by the broad grey line across the components at
the end.

Much of the aliveness we hear in amusical tone is communicated to us by the way the instru-
ment’s timbre changes instant by instant. The scrape of the bow on aviolin string before the note
sounds, or the puff of air that precedes an alto saxophone tone, or the characteristic way the over-
tones of atrumpet tone change strength during the course of a note provide important clues about
what we are hearing.

The sonogram is another way to graph dynamic spectra (figure 2.25). Time is shown on the
x-axisand frequency on the y-axis, and the thickness of the line showstheintensity of the spectral
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Magnitude

Figure2.24
Amplitude, frequency, and time plot of a stringed instrument tone. (Adapted from adrawing in Grey 1975.)

components. Theresult isatwo-dimensional image of the sound that has three-dimensional infor-
mation. This sonogram represents four distinct bird chirps.

2.8.4 Amplitude Envelope
A tone's partias can be represented using just amplitude, frequency, and time.
= If welook at these three attributes together, we see the tone's spectral envelopein three dimen-

sions (figure 2.24). But we can reduce this information to two dimensions by averaging.

= Averaging the amplitude of each partial separately through time, we get the tone’s static spec-
trum in two dimensions: amplitude vs. frequency (figures 2.21 and 2.22).

= Averaging theamplitude of all partialstogether through time, we get thetone’ samplitude envelope
in two dimensions. amplitude vs. time (figure 2.26). Figure 2.26 follows the amplitude contour of
the waveform in figure 2.2.

Clearly, these are just three different views of the same information.
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Amplitude envel ope of waveform shown in figure 2.2.

The amplitude envelope of anote revealsin general how an instrument dissi pates the energy it
receives from the player through time as sound. Amplitude envelopes are conventionally divided
into four segments:

= Attack, the period of time from silence, when exciting energy isfirst applied to the instrument,
until the instrument is maximally dissipating its energy. Typical attack times are about 10 ms to
50 msfor most instruments. Energy may flood unevenly through the instrument at first, resulting
in vibrational instabilities that produce, for instance, a scratching sound in violins or awarbling
in brasstones. The ear is highly attuned to these instabilities and uses information about how the
sound starts, grows, and stabilizes to identify the source of the tone.
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= Decay, which followsthe attack. Some instruments (brassesin particular) decline back to asus-
tainable level based on the amount of exciting energy being applied continuously.

= Sustain, the period following the decay. The instrument stabilizes so that the amount of energy
being dissipated matches the exciting force.

= Release, the final portion of the sound from the moment no more energy is injected into the
instrument until all energy is dissipated and it becomes silent.

Together, this classification is denoted ADSR, named for the initial letters of each segment of
the amplitude envel ope. These categories are completely arbitrary and by no meansfit the ampli-
tude envel opes of most real instruments playing real music. For example, struck instruments such
as the piano have no sustain segments because they receive no sustaining force after the hammer
strikes the string. Legato performance effects, where an instrument plays overlapping notes, are
not well modeled by this system either. Nonetheless, it is sometimes a convenient shorthand and
quite commonly found in sound synthesizers.

2.8.,5 Bandsand Bandwidth

A band is arange of frequencies within a spectrum. The bandwidth of a sound is the distance
between upper and lower frequency limits of a sound. The band center of aband isits mean fre-
guency. The bandwidth of human hearing is approximately 17 Hz to 17 kHz.

Soundsvary enormously in bandwidth. The bandwidth of ajet engine or awaterfall exceedsthe
audible spectrum. These are called broadband sounds. The tuning fork has a very narrow band-
width and is called narrowband. Most musical instrument tones lie somewhere between.

2.8.6 Resonance

How isit that amusical instrument or avoice can strengthen one partial and attenuate another?
The answer is that musical instruments are not as efficient at producing some frequencies as
others. Where an instrument has a resonance, it is efficient at producing that frequency, but
where it has an antiresonance, it may be inefficient or unable to vibrate at all. When we make
different vowel sounds with our mouths, we are amplifying certain partials of the broadband
waveform generated inthelarynx and attenuating others. By someinnate capacity or long expe-
rience (or both), our minds associate a certain profile of strong and weak partials with a
particular vowel.

A formant isagroup of frequencies of some particular bandwidth that is emphasized by ares-
onant system. Vowels are vocal formants. Formants may be fixed or variable. For example, good
violins often have a fixed formant, sometimes called the singing formant, with a band center of
approximately 1000 Hz. Diphthongsin speech are actually formant ranges that shift up and down
in frequency, emphasizing higher or lower partials of the sound made by the glottis.

Resonanceisinvolved in the production of sound for virtually every musical instrument. A flute
is driven by the breathy broadband noise coming from the player’s mouth through its fipple. The
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Harmonic spectrum and octaves.

air trapped in the body of theflute tendsto resonate only at particular frequencies and capturesthe
energy from the broadband noise only at these frequencies.

To take anonmusical example, consider a car driving down a corrugated dirt road. Thereisa
certain speed of travel that makes the car shudder the most violently from the corrugations: this
isthe car’sresonant frequency, that is, the frequency at which the most up-and-down energy from
the wheel s passing over the corrugations can be transmitted to therest of the car and its occupants.

2.8.7 Overtonesand Octaves

Asshowninfigure2.19, the harmonic seriesisalinear factor ntimesthe fundamental frequency, pro-
ducing aseriesof harmonicssuch asf, 2f, 3f, 4f, 5f, 6f, 7f, .. . . Theoctave seriesisan exponential factor
2" timesthe fundamental: f, 2f, 4f, 8f, 16f, 32f, . . . . Figure 2.27 shows the relation between partials
and octaves. Notice that there are many more harmonics within the compass of the higher octaves.

29 Summary

Amazingly, weare ableto parsediscrete notesout of the ocean of sound surrounding us. Andin spite
of thefact that we can't directly share our private experiences, we've devel oped symboalic systems
to communicate about many things, including music. Common music notation represents notes as
pitch, loudness, timbre, onset, and duration. A scoreisacollection of notesintime order. Notesare
written on a staff, which also provides clef, key signature, time signature, and metronome mark.

Pitch is how our ears register frequency. Loudness is how our ears register intensity. Timbre
describes either the kind of instrument making a sound or the sound’s quality.

Intervals are characterized by the frequency ratio of two pitches. Intervals include the unison,
octave, perfect, and imperfect interval's, and the dissonances. Scales are made up of collections of
intervalsin particular patterns. The diatonic scale is the prototype of modern Western music and
also the foundation for many other musical systems in the world. The modes are simply the
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diatonic scale started on a different degree of the scale. The chromatic scale has 12 semitones per
octave. Scales can be played on any starting pitch by using sharps or flats to preserve the interval
order. There are many other nondiatonic scales besides the chromatic scale, including pentatonic,
harmonic minor, melodic minor, Hungarian minor, and the whole-tone scale.

Rhythms are written in terms of how many beats they occupy. Tempo is the beat rate.

Timbreisthe spectrum of frequenciesin atone. Harmonic spectrahave an integer multiple spac-
ing between components. Partials are generated by the vibration modes of the instrument. Static
spectraaverage the strengths of the partial sthrough time; dynamic spectrashow each partial at each
moment in time. An amplitude envel ope shows the average intensity of all partials through time.
The voice and most i nstruments have resonances that amplify or attenuate certain vibration modes.



3 Musical Scales, Tuning, and Intonation

Alterations of pitch in melodies take place by intervals and not by continuous transitions. We consequently
find the most compl ete agreement among all nationsthat use music at all, from the earliest to the latest times,
as to the separation of certain determinate degrees of tone from the possible mass of continuous gradations
of sound, al of which are audible, and these degrees form the scale in which the melody moves. But in
selecting the particular degrees of pitch, deviations of national taste become immediately apparent. The
number of scales used by different nations and at different timesis by no means small.

—Hermann Helmholtz, On the Sensations of Tonel

Why are musical scales organized the way they are? Why is most Western music based on scales
made up of seven tones when there are twelve tones per octave? What does “ equal -tempered”
mean, and why after all these centuriesisit still controversial? What choices have other cultures
made about intonation, and why? What can we learn about ourselves, our music, and our culture
by taking a careful look at the underlying mathematics? This chapter examines one of the most
basic issues of music technology: musical scales, tuning, and intonation.

Certainly, tones and intervals are the primary materials of music. Virtualy all music depends
upon playing tonesin certain intervalsto convey musical ideas. A flexible and convenient way of
describing tones and intervalsistherefore fundamental, and this constitutes the main focus of this
chapter. However, what starts out like awalk in the park becomes a surprisingly twisty trail with
some deep insights into the choices our culture has made about the music we want to hear.

3.1 Equal-Tempered Intervals

Themodern equal -tempered scaleisagood placeto begin becauseit isso ubiquitousand so simple.
We can useit to devel op some basic tools and terminology that will lead the way into awider dis-
cussion of intonation.

As described in chapter 2, modern Western instruments divide the octave into 12 equal-sized
semitones. This system of tuning is called equal temperament because the frequenciesof all inter-
vals are based on one uniform semitone interval.
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Wecan useequation (2.2), f, = fg-2%, X € R, to compute the frequencies of the equal-tempered
scale. For some reference frequency fg, we obtain the frequency f, of any equal-tempered interval k
(k=0,1,...,11) within the first octave by computing

k/12

fi=1x 2 Equal-Tempered Intervals (3.1)

For example, the pitch one semitone above fg=440Hzis f, = fg - 2(1/12) = 466.16 Hz. Thesize
of the tempered semitone itself can be expressed astheratio

112
2

12/7 .
= - Tz 1.05946 . Semitone Interval (3.2)

The nomenclature %/z means the xth root of z, so 12/2 is the twelfth root of 2.

3.2 Equal-Tempered Scale

Table 3.1 shows the conventional assignment of alphabetic letters to the frequencies of the
equal-tempered scale. The table was generated by setting f; = 440 Hz in equation (3.1) and cal-
culating the frequencies of all 12 values of k.

A dlight modification of equation (3.1) enables usto create equal-tempered interval s outside of
an octave. In this version,

fioy = fr - 2vK12, (3.3

fyv is the frequency of equal-tempered interval k in octave v. The values of k are the integers
between 0 and 11, and the value of visany integer. Note that the octaves that v selects are relative
to the reference pitch, fg. That is, v = 0 selects the same octave as fg, while v > 0 selects octaves
above fr and v < 0 selects octaves below fr.

Thisis unfortunately at odds with the common Western practice of haming octaves after the
order of their appearance on a standard 88-key piano keyboard. In this practice, A440 isin
the fourth piano octave and hence can also be called A4. C4iscalled middle Cinthissystem. The

Table3.1

Frequencies of the Equal-Tempered Scale

k Name Frequency (Hz) k Name Frequency (Hz)
0 A 440.000 7 E 659.255

1 A, B, 466.163 8 F 698.456

2 B 493.883 9 F, G 739.988

3 C 523.251 10 G 783.990

4 C,D, 554.365 11 G;, A, 830.609

5 D 587.329 12 A 880.000

6 D, E, 622.253
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88-key keyboard ranges from AQ to C8. All we have to do to adopt this practice isto subtract 4
from the exponent of equation (3.3):

fk,v = fR . 2(v-4)+k/12, (3_4)

For example, given fg = 440 Hz, the frequency of the pitch A4 is 440 - 2(4-4+0112  and the pitch
an octave and a semitone above is B,5, and its frequency is 440 - 2(5-49+V/12,

3.21 Constructing an Equal-Tempered Scale
To construct an equal-tempered scale, we must

1. Tieit to areference frequency like A440
2. Nametheintervals of the scale
3. Caculate the frequencies of the intervals from the reference

Choosing the Reference Frequency  Piano keys are named by combining their pitch class and
their octave. The octaves start at O at the bottom of the keyboard, and the lowest pitchiscalled AO.
Counting octaves up from A0, middlie C corresponds to C4. By convention, we use A440 as the
reference and assign it to the piano key A4.

The Reference Octave Now we must establish areference octave. Here there is a small diffi-
culty. If the first pitch classin an octave were named A, the first letter in the al phabet, we could
use the A440 reference as both the pitch A4 and the pitch of the start of each octave. But histor-
ically, new octavesbeginwith thepitch classC. Why the pitch class A wasnot chosen for thishonor
isamystery shrouded in an enigma, but we're stuck with it.

The solution isto use equation (3.3) to compute the frequency of C4 based on the pitch of A4.
Then we can use C4 as the reference frequency to deduce all the rest of the frequencies of the
equal-tempered scale.

We can figure out the frequency of middle C thisway: if A4 is440 Hz, then by equation (2.2),
A3 will be 220 Hz. Middle C isthree semitones above A3 on the piano. So by (3.3), the frequency
of middleCis

B 440 - 2312

C4 ,
2

MiddleC (3.5)
which is about 261.626 Hz. To make the following equations alittle simpler, let's defineR= C4 =
261.6 Hz. The purpose of introducing Risto let it stand for the reference frequency no matter what
actual frequency it is. For the following examples, we set the reference R to C4, but it could just as
easily be any other frequency, and we'll choose different values for R when we study other scales.

Defining Scale Intervals  Using referencefrequency R, wecan construct all other equal-tempered
pitches in any octave. To make this dlightly more convenient, let’s define the function

fkv) = f\, (3.6
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wheref,,, is as defined in (3.4). This function takes two arguments:

= k isan integer signifying one of the 12 pitch classes from C to B numbered 0 to 11.
= v isthe desired octave; octave number 4 corresponds to the fourth piano octave.

We can define aset of symbolsfor all equal-tempered pitchesin all octaves using equation (3.6)
to specify their proper frequencies. For example, we can define the chromatic pitches playable on
apiano asfollows:

A0=1(0, 9), AS0=1(0, 10), BO=f(0, 11), C1=1(1, 0), Cs1 =f(1, 1), . ..
CA4=1(4,0),CsA=1(4,1),D4=1(4, 2), E4=1(4, 3), FA=1(4, 4), ... B7=£(7, 11), C8 =1(8, 0).
3.22 Equal-Tempered Semitone asa Ratio

Indiscussing equation (3.1), we saw that inthe equal -tempered scale the number 1.05946.. . ., which
correspondsto 12/2 , isthe factor by which the frequency of atone must beraised in order to obtain
afreguency one semitonehigher. Another way to say thisisthat theinterval of a semitoneistheratio
1.05946: 1. The advantage of thisrepresentationisthat it isindependent of any particular frequency.
When any frequency ismultiplied by the factor 1.05946 . . ., the next semitonein sequenceis auto-
matically produced. For example, if A= 440 Hz, then A;=440-1.0595. . . and so on.

3.2.3 Nonstandard Reference Frequencies

Using the equal-tempered semitone asaratio allowsfor construction of scaleson nonstandard ref-
erence frequencies as well. For example, we can find a semitone above 450 Hz by multiplying
450 - 1.0595. This can be used to construct equal-tempered scales for antique and nonstandard
instruments that used this reference frequency.

The use of A440 as a standard pitch is a comparatively recent development. Agreement is till
so fragile among musicians that in 1986 the Piano Technicians Guild, an international nonprofit
organization of more than 3500 piano technicians, felt compelled to adopt aresolution calling for
continued worl dwide acceptance of A440 as the standard pitch. The Guild summarized the situ-
aion asfollows:

The history of musical pitch over the last three centuries has been one of confusion and misunderstanding.
Thepitch of A hasranged from 312 hertz used in a seventeenth-century church organ to a high of 464 used
by some British military bands at the end of the nineteenth century.

Asearly as1834, acongressin Stuttgart, Germany, unsuccessfully attempted to standardi ze pitch at A-440.
Intheearly yearsof thiscentury, anumber of groupsinthe United Statesformally adopted A-440 asastandard
pitch.

The United States Bureau of Weightsand Measuresadopted A-440in 1920, and it was adopted astheworl d-
wide standard in atreaty signed during an International Standards Association meeting in London in 1939.

Nonetheless, instrumentalists and orchestras continue to demand aternative pitch references,
either to perform antique music or to satisfy the vanity of a particular virtuoso.
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3.3 Just Intervalsand Scales

Just intervals are intervals made from the ratio of small whole numbers. The only interval that
isjust in the equal-tempered scale is the octave, 2/1. But the just scales are based entirely
on such small whole-number ratios. While the creation of scales from small integer ratiosisa
very ancient practice,? the equal-tempered scale emerged from the just scales only in recent
centuries.

3.3.1 Originsof theJust Intervals

Ordinarily, when we hear a musical instrument, our ears fuse its many harmonicsinto a single
percept that we identify with the source of the sound. However, if we treat the harmonics not as
elements of a composite tone but as simple individual tones, we can view the harmonic series as
aset of intervals. Figure 3.1 shows a harmonic spectrum containing a fundamental at frequency f
and five overtones at integer multiples. The intervals between adjacent harmonics are simply the
ratios of their frequencies, as shown in the figure.

| think it's amazing that the most important musical intervals are embodied in just the first six
components of the harmonic series. The octave, fifth, and fourth are perfect intervals, and the
major and minor thirds are imperfect intervals (see section 3.8.2).

3.3.2 Adding and Subtracting Intervals

We can use equation (3.1) to add and subtract intervals. If x = 2 in that equation, then frequency f,
will be two octaves above frequency fr. By the distributive law, we can rewrite this as

fo=fg-21 21

2 2

=f,- 5.5
R11

Frequencies: f + 2f + 3f + 4f + 5f +6f

Ratios:

Intervals:

Major 3rd
Minor 3rd

—l e P
Perfect Imperfect
Intervals Intervals

Figure3.1
Intervals of the harmonic series.
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So to add two octaves to fr, we multiply it by the octave ratio 2/1 twice. This suggests that
I ntervals are added by multiplying their ratios.

Let'stest it. The sum of afifth plusafourth should be an octave. If we multiply theratios of the
fifth and fourth:

theresult isindeed an octave.

If multiplying ratios corresponds to adding intervals, then dividing ratios should correspond to
subtracting them. From the example we'd expect that subtracting a fifth from an octave should
yield afourth, and indeed

2. 3_4

12 3

So it follows that

I ntervals are subtracted by dividing their ratios.

These rules are a consequence of the exponential relationship between pitch and frequency.

Subtracting an interval from an octave produces its inversion. Thus, in the previous example,
the fifth and the fourth intervals are each other’s inversions.

We can add or subtract aninterval to or fromitself ntimessimply by raising itsratio to the power
of n(wherenisaninteger). For example, (2/1)2= 4 ascendstwo octaves, and (1/2)2 = 1/4 descends
two octaves. Similarly, (3/2)" ascends by n fifths, and (2/3)" descends by the same amount.

If we add or subtract aninterval to every pitch in ascore, we transpose that score. For example,
toraiseamelody by afifth, multiply theratios of all its pitchesby 3/2. To lower it by afifth, mul-
tiply theratios of al its pitches by 2/3 = (3/2)-1.

3.3.3 Just Pentatonic Scale

The simplest just scale—one that seems to exist in every human culture—is the just pentatonic
scale. It is very consonant because it has no minor second. We can get areasonably good idea of
what this scale sounds like by playing only the black keys of a piano. However, the original just
pentatonic scales were based on ratios of small integers, not on the homogenized divisions of the
octave given by the equal-tempered scale as used in pianos.

Thejust pentatonic scalecan beconstructed entirely fromtheinterval of thefifth (3/2). However, there
isamoreintuitive way of constructing this scale, involving the fifth and itsinversion the fourth (4/3):

1. Start with some pitch, such asC.
2. Multiply the frequency of C by 4/3 to find the frequency for F.
3. Mutiply C by 3/2 to find the frequency for G.
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Figure3.2
Pentatonic scale, first step.

C D F G A ©)
19 4 3 oz 2
2 8 3 2 16 1

——

5

Figure 3.3
Just pentatonic scale.

So far we have three pitches, C, F, and G (figure 3.2). We create the remaining two pitches of the
scale, D and A, from the ones we have so far.

4. To get D, go down afourth from G. If the upward-going fourth is 4/3, the downward-going
fourth is 3/4. Expressed in ratios, D = (3/2) - (3/4) - C, which simplifiesto D = 9/8 - C.

5. Toget A, goup afifthfromD: A = (9/8) - (3/2) - C,whichequals (27/16) - C. Noticethat
theinterval (27/16) - C isamajor sixth up from C.

The full pentatonic scale is shown in figure 3.3 with the octave added.

3.4 TheCent Scale

The cent scale is asimple means for comparing the size of intervals.3 Where the equal-tempered
chromatic scale divides the octave into 12 degrees, the cent scale divides the octave into 1200
degrees, supplying 100 timesthe pitch resol ution of the equal-tempered chromatic scale. Recalling
the definition of the semitone given in equation (3.2), we can define the interval of 1 cent as

212% _ 1 0005778 Cent (3.7)

As a conseguence, one semitone is exactly 100 cents. The pitch distance between adjacent cent
intervals is not noticeable to the ear (see sections 6.4.3 and 6.4.5). So, the cent scale servesas a
pragmatic way to compare any musical intervals regardless of how the intervals are derived.

If risaninterval, then the cent size ¢ of that interval is

I r
¢ = 1200 - ol Cent Interval (3.8)
log;o 2
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where log,, X is the logarithm base 10 of x (see appendix A). For example, consider r = 2/1, the
octave. Then we have

log,o2

¢ = 1200 -
log;o 2

= 1200.
Let’susethisto comparetheratiosof thejust fifth, 3/2, and the tempered fifth, 2712, Thetempered
fifth is exactly 700 cents. By (3.8) the just fifth is 701.955 cents. So the tempered fifth is amost
2 centsflat of a perfect fifth.

To go the other direction from an interval in cent to aratio,

C
(1200” 2)
r=10 o Inverse Cent (3.9)

Trivially, if c=1200, r = 2/1, the octave.

3.5 A Taxonomy of Scales

In order to talk sensibly about all kinds of scales, |et’s define the dodecaphonic scale as any scale
with 12 degrees. Dodeca is Greek for “twelve.” Then the equal-tempered scale, also known asthe
chromatic scale, isjust akind of dodecaphonic scale.

Similarly, let the heptatonic scale be any scal ewith seven degrees. By thisdefinition, the scale
made by the white keys of the piano is the equal-tempered heptatonic scale. The diatonic scale
(see section 2.4.2) is a heptatonic scale with a particular order of scale degrees.4 Similarly, the
pentatonic scale is any scale with five degrees, and the black notes on the piano are
the equal-tempered pentatonic scale. Any pentatonic scale built onjust ratiosis an instance of the
just pentatonic scale.

With these definitions in place, a simple taxonomy of scales can be based on the number of
degrees and whether the scale system is tempered or just (table 3.2).

Table3.2
Simple Taxonomy of Scales

Intonation
No. of Degrees Just Equal-Tempered
Pentatonic Just pentatonic Equal-tempered pentatonic
Heptatonic Just heptatonic Equal-tempered heptatonic

Dodecaphonic Just dodecaphonic Equal-tempered dodecaphonic




Musical Scales, Tuning, and Intonation 47

3.6 Do Scales Comefrom Timbreor Proportion?

In section 3.3.1, we saw how the perfect intervals and the major and minor thirds are all present
inthefirst six partials. Thisissuch astriking coincidencethat it hasled someto wonder if perhaps
the goal of the early music engineers might have been to fashion scalesfrom theseratios. | call this
the deductive scal e conjecture—that scales were deduced from the nature of the harmonics. This
conjecture is disputed by some. In his book Genesis of a Music (1947, 87), Harry Partch states,
“Long experience . . . convinces methat it is preferable to ignore partials as a source of musical
materials. The ear isnot impressed by partials as such. The faculty—the prime faculty—of the ear
isthe perception of small-number intervals, 2/1, 3/2, 4/3, etc. and the ear cares not awhit whether
these intervals arein or out of the overtone series”

The earliest known research in the West on musical scales was conducted by Pythagoras
(ca. 580-500 B.C.E.) and hisfollowers. We know that the Pythagoreans viewed music asabranch
of science and believed that the construction of musical scal es should proceed out of an analogical
process that related, for example, the periodic movements of a string to the periodic movements
of the planets. They weighed the distances between planets the same way they weighed the divi-
sions of amusical string, namely by the study of ratio and proportion. Figure 3.4 shows an inter-
pretation by Robert Fludd (a contemporary of Johannes Kepler) of the relation between the
harmony of the spheres and the proportional divisions of a string.>

Figure3.4
The cosmic monochord of Robert Fludd.
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From the Pythagorean perspective (shared by Partch), theimportant thing about amusical scale
is its proportionality—how it divides up the unity of a string—not the relationship between that
proportionality and any physical artifact such asthe overtone series.

Fromthisevidence, one might arguethat scal esdevel oped out of the mathematics of proportion.
| call thisthe inductive scale conjecture—that scales are afree creation of the human mind, based
onratio and proportion. According to this conjecture, the scal es are Platonic archetypes, and phys-
ical musical instruments are imperfect instances of these archetypes that are manifested in the
world by way of human creativity.

Of course, theseareonly conjectures. Thetruth of how thescaesactualy devel opedislogtinthemists
of time. Arethe scales derivative of the overtone series or derivative of mental constructions of propor-
tionality? Is the prime faculty of the ear the perception of small-number intervals or the perception of
harmonics?| argueit both waysin this chapter becausethereisplenty of evidencefor both perspectives.

Itisevident that musical scales are free creations of the human mind because they do not occur
in nature. It isat least a striking coincidence that they alignin their principal dimensionswith the
harmonic sequence. Perhaps it was the very numinosity of this coincidence that compelled the
Pythagoreans to study this subject in the first place.

3.7 Harmonic Proportion

Pythagorasis credited by ancient Greek writerswith having discovered theintervals of the octave,
fifth, fourth, and double octave (4/1). Pythagoras and his foll owers attached great numerological
significance to the fact that these most harmoniousintervals were constructed strictly from ratios
of the consecutiveintegers 1, 2, 3, and 4. They were also impressed by the fact that theseintervals
formed a sequence of superparticular ratios, that is, ratios of the form (n + 1)/n: 2/1 (octave),
3/2 (fifth), and 4/3 (fourth). They found mystical significanceinthefact that by their nature super-
particular ratiospair an even and an odd number. They al so noted that small integer superparticul ar
ratios seemed to be the most harmonious. These observations became permanent fixtures in the
minds of music theorists for the next two thousand years.

Themeans Pythagoras used to construct hisscale can be stated asfollows. He started with adivi-
sion of the string into 12 equal parts.

1. Theoctaveistheratio 12:6.

2. Thefifth isfound by taking the arithmetic mean of the octave, defined as x = (a+ b)/2. Thus,
(12 +6)/2 =9, and the ratio 12:9 = 3: 2 isthefifth.

3. Thefourth is found via the harmonic mean, defined as x = 2ab/(a + b). Thus, (2 - 12 - 6)/
(12 + 6) = 8, and theratio 8:6 = 4: 3 isthe fourth.

Pythagoras combined these results into what he called the harmonic proportion,
12:9::8:6, (3.10)

which he took to be the foundation of all music.
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3.8 Pythagorean Diatonic Scale

The scale that eventually came to be associated with Pythagoras adds two more pitches, E and B,
to the just pentatonic scale to produce the Pythagorean diatonic scale. Although it can be built
entirely from fifths, using itsinversion the fourth helps keep its construction simple.

1. Construct a pentatonic scale.
2. Add pitch E by going down afourth from A:

g-2/.3_81
16 4 64
3. Add pitch B by going up afifth from E:
g=8l 3_243
64 2 128°
The Pythagorean scale is shown in figure 3.5.
We can createaset of functionsto produce thefrequencies of the Pythagorean diatonic scalejust
as we did for the equal-tempered scale (see section 3.2.1). As before, we need a reference fre-
guency, areference octave, and theintervals.

1. Start from A440. The reference frequency R= 440 Hz.

2. Build the scale so that when v = 4 frequencies arein the fourth piano octave. We want to create
afunction that takes the octave v as its argument and gives Pythagorean C in any octave. How do
wego from A440to Pythagorean C? Theanswer isinfigure 3.5. We subtract theinterval of amajor
sixth, the distance from A down to C, by multiplying A by 16/27:
16 v—4

C = R-=-2"". 311

(V) =R 22 (311)
Because we are using integer ratios, we end up with a different frequency for middle C than the
equal-tempered scale (260.741 Hz). | introduce the notation C, to distinguish the “ rthagorean” C
from the equal-tempered C. Pythagorean middle C is C 4.

C D F G A B (0
1 9 8 4 3 27 243 2
2 8 64 3 2 16 128 1
S —
3 N
Figure3.5

Pythagorean scale.
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3. Finally, create interval frequency functions:

F.(v) = C (V) - g,
G(v) = C(v) -3
D, (V) = C (V) - g .

where v isthe desired octave.

Hearing early music played with just intervals can sound transcendentally beautiful, especially
if the intervals are played accurately. Music in the Middle Ages was mostly written using the
Pythagorean scale, and the just ratios seem to lend this music a refreshing, crisp air.

But there are two significant problems with the Pythagorean scal e that musicians have histor-
ically disliked: some of itsintervals are not musically pleasing because they do not align with the
harmonic series, and it is awkward to transpose.

3.8.1 Intervalsof the Pythagorean Diatonic Scale

Figure 3.6 showsthe Pythagorean scale with interval s between the pitches. Thetop row showsthe
intervals built up from C. The bottom row shows the sizes of the intervals, that is, the difference
between adjacent intervals. Recall that intervals are subtracted by dividing their ratios. For exam-
ple, the interval of the whole step C:D is

9/8
mn

Thewhole step D:E is

8U64 _ 9
9/8 8’
The half step E:F is

43 _ 256

81/64 243’

Therest of the intervals follow this pattern.
3.8.2 The Syntonic Comma

Theinterval of thethird in the Pythagorean scale was considered adissonancein the Middle Ages,
and as aresult compositions would typically omit the third in the final chord of acomposition so
asto end only with perfect intervals—fourths, fifths, and octaves—an effect that sounds hollow
to modern ears.
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1 2 3 4 5 6 7 8
1 9 81 4 3 21 243 2
1 8 64 3 2 16 128 1
C D E F G A B C
" i T " i i |n\/( n)
9 9 256 9 9 9 256
8 8 243 8 8 8 243
Figure 3.6

Pythagorean scale with intervals.

The reason the third was considered dissonant is that all the Pythagorean major thirds (C:E,
F:A, and G:B) use the 81/64 ratio, which is not the same as the 5/4 major third that occurs nat-
urally inthe overtone series. Thethree Pythagorean major thirdsarealittle sharp of the 5/4 major
third; hence they don’t line up perfectly with the overtones of harmonic instruments, causing a
roughness in the sound because of beats (see section 6.7). This imperfection in the otherwise
beautifully symmetrical edifice of the Pythagorean scale was irritating enough to be given a
name. Theratio of

8l.5_8l
64 4 80

is the Syntonic comma, also known as the comma of Didymus. It is the amount by which
the Pythagorean major thirds are out of tune with the 5/4 major third of the overtone series.
The Pythagorean major third is about 21.5 cents sharp, about a fifth of a semitone, which
is easily noticed. The same problem afflicts the Pythagorean minor third, the major and
minor sixths, and the major seventh and minor second. Only the perfect intervals are exactly
aligned with the overtone series. Perhaps this is where the nomenclature of “perfect/imperfect”
originated.

3.9 TheProblem of Transposing Just Scales

Suppose we have asong that was arranged for ahigh female voice, but we only have alow female
voice available. Unless, trivialy, we could just drop the pitch of the song an entire octave to solve
the problem, it is necessary to transpose the music by someinterval so that it lieswithin the avail-
ablevocalist'srange. If all we haveisthe diatonic Pythagorean scale, we have only two less-than-ideal
work-arounds:

= Retune all accompanying instruments to a new reference frequency R.
= Transpose to a different key within the Pythagorean scale.

Retuning instruments is at least nontrivial, and for some instruments impossible, and is to be
avoided. So the only realistic alternative is transposition.
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To achieve atransposable tuning system, one might naively think that all we must do is extend
the Pythagorean scale to 12 degrees using the method of adding and subtracting intervals. Then
one could transpose music to any chromatic degree as we do with the modern equal -tempered
scale. Let ustest thisidea by constructing the dodecaphonic Pythagorean scale.

3.9.1 Pythagorean Dodecaphonic Scale

All the intervals in the Pythagorean dodecaphonic scale can be generated from the interval of the
fifth (3/2) raised to integer powers.

1. Beginning with (3/2)° = 1, labeled C, ascend and descend by six fifthsin both directions. The
spelling of the scal e degrees (whether they are sharp, flat, or natural) isdetermined by the direction
of interval movement. Since we start at C, we move up afifth to G, and so forth. Eventually the
interval of afifth above B is . Similarly, going down by fifths from C, the fifths below F are B,
A}, and so forth. Note that at the extremes we have alow G, at 64/729 and ahigh F; at 729/64.

e N

4
Degees G, D, A, E B, D A E B F

Ratios:

T WIN
O Rk

3
2
G

2. Add or subtract octaves from these intervals until they lie within the compass of one octave
(remembering that adding intervalsis multiplying their ratios).

642 22 162 82 42 22
7291 2431 811 271 91 31
1024 256 128 32 16 4

729 243 8 27 9 3

3 91 271 811 2431 7291
2 42 82 1622 322? 64 2°
3 9 27 81 243 729
2 8 16 64 128 512

Rk BRI

3. Arrange the intervalsin ascending order of magnitude, and add the unison and octave.

Observeinfigure 3.7 that the dodecaphonic Pythagorean scale containswithin it al theinterval s of
the just pentatonic scale and the Pythagorean diatonic scae. This showsthat the interva of the fifth
underlies al of these scales. This method of generating fifth-based just scales can be extended to any
number of degrees. Interestingly, themagnitudeof theratiofor F; (1.42) makesit sharper than G, (1.40).

Note that there are actually 13 degrees in this scale as constructed, because we have two kinds
of tritoneintervalsthat are dightly different (R and G,). In the equal-tempered scal e, the augmented
fourth F;and diminished fifth G, are equal (see section 2.5), but in the Pythagorean dodecaphonic
scale they are not, and it is ambiguous which should serve as the tritone. On some historical key-
board instruments, the black key between F and G was actually split in two, with F; on one side
and G, on the other, rather than throwing one of them out. More often, one or the other was simply
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Figure3.8
Chromatic Pythagorean scale with intervals.

left out. But if Fyisleft out, thefifth between G, and B isnot ajust 3/2 fifth. It is called awolf fifth
because the beating between the interval and the overtones makes it sound unpleasantly like
wolves howling. And if G, isleft out, some of the thirds and sixths are not harmonious either.

Thetritonewas called by medieval music theoriststhe diabolus en musica, “thedevil inmusic,”
not just because of its dissonant sound but because of the ambiguity of itsratios and the enormous
numeric sizes of those ratios.

4. For thefinal step, determine the interval sizes by subtracting the lower interval from its upper
neighbor (remembering that subtracting intervalsis dividing their ratios).

Noticein figure 3.8 that there are two semitoneintervals, asmaller interval with ratio 256/243,
called the Pythagorean diatonic semitone, or limma, and a larger interval with ratio 2187/2048,
called the Pythagorean chromatic semitone, or apotome. The ratio of these two semitonesis

2187 256 _ 531,441
2048 < 243 524,288’
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the Pythagorean comma. The difference between these two semitonesis 23.46 cents, about afifth
of atempered semitone. Notice that thisis also the ratio between G, and F;, the two tritones. Coin-
cidently, thisisalso the amount by which theinterval of 12 fifthsdiffers from seven octavesaswe
will subsequently see.

Theintervals from F to R and from G, to G both use the 2187/2048 semitone.

Studying figure 3.8, we see that if we could only get rid of that pesky Pythagorean commaand
somehow make G, = F;, we would have a self-consistent circular scale system built out of just
ratios. Thenit would be possibleto transposeto any key and remainintune. Thispossibility under-
lies the entire motivation for the devel opment of tempered tunings.

3.9.2 Impact of Polyphony on Just Scales

Besides bringing music into amore playable range, transposition has become a powerful organiz-
ing principle in music over time. Throughout the last eight centuries, Western composers have
becomeincreasingly enamored of polyphony, the art of sounding morethan onemelody line at the
sametime. Inthe process, they have sorted out which combinations of pitches sound good together
and which don’t, and figured out how to harmonize multiple musical linesand chords. Out of this
arose harmony theory, which isthe art of arranging multiple concurrent musical linesto reinforce
afeeling of harmonic movement and arrival, suspension and resolution. Most classical music, and
virtually all popular music, till follows rules of harmony first set down centuries ago.

Theeffectivekey signature of amusical work can changethrough theintroduction of accidentals
not in the original key signature. Thisismusical modulation. For example, amelody started in the
key of C major might modulate to the key of G major by introducing F, and then eventually mod-
ulate back to C major by reintroducing F, (see section 2.5.5). Modulation became an important
organizing principlefor music inthe Baroque and later eras. Over time, composers sought to mod-
ulateto remote keyswith moresharpsand flats. But theirregular interval sizesof the dodecaphonic
Pythagorean scale limited music from being fregly transposable to arbitrary keys because playing
music in some keys sounded better than in others. As modul ation became increasingly important
to composers, the need for freely transposable tuning systems became urgent. Theorists began
searching for solutions to the problems of the Pythagorean scale.

3.9.3 Natural Chromatic Scale

It has been well known to music theorists from antiquity that if left to their own devices, singers (and
other performers, if their instruments would allow) eschew the Pythagorean thirds and sixths where
possible and prefer interval sthat align with the harmonic series to improve the sonority of the perfor-
mance. As early asthe second century, the Greek scientist, mathematician, and geographer Claudius
Ptolemy proposed ajust intonation system that would reflect what musicians actualy played.

Following Ptolemy’slead, let’s find out just how far from the 5/4 major third the Pythagorean
major third actually is. The answer is

8l 5_38l
4

64" 80’
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the Syntonic comma.” Then how far isthe Pythagorean minor third from the 6/5 minor third? The
answer is

6,32 _ 81
527 80’

again the Syntonic comma. In fact, the out-of-tune Pythagorean major and minor sixths aswell as
the too-sharp major seventh and too-flat minor second are al exactly one Syntonic comma away
fromratiosof much smaller integersthat areinthe overtone seriesand have amore agreeabl e sound.

What if we subtracted a Syntonic comma from all the Pythagorean intervals that are too sharp
and added it to the ones that are too flat? This would rectify all the intonational difficulties of the
Pythagorean scalein one fell swoop. Mathematically, we'd substitute ratios of much smaller inte-
gers, and musically we'd align the scale degrees with the harmonic series. Ptolemy called thisthe
Syntonic diatonic scale (table 3.3). The Pythagorean diatonic scale and the interval differences
between the two scales are shown in the table.

Ptolemy’s practical concernin designing this scale wasto maketheinterval sagree with musical
practice. But he also noted approvingly that theratios of the scaleare all superparticular ratios (see
section 3.7). Ptolemy combined the best of both worlds: a practical scale that also contains more
superparticular ratios than does the Pythagorean scale (Berkert 1972).

The chromatic version of this scale is shown in table 3.4, together with the dodecaphonic
Pythagorean scale. The third row shows the interval differences between them. | call this the

Table3.3
Ptolemy’s Syntonic Diatonic Scale
Cc D E F G A B ©
Syntonic diatonic 1 9 5 4 3 5 15 2
1 8 4 3 2 3 8 1
Pythagorean diatonic 1 9 81 4 3 27 243 2
1 8 64 3 2 16 128 1
Difference 1 1 8 1 1 s 8 1
1 1 81 1 1 81 81 1
Table3.4
The Natural Chromatic Scale
1 2 3 4 5 6 7 8 9 10 11 12 (13)
Semitone C G D B E F R G A A B, B ©
Natural chromatic 1‘ 1_6 9 § § L_l 6_4 g’ g § 1_6 1_5 2
1 15 8 5 4 3 45 2 5 3 9 8 1
o1 256 9 32 81 4 729 3 128 27 16 243 2
h dodecaph = = = = = - = = === = = = =
Fythagorean dodecaphonic 1 243 8 27 64 3 512 2 81 16 9 128 1
Difference 1 8 1 8 8 1 32,768 1 81 80 1 80 1
1 80 1 80 81 1 32805 1 80 81 1 81 1
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125 9 32 & 4 729 3 128 2 16 243 2
1 243 8 27 64 3 512 2 81 16 9 128 1

Pythagorean

chromatic

scale

Natural

chromatic

scale
1 1 9 6 5 4 64 3 8 5 6 15 2
1 15 8 5 4 3 45 2 5 3 9 8 1

Figure3.9

Pythagorean chromatic and natural chromatic scales compared.

natural chromatic scale. It was championed by Bartolomé Ramos (1482). Figure 3.9 provides a
visualization of the differences.

For variousreligiousand palitical reasons, Ptolemy’ s proposal wasignored and even suppressed
during the next dozen centuries or so. Pope John X X1 even issued a papal bull in 1324 that ban-
ished from the church music using such lascivious intervals (see appendix A).

The natural chromatic scale sounds very consonant. But ultimately it fares no better than the
Pythagorean scale for modulation and transposition. Consider the fifth from D to A, whichis

5.9_40
3 8 27
about 21.5 centsflat of the 3/2 perfect fifth. A triad built on D certainly setsthewolf toneshowling.

3.10 Consonanceof Intervals

I've said that the interval s signify such qualities asidentity, equality, and individuality (see sec-
tion 2.3.3). Another important way wecharacterizetheintervalsisby how pleasing or disagreeable
their sound is to us. While some intervals are harmonious, others, such as the wolf fifth, set our
teeth on edge. Table 3.5 showsthe just intervals ordered from most to least pleasant, based on the
conventions of Western music theory. The musical term for “pleasant” is consonant, which comes
from Latin consonare, “ sounding well together.” The intervalstoward the top of table 3.5 are con-
sonant; the interval s toward the bottom are dissonant.

3.10.1 Foundations of Consonance

What isthe basisfor the effect of consonance or dissonance? Isit something inherent in the inter-
vals, orisitinour perception?If webelieve consonanceisin theintervals, we should examinetheir
mathematical properties. If we believe that consonance isin our perception, we should examine
how we hear the intervals. | take up the latter approach in chapter 6. Here let’s pursue two ques-
tions: Is there a mathematical basis for the ordering of intervals from consonant to dissonant? Is
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Table 3.5
Just Intervals Ordered by Decreasing Consonance
Name Ratio Sum Prime Factor Limit
Perfect Intervals
1 Unison 11 1+1=2 1
2 Octave 211 2+1=3 2 3-limit
3 Fifth 3/2 3+2=5 32
4 Fourth 43 4+3=7 223
Imperfect Intervals
5 Major sixth 5/3 5+3=8 5/3
6 Major third 5/4 5+4=9 5/22
7 Minor third 6/5 6+5=11 (2-3)/5
8 Minor sixth 8/5 8+5=13 235
Dissonant Intervals
9 Major second 9/8 9+8=17 3223 5-limit
10  Mgjor seventh 15/8 15+8=23 (35)/28
11 Minor seventh 16/9 16+9=25 2432
12 Minor second 16/15 16+15=31 24(35)
13 Tritone 64/45 64+ 45=109 26/(32-5)

there a mathematical basis for the categorization of the intervals into perfect, imperfect, and
dissonant?
A successful metric of consonance must

= Decrease monotonically in proportion to increasing dissonance®
= Sdf-evidently partitioninterval sinto therelevant categories, such asperfect, imperfect, and dissonant

Can we discover or invent an analysis of the traditional interval order (table 3.5) that explainsthe
order and classification numerically?

Concurrence Giovanni Battista Benedetti (1530-1590) is perhaps the first to relate pitch and
consonanceto frequencies of vibration. Intwo letters he wrote around 1563 to composer Cipriano
de Rore, herelated interval consonance to the frequency of wave coincidence between two tones.
He observed that an interval consists of a shorter wavelength (higher pitch) and a longer wave-
length (lower pitch), and argued that the wavel engths of more consonant intervals coincide more
often than do those of more dissonant intervals.

Let’s call the time required for the waveforms of an interval to coincide its precession time.
For example, if onebicyclewheel requirestwo secondsto turn once around and another requires
three seconds, their frequencies form the interval of afifth, 3/2, and the wheels precess against
each other (that is, the faster one overtakes the slower one) every 2 - 3= 6 seconds (figure 3.10).
Benedetti’'s hypothesis is that consonance decreases as precession time increases. When the
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Seconds: 0 1 2 3 4 5 6

.« Precession time ——»|

Figure 3.10
Precession of 2 against 3.

intervals are ordered by this criterion, their sequence from consonant to dissonant is 2:1, 3:2, 4:3,
5:3,5:4, 6:5, 7:5, 8:5, and so on (figure 3.11). Note that these ratios are not strictly superparticular
and that by Benedetti’s metric, the unused interval 7:5 is more consonant than the major sixth.

Benedetti’s theory challenged two ancient dogmas. First, histheory suggested that consonance
and dissonance arerelative, not categorical, terms. Second, histheory implied that superparticular
ratios were not somehow tonally superior to other ratios.

Benedetti’s ideas were later developed by Isaac Beeckman (1588-1637) and by Marin
Mersenne (1588-1648) in Harmonie Universelle (1635). Benedetti’s approach shows an orderly
progression from consonance to dissonance, so it passes our first criterion for consonance. But it
does not suggest away to partition the intervals into perfect, imperfect, and dissonant; indeed, it
predicts that there is no such criterion.

Additive Dissonance Metric  The Sum columnintable3.5 showsthe sumsof thenumerator and
denominator of theratio of each interval appearing in the Ratio column. For instance, the ratio of
thefifthis3/2,and 3+ 2=5.

This additive dissonance metric is monotonically related to dissonance. Figure 3.12 plots the
interval number ordered by dissonance (in the order given in the first column in table 3.5) from
unison to minor second on the x-axis against the sum of each numerator and denominator on the
y-axis. The curvetakes asignificant jump upward from the minor second (31) to thetritone (109),
so | indicated the tritone to the side rather than plotting it. The fitted curve in the background is
just an aid to help join the points.®

Because this additive dissonance metric increases monotonically with increasing dissonance, it
meetsthefirst criterion for adissonance metric. However, becausethecurveisgradual (until it gets
to the tritone), it does not suggest how to partition the intervals into perfect, imperfect, and dis-
sonant, so it fails the second criterion.

Partitioning Dissonance Metric  Any whole number greater than 1 can befactored into aprod-
uct of primes raised to powers, for example, 8 = 23, 47 =471, 48 = 24 - 31,49=72,

Prime numbers are whole numbers greater than 1 that are not divisible by any other number
besides themselves and 1. (By convention, 1 itself is not considered to be prime.) For example, 2,
3,5, and 7 are primes, but 4, 6, 8, and 9 are not because at least one prime divides them evenly.
Similarly, 47 is prime, but 48 and 49 are not.
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The Prime Factor column in table 3.5 shows each interval as aratio of the products of prime
numbers raised to powers. For example, the major second ratio is 9/8, therefore the prime factor
of themajor second is 3%/23. Natice that the more dissonant intervalstend to involve larger primes
and higher powers. The perfect intervalsinvolve only the small prime numbers 2 and 3. The more
dissonant intervalsinvolve 5 aswell (with the exception of the major second and minor seventh).
None of the just intervals shown in table 3.5 use 7 or the higher primes.

In spite of itslimitations, there seemsto be some historical justification for thismetric. The per-
fect intervals—those built from primes 2 and 3 only—were the first ones favored by early scale
builders. Ratios of prime factor 5 began appearing around 400 B.C.E. The exclusion of primes
higher than 5 to build musical ratiosis called the five-limit by the composer Harry Partch in his
book Genesis of a Music (1947). The five-limit has only been transcended in recent centuries.
Partch used an eleven-limit system of ratiosin the construction of hisscales. These days, if ascale
is said to be n-limit, this means that the highest prime factor of any interval in the scaleisn.

Attemptsto order and classify consonance using strictly numeric rulesarefineasfar asthey go.
But while we generally agree as to the consonance of the perfect intervals, opinions vary widely
asto therelative consonance or dissonance of the others, and no one metric seemstosumit al up.

Consonance appears to be influenced, but not determined, by underlying psychophysical prin-
ciplesweal share. It seemsaswell to be amatter of taste decided differently by each musical cul-
ture and each age. The harmonies in the chorales of J. S. Bach, for example, do not strike the
modern ear as particularly dissonant; however, listeners of his age sometimes found them shock-
ing. A similar progression has occurred with the music of Mozart, Beethoven, Wagner, Mahler,
Debussy, Stravinsky, Schoenberg, among others. So where intervals are concerned, it seems that
familiarity breeds consonance.

Its highly contextual nature suggeststhat attemptsto classify consonance without regard to the
fundamental s of auditory perception are doomed. So let’s defer further judgment until chapter 6.

3.10.2 Natural Major Scale

Ptolemy’sideaof anatural musical scale, first revived by Ramos, wererediscovered againintheearly
Renaissance and championed by medieval theorists, including Lodovico Fogliano in Musica Theo-
retica (1529). Around that time, the famous Renaissance music theoretician Gioseffo Zarlino
(1517-1590), in Ingtitutioni Armoniche (1558), used the same basic ideas to create a scale based on
theratios 4:5: 6, which form ajust major triad. If wetake 4/4 astheroot of thetriad, the mgjor third
aboveisb5/4, and thefifth aboveis6/4. Thistriad incorporatesthe major third (5/4), minor third (6/5),
and perfect fifth (6/4 = 3/2). Whilethe Pythagorean scalewasbuilt from theintegers 1 to 4, thisscale
usesintegers 1 to 6. Zarlino called this set the numero senario and, like the Pythagoreans, found a
mystical significance in it and sought to establish it as the proper foundation of harmony.

There are three mgjor triads in the just diatonic scale: C:E:G, F:A:C, and G:B:D (figure 3.13).
InZarlino'sscale, thefrequenciesof thesethreetriadsare perfectly in agreement with theharmonic
overtone series. Notice the presence of the prime number 5 in the 4:5:6 ratio, making this a
five-limit scale.
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C,D,E F G A B C, D
4 : 5 6

Figure3.13
Natural major scale.
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To construct the frequenciesfor the natural major scale, we create new pitches out of oneswe've

established already:
1. Find E from C:

E_5
c 4 4

2. Find G from C:

G 6 6. 3
G_¢8 G =% -3
c 2 2° "2

3. Find F from Cy:

C, 6 4~ _ 4 2. 4

F-g @ F=g=51°3C

4. Find A fromF:

A_S _5_54 ._5

== or A—4F 23 C 3C.

5. Find B from G:

E_E or B=§G=§'§ C_LQC.

G 4 4 4 2 8

6. Find D, from B:

D

22_8 o p,=%-8L.c-N0c_3
B 5 5 5 8 4
7. FindD

D, 2 9
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Figure3.14
Natural major scale with interval sizes.
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Figure 3.15
Major triad.

Figure 3.14 shows the natural major scale with intervals between the pitches in the bottom
row.

Although the natural major scale succeeds at making the thirds consonant with the harmonic
series, it doesso at the expense of thewhol e steps, which now areunevenin size. Somewhole steps
are 9/8, but othersare 10/9. Whereasin the Pythagorean scal e the major thirdswere“too big,” here
some of the whole steps are “too small.”

3.10.3 Natural Minor Scale

Aswe saw with the natural major scale, theratios of themajor triad aretheratios4:5:6. Themajor
triad consists of areference frequency R plus a mgjor third up, R - (5/4), plus another minor
third up,

.2.6_30p_3
R 2 5720772

Figure 3.15 shows the pitch ratios of a major triad plus the octave. Notice that the order of the
intervalsis

5.6.4
4'5°3’

that is, amajor third, aminor third, and a perfect fourth.
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C,D,E, F G A, B, C, D,
10 : 12 : 15
10 : 12 : 15
10 : 12 : 15

Figure 3.16
Just minor scale.

We could create ajust minor scaleif we could reverse the order of the 5/4 and the 6/5 intervals,
creating atriad in the order minor third, major third, perfect fourth. Then we’ d have something like
this:

1:?:?:2

E N
m3 M3 P4
6 5 4

5 4 3

But what are theratios of the pitchesin this case? We're looking for something like theinteger ratio
4:5:6but that producesaminor triad. Supposewejust stack up what wewant theorder tobe, likethis:

1::(8.823):(3.4.2)
‘5°\5 4 2)°'\2 3 1)

Thisproducestheright sequenceof minor third, major third, and perfect fourth, but theratiosdon’t
come out as whole numbers:

6.3.2
1:=:=:%,
521
expressed as decimal fractionsis1:1.2:1.5:2.
Sincethisisnot aratio of integers, it can't bethebasisof aproper just scale. But we could salvage
thisand make it into aratio of integersjust by multiplying al ratios by 10, likethis: 10:12:15: 20.
With this ratio, we can properly form the just minor scale (figure 3.16).

3.10.4 Mean-Tone Tempered Scale

Another transitional attempt to create a transposabl e scal e based on simple integer ratios was the
mean-tone tempered scale. It is afascinating exercise in music engineering.

Temperament represented aradical departure from the just scales of the past. |'ve already used
the term to refer to the equal-tempered scale. In this context, tempering means the practice of
adjusting some of the degrees of the scale to “irrational” values so asto fit within an overarching
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Constructing the mean-tone scale, step 1.

order that is still based on simpleinteger ratios. The meaning of temperament isthe same for the
equal-tempered scale, but there the application isto al pitches of the scale uniformly.

But what does “irrational” mean? A rational number is a number that can be represented as a
ratio of two integers. Thevalue of misirrational because thereisno ratio of integersthat can pre-
cisely represent it. Another example of an irrational number is /2.

Constructing a Mean-Tone Tempered Scale The mean-tone tempered scale starts with the

same three natural major thirdsthat were used for the natural major scale. Five whole tones and two

semitonesarederived fromthethirds. Thegoal isto useonly perfect 5/4 major thirdsso asto preserve

consonance across transposition and modulation. The intended improvement over the natural major

scaleisto do something about those pesky uneven whole steps by bending, or tempering, them tofit.
We can devel op the mean-tone tempered scale in the following way:

1. Aswiththenatural major scale, wewant to have three pure 5/4 major thirds between C:E, F.A,
and G:B (figure 3.17). We still need to nail down the relation between D and its neighbors C and
E, and we must do the same for G and its neighbors F and A.

2. Wetackle the major seconds between C:D:E, F.G:A, and G:A:B. Here's where the tempering
comesin. What if wesimply cut theinterval of the pure 5/4 major third in half to create two whole
steps, that is, if wetook themean value of apuremajor third? (Thisiswherethe scalegetsitsname.)
What is its mean value? It wouldn’t be 5/8, the arithmetic mean, because pitch is exponential in
frequency. To add intervals we must multiply their ratios, and we are looking for one ratio that
when multiplied by itself (that’sthe clue) adds up to a5/4 mgjor third. Such aratio would beauni-
form division of themajor third. What we arelooking for is ./5/4, the geometric mean. Thisallows
usto fill in the major seconds (figure 3.18).

3. Wemust figure out theinterval size of the two minor seconds, E:F and B:C. Until we define
them, we have two disconnected islands of tonality, C:D:E and F:G:A:B. We must create
two equal-sized half steps that fill in the difference between the sum of the whole steps and
the octave. Fortunately, the minor seconds yield to the same logic that created the major
seconds.

Therearetwo gapsin our scalethat we want to fill with minor seconds. Let sbethe (asyet unde-
fined) sizeof aminor second. We need two such minor seconds, or 2, becausewhenweaddintervals
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Figure 3.18
Constructing the mean-tone scale, step 2.
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Figure 3.19
Mean-tone tempered scale.

we multiply their ratios. We observethat there are five whol e steps of size ./5/4. We want two semi-
tonesof sizesplusfivewholestepsof size./5/4to add up to an octave of size 2/1. Aninformal equa
tion for this might read, 2 semitones + 5 whole steps = octave. That trandates into the equation

(-

Now we solve thisfor s, as follows.
Take the square root of both sides:

s-(ﬁf’z:ﬁ.

Isolate s:

[ 2 J2
S = = . 3.12
(5/4)5/2 (5/4)5/4 ( )

The entire scale can now be constructed (figure 3.19).
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So, after all this mathematical heavy lifting, what does this scale sound like? Was it worth the
effort? Well, the improved uniformity does allow for greater transposition, but in the end (of
course) we still have problems: the fifth is no longer asimple 3/2. The half steps and whole steps
are not simple either, so we're really no closer to having a scale that can transpose and that also
lines up with musical instrument harmonic overtones.

311 The Powers of the Fifth and the Octave Do Not Form a Closed System

If we step back to look at all these efforts over the centuriesto build the perfect scale, it'sasthough
weweretrying to build abridge but couldn’t ever find a design that was sufficiently proportional.
There's always a piece that doesn't fit. My impression of the mean-tone scale is that it's like a
carpentry project gone awry: the main boards are cut right, but the carpenter had to bend the rest
into place and forcefully nail them down or they would spring loose again.

The problemis, simpleinteger ratios don’t line up theway we'd like. For instance, aswetrans-
pose around the circle of fifths, welogically expect to come back to our starting key. That is, start-
ing on C, if we go up by fifths, we expect to return to C in a higher octave:

Cl Gl Dl Al Ei Bl F”i Ql AL! E‘Tl Bi?l F! C'
A )

But if we use the simple 3/2 ratio to go up by fifths, and use the 2/1 to go up by octaves, the two
series don’t end up on the same frequency for C at the top. As we go through the 12 keys, we're
adding fifths, which means we multiply their ratios. Twelve fifths would be (3/2)12 = 129.746,
whichisjust alittle over seven octaves. But seven octaves exactly would be (2/1)7 = 128. So they
don't line up. Stated another way,

32" 1
1)’

In fact, it can be proven that there are no integers m and n such that

@

apart from thetrivial solution m=n= 0. Contrary to thewishes of scalebuildersand musiciansfrom
antiquity to the present, the powers of the integer ratios 3/2 and 2/1 do not form a closed system.

If thereisno exact solutionto (3.13), then what about approxi mate sol utions? How closeto equal
can we get for any possible combination of mand n? The optimal solution appears to be m= 12,
n=7. Theinterval corresponding to thischoice of mand nis

12
(32)_ _ 101364 = 2346 cents (3.14)
(21)
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Recall from section 3.9.1 that the ratio in (3.14) is known from antiquity as the Pythagorean
comma. While the distance by which the interval of 12 fifths misses seven octavesis a mere
23.46 cents, in this case, amissis asgood as amile.

It seemsthat simpleinteger ratiosraised to arbitrary powersdon’t necessarily formaclosed sys-
tem and that the particular case of interest, (3/2)™ = (2/1)", hasno solution. Thesignificance of this
isthat making aclosed cyclic scale system based on multiples of fifths and octaves can’'t be done
with simple integer ratios. A closed scale system isrequired in order to allow music to be trans-
posed to any key and still sound in tune, so a transposable scale based on small integer ratiosis
impossible, and atempered scale must be used if transposing isreally that important.

Thelesstheintervals of ascalearetempered the better, because then the tempered intervalswill
sound less dissonant against the harmonic overtone series. The Pythagorean comma suggests to
thetempered scale devel oper wherebest to closethe cycle of fifthsand octaves. If 12 fifthsareflat-
ted to equal seven octaves, the overal distortion in the fifths will be only 23.46 cents. Thisisthe
rationale for building the equal-tempered scale with 12 semitones.

I's there any other combination of m and n that comes closer to unity than the Pythagorean
comma? Suppose we eval uate

3/2)"
)"

for values of mand n over some range, say, 0to 100 each, looking for scale systemsthat come as
close or closer to unity than does the scale system for m= 12, n = 7. Some candidate entries are

m n Cents

12 7 23.46 Pythagorean comma

41 24 -19.85 All fifths would have to be stretched
53 31 3.62 Very close to unity

94 55 -16.23 All fifths would have to be stretched

A positive cents value indicates that the fifths are sharp by that amount, and a negative value indi-
catesthey are flat. Perhaps the most interesting result isthat 53 fifths are only 3.62 cents sharp of
31 octaves. Both 31 and 53 have been used to build scales.

3.12 Designing Useful Scales Requires Compromise

Given the limitations of the just tuning systems, we find ourselves at afork in the road:

= We can move toward our original goal of transposing while retaining the just ratios—but with
compromises.

= We can abandon the goal and choose another.
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Although we still want to engineer a scale that meets our needs, now we know it's just a design
problem, not a quest for a holy grail that we now know doesn’t exist.
Some common choices that have been made at this juncture include the following:

= Extend the use of tempering (see section 3.13).

= Add more degreesto the just scales, allowing musicians to use alternative ratios when transpos-
ing (see section 3.14).

= Avoid transposing and modulation (see Hindustani Scales in section 3.14.2).

3.13 Tempered Tuning Systems

Tempering isacompromise that abandons some aimsin order to achieve others. If we give up the
goal of just ratios, we'd still like to have a scale that

= |stransposable to al 24 major and minor keys

= Sounds close enough to the just diatonic scale

= Hasintervals reasonably close to their small-integer ratio prototypes
= Has 12 half stepsto the octave

= Can be transposed around the circle of fifths

= Has no strange differences between supposedly same-sized intervals

To implement this compromise, we use tempering to close the cycle of fifthsand octaves. What if we
spread the Pythagorean comma across a number of intervals so that it would become unnoticeable?

3.13.1 Originsof Tempering

The concept of atempered scale arose in the fourth century B.C.E. with Aristoxenus of Tarentum,
oneof Aristotle's students. Aristoxenus argued empirically that preci se ratios should be lessimpor-
tant to music theory than what musicians actually use, and suggested that the octave be divided on
a subjective basis into an equal number of intervals. To the same effect, the great mathematician
Leonhard Euler (1766) wrote, “ The sense of hearing is accustomed to identify with asingleratio,
al theratioswhich are only dlightly different fromit, so that the difference between them be almost
imperceptible” What Euler is referring to is now called the just noticeable difference (IND) of
pitch (see chapter 6). Another perspective on Euler’sinsight isthe power of our mindsthrough con-
ditioning and learning to generalize arule across similar instances (see section 9.22).
Perhapsthefirst practical tempering system was proposed by Vincenzo Galilei, father of Galileo
and a one-time student of Zarlino. Like many, including the Pythagoreans, Zarlino believed that
certain proportions had a mystical significance that revealed the hand of God. Vincenzo Galilei,
trueto his Renaissance culture, believed that all scaleswere free creations of the human mind and
hence could be anything that pleased their creators (V. Galilei 1581; Strunk 1998). He proposed
solving the conundrum of intonation by using the integer ratio 18/17 as an approximation of the
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semitone. At 98.96 cents, this ratio provides a usable tempered tuning system that has been
employed by fretted instrument makers ever since (see section 3.15).

Between the Renai ssance and the modern age, Western music theoriststried many waysto hide
the Pythagorean commaand yet salvage as many just interval s as possible—usually thefifths and
major thirds—while excluding thewolf tonesby the use of tempering. There are an unlimited num-
ber of possible temperings, but the available solutions tend to cluster around afew common aims,
depending upon what one wants to optimize:

= Mean-tone Optimize the thirds and fifthsin selected keys, and never mind the rest.
= Well-tempered Make all keys usable, but make some more purely intoned than others.
= Equal-tempered Make all keys sound the same.

3.13.2 Well Tempering

Theterm well tempered covers all tuning systems that temper at least someintervals or that have
reasonably equal-sized semitones.

Andreas W. Werckmeister (1645-1706) developed a number of tempered tunings, including
Werckmeister temperament |11, which he developed in 1691. Roughly speaking, this scale leaves
theblack notesin Pythagorean just intonation and tempersthewhite notes, resulting in various-sized
major and minor interval sand either trueor nearly truefifthsand fourths. Suchirregular tempering
essentially scatters bits of the Pythagorean comma widely, though not evenly, across the scale,
alowing fairly graceful transposition and modulation to remote keys.

Other irregular temperaments of the time included

= Kirnberger temperament I11 (1779), by Johann Philip Kirnberger (1721-1783); some fifths are
tempered, some are pure.

= Vaotti temperament (1728), by Francesco Antonio Vallotti (1697—1780); the “front” six fifths
of thecircle of fifths (F, C, G, D, A, E, B) aretempered by 1/6 of a Pythagorean comma, whereas
the fifths on the “back” side are tuned pure.10

= Young temperament |1 (1800), by Thomas Young (1773-1829); similar to Vallotti’s but starting
on C rather than .

3.13.3 Tonal Palette

Asaconsequence of the uneven distribution of the Pythagorean commainirregular temperaments,
each key was imbued with a unique tonal palette or coloration based on the placement of the
various-sizedintervalsinitsscale. Far from being aproblem, thisaspect of irregular temperaments
was appreciated by composers and performers of those times as lending character to the different
keys. Modulating around the circle of fifthsin irregular temperaments alters the tension in the
triads and dominant seventh chords in characteristic ways that they found musically useful.

In the literature on tuning systems, the arguments for and against the various tuning systems
sound as though they were referring to wine tasting. Werkmeister 111 is pure in the best keys
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and excellent for organs because many fourthsand fifthsarein tune, but itisirregular and quix-
otic in how it handles modulation, and uneven in key color. Vallotti is smooth and regular,
perhaps with too little key contrast. It is clear that the choice of tuning system was a matter
of taste.

A common misconception about J. S. Bach’'s famous Das Wohltemperierte Klavierll is that it
waswritten as ademonstration piece for equal-tempered tuning. Bach ailmost certainly did not use
equal temperament, which did not comeinto practical use until after hedied. He undoubtedly used
amean-tone or irregular temperament of some sort, possibly one of Werckmeister's or one of his
own devising. Which exact tuning he used is unknown, but it is certain that Bach used this com-
position as a vehicle to systematically explore the tonal palettes of the keys of the temperament
hewas using (Barbour 1947; Barnes 1979; Kellner 1979).

3.13.4 Equal Tempering

The attempt with irregular temperaments to include some pure ratios only hides the intonational
problemsin remotekeys. But as composers devel oped and extended functional harmonization and
modulation, eventually there were no “remote” keys left in which to hide the wolves. Why then
not try tempering every degree of the scale in the same amount? Perhaps that would spread out
the Pythagorean comma to the extent that it would become unnoticeable because the “ out-of -
tune-ness’ would be everywhere the same.

What if we shrank the interval of afifth just alittle so that 12 of them would equal seven dou-
blingsof the starting pitch? L et’snamethetempered fifth T. Then wewould belooking for avalue
of Ty suchthat (T5)12 = 27. Solving for T gives Ty = 2712 = 1.498, whichispretty closeto 3/2= 1.5
(although thefifths are alittle flat). To generate the 12 steps of the scale, all we would have to do
is form successive intervals of Tg, and after creating 12 of them, we would be back to where we
started, afew octaves higher.

While the equal-tempered scal e takes the approach of tempering the fifth according to 2712,
another equally valid approach is to shrink the semitone according to 12/2 = 1.0594631, which
is reasonably close to the minor second, 16/15 = 1.0666667. The two approaches are equivalent,
since the result either way isthat the octave is divided into 12 equal intervals.

Curioudly, this quintessentially Western scale appears to have been first invented in China. In
1596, Prince Chu Tsai-yu (or Zhu Zai-You) apparently calculated the degrees of the equal-tempered
chromatic scale without benefit of logarithms (Barbour 1953; Kuttner 1975; Yasser 1932). How-
ever, it evidently did not catch onin Chinaasit didinthe West. Theideawas apparently put forward
first in Europe by Simon Stevin (1548-1620).12 The theory became widely known through the
work of Mersenne (1635). But equal temperament did not becomegenerally establishedin practice
until 1800, first in Germany, later in England and France.

3.135 |Interval Error of Equal-Tempered Tuning

Astonishingly, the equal-tempered intervals are close enough to the natural major scale that most
Western composers and musicians from the 1800s to the present have been satisfied with the
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Table 3.6
Comparison of Natural and Equal-Tempered Chromatic Intervals
Degree Name Error Degree Name Error
1 Unison 0.0 7 Tritone -9.7763
2 Minor second -11.731 8 Perfect fifth -1.955
3 Major second -3.910 9 Minor sixth -13.686
4 Minor third -15.641 10 Major sixth 15.641
5 Major third 13.686 11 Minor seventh 3.910
6 Perfect fourth 1.955 12 Major seventh 11.730
1 16 9 6 5 4 64 3 8 5 16 15 2
1 15 8 5 4 3 45 2 5 3 9 8 1
Natural
chromatic

scale

Equal-tempered
chromatic
scale

c ¢ D bbb E F FR G G A A B C

Figure3.20
Natural and egual-tempered chromatic intervals.

equal-tempered chromatic scale, and avery large body of music has been composed usingit. [ron-
ically, however, thereis not asingle small integer ratio left in the scale (apart from the unison and
octave). Thus, oneof the principal aimsof the early scale buildershasbeen lost. Clearly, the desire
for transposability won out over justness of intonation in Western music after the advent of tem-
pered tunings.

But just how badly out of tune is equal temperament? Table 3.6 shows the size of the error in
cents between each equal-tempered degree and its natural chromatic scale equivalent. The sign of
each valuein the Error column shows the cents by which the equal-tempered scaleis sharp (pos-
itive) or flat (negative) with respect toitsjust equivalent. Notethat theworst errorsarefor the minor
and major thirds and sixths (figure 3.20).

3.13.6 Goodness-of-Fit Metric

We can get acrude quantitativeideaof how closely aligned thesetwo scal esare by adding the mag-
nitudes of the Error column in table 3.6. Doing so shows that the sum total by which all tempered
intervals miss their natural chromatic scale equivalents is 103.624 cents. Is 103.624 cents
accumulated error good or bad? Arethese differences significant? That analysisis postponed until
section 3.14, so that more scales can be evaluated.
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Meanwhile, we can adapt this goodness-of-fit measure to other scales discussed in this chapter
to show in quantitative terms how closely aligned they are with the intervals of the natural chro-
matic scale. For scales with many more degrees than the chromatic scale, the method is to first
pick the degreesthat are closest to their natural chromatic equival ents, then sum the magnitude of
the errors.

3.13.7 TheGrand Solution

The equal-tempered scale inherits nearly all the important components of the Pythagorean scale
and can also transpose. Now every key sounds asin tune (or out of tune), as every other key, just
aswe wanted, but at the expense of the pure integer ratios, which have been virtually banished.
It issomewhat reminiscent of the modern practicewhere an oak groveisripped out to build ashop-
ping center and then the shopping center is named Oak Grove. We are | eft with the impression of
the pure intervals but not with their reality. We get the advantage of the modern conveniences
(transposition) but at the expense of thereason wewanted it. Isn't it interesting that not even music
isimmune to the inevitable downside of technological advance? The moral: nothing is free.

Other cultures have made other choices. For instance, classical Hindustani and Arabic music
is gtill firmly rooted in small integer ratio scales, and that music scintillates with a pleasurable
harmonicity that has touched adeep longing in the Western ear, as evidenced by their popularity
in the West in recent times. The symmetry between the overtones of their instruments and the
scales they play upon is deeply satisfying. On the other hand, don’'t expect an oud or a sitar to
transpose.

3.14 Microtonality

Asdescribed in the previous section, the compromise of tempered tuningsisto give up the use of
small integer ratios except for the unison and octave. The compromises of microtonality are not
as neatly assessed because of the greater number of directions that can be taken.

One of the main thrusts of early Western microtonal tunings was to increase the number of scale
degreeson keyboards. The origina aim wasto supply alternative choices of intervals when modul at-
ing or transposing so asto retain as much as possible the smple integer ratios of the just scales. Such
asca esystemwoul d then contain microtones, which are scal edegreesthat aresmaller than asemitone,

Once again, however, we confront basic design questions. For instance, are the microtonesto
beorganized asaset of tempered intervalsor asacollection of small integer ratios? Of course, there
are exponents of both approaches, and | consider each in turn.

3.14.1 Tempered Microtonal Scales

What if we simply increased the number of equal divisions of the octave from 12 to alarger num-
ber? As the number of equal divisions of the octave goes up, not only will there be more scale
degreesto choose from but thereisalso an increased likelihood that some of them will land closer
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tothejust intervalsthan their chromatic tempered cousinsdo. A trivia modification of equation (3.3)
alows usto create arbitrary tempered divisions of the octave:

fk,v = fR . 2v+k/N, (3.15)

whereNisthedesired number of degreesper octave, kistheinteger degreenumber, and vistheoctave.
A few such tempered scale systems approximate the just interval s better than the chromatic scale.

19-Tone Scale Ancther relatively close encounter between the seriesof fifthsand octaves occurs
at 19 fifths above 11 octaves, where the fifths exceed the octaves by 137.145 cents. When N in
(3.15) is set to 19, the size of the equitempered scale division is 63.16 cents.

Why 19? The 19-tone major and minor thirds and major and minor sixthsare all closer than the
corresponding equal-tempered intervals. The minor third is quite pure. The major third isflat,
athough closer than the equal-tempered major third (see figure 3.21).

To temper using this scale, the fifths must be flatted by atotal of 137.145, which isworse than
the tempering required for the chromatic scale. Since there are 19 fifths, each fifth is flat by
7.218 cents, making the fifths far from perfect.

Applying the goodness-of-fit metric to the 19-tone scale results in 109.31 cents accumul ated
error, not asgood asthe chromatic scale’'s 103.624 cents. I n spite of theimproved thirdsand sixths,
this scale has not been favored over chromatic equal temperament for good reasons.

Quarter-Tone Scale  When Nin (3.15) is set to 24, we arrive at the quarter-tone scale, and the
size of theequitemperedinterval is50 cents, or exactly one-half of achromatic tempered semitone.

While all microtonal scales can produce exotic-sounding harmonies, the quarter-tone scale
isspecial because it is a superset of the equal-tempered scale. Or, we can think of it as two
equal-tempered scales combined, tuned 50 cents apart. A common arrangement for quarter-tone
music isto tune two pianos 50 cents apart. Listen, for example, to Three Quarter-Tone Pieces by
Charles Ives, or the compositions of Alois Haba (1893-1973).

Depending upon how the additional resources are used by a composer, quarter tones can extend
thetonal palette of the equal-tempered scale so that it ranges from strictly harmonic (using either
of the equal-tempered scale subsets) to mixtures that are reminiscent of the irregular tempera-
ments, to highly dissonant when using all the quarter tones together. The composer is given addi-
tional possihilities of harmonic tension.

Asone might expect, the goodness-of -fit metric for the quarter-tone scaleisthe same asfor the
equal-tempered scale, 103.624 cents.

53-Tone Scale The next close encounter of the fifths and the octaves occurs at 53 fifths and
31 octaves. Here the cycle of fifths ends up merely 3.615 cents above the octave. Each tempered
fifth is therefore 3.615/53 = 0.068 cents flat. According to Helmholtz (1863), this scale was first
proposed in 1608 by Nicolaus Mercator (1620-1687) as a system for measuring scales.

Even Partch (1947) isimpressed with this scale. He saysit gives “adegree of falsity that might
really be called—and for thefirst timel use the word without quotation marks—inconsequential ”
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Table3.7
Comparison of Natural Chromatic Scale and Cent Scale
Natural Natural
Chromatic Cent Error Chromatic Cent Error
1 1 0.0 7 611 -0.22
2 113 -0.27 8 703 -0.04
3 205 -0.09 9 815 -0.31
4 317 -0.36 10 885 0.36
5 387 0.31 11 997 0.09
6 499 0.04 12 1089 0.27
1 16 9 6 5 4 &4 3 8 5 16 15 2
1 15 8 5 4 3 45 2 5 3 9 8 1
Nawral ||| | I
pore| || ] | [T
T T I I O

Quarter-tone
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Figure3.21
Tempered microtonal tunings compared to the natural chromatic scale.

His estimation agreeswith the goodness-of -fit metric, whichis 10.402 centsaccumul ated error for
the 53-tone scale, which far surpasses the chromatic scale’'s 103.624 cents.

The Cent Scale asthe Ultimate Tempered Microtonal Tuning The cent scale itself is the
logical reductio ad absurdum of this progression of tempered microtonal scales. With its 1200
degrees per octave, it can be thought of asthe ultimate tempered microtonal scale. Why not simply
composedirectly in cents? Table 3.7 showswhich cent degrees correspond most closely to the nat-
ural chromatic scale. As might be expected, the goodness-of-fit metric for the cent scale is by far
the best of the bunch: 2.38 cents accumulated error.

Comparing the Tempered Microtonal Scales Figure 3.21 compares tempered microtonal
tuningsto the natural chromatic scale, whichis shown asaruler in the background for comparison
with the other scales. Thefairly crude resolution of thisvisual aid till revealsalot about the accu-
racy of the approximations these scales make to just ratios. It is evident, for instance, how much
better the 19-tone scal€' sthirdsand sixths are than those of the equal-tempered scale. It also shows
how much better the 53-tone scaleisthan al the rest at approximating the just intervals.

Table 3.8 summarizes the goodness-of -fit metric for the tempered scales considered above. As
expected, increasing the number of divisions of the octave makes it possible to approximate ever
more closely the just diatonic scale by judicious choice of tempered microtonal intervals.
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Table 3.8

Goodness of Fit

12-tone 103.624
19-tone 109.310
Quarter-tone 103.624
53-tone 10.402
Cent 2.37599

The fact that even the cent scale has an accumulated error, however small, is noteworthy.
Human hearing can’t distinguish between adjacent cents (whichisonereason it was devel oped).
So does it matter that the cent scale has a nonzero accumulated error, especialy if it is much
smaller than human hearing can detect? Haven't we provided ourselves with a way to temper
ascalethat isfor all practical purposesindistinguishablefromthejust intervals? Remember that
Western musical culture has lived happily with the errors in the equal-tempered scale for cen-
turies. Nonetheless, there are those who criticize the whole approach to tempering intervals on
principle.

3.14.2 Just Microtonal Scales

No matter how closethey cometo thejust intervals, tempered microtonal scalesdo not meet the
needs of what | call the intonation rationalists like Partch because they are nothing more than
approximations (albeit sometimes pretty good approximations) to the just intervals. From the
perspective of the intonation rationalists, the whole idea of tempered intervalsis like the dif-
ference between 3.14 and =. It's like chopping down a forest and replacing it with telephone
poles. They are not the same as the trees, no matter how close they might stand to where trees
once stood.

Just tuning systems using microtones are quite widespread, including fifteenth-century
European scales, tuning systems from cultures around the world, and systems constructed by con-
temporary theorists and composers. |n Europe microtonal just scaleswere originally developedto
improve transposability. In the classical music of Hindustan and the traditional music of Islamic
countries, microtonal just scales are used without transposition. The American theorist Harry
Partch also developed an elaborate just microtonal scale. This section explores a small sampling
of tuning systems using just microtonal intervals.

Historical European Microtonal Scales According to Murray Barbour, just-intonation micro-
tonal scales manifested in Europein the late fifteenth century with the introduction of keyboards
with split keys, for instance, for E, and D+, to avoid the bad eff ects of transposing on just keyboards.
Barbour (1953) writes,

The theory was simple enough: provide at least four sets of notes, each set being in Pythagorean tuning and
forming just major thirds with the notesin another set; construct a keyboard upon which these notes may be
played with the minimum of inconvenience. Only in the design of the keyboards did the inventors show their
ingenuity, an ingenuity that might better have been devoted to something more practical. (113)
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Figure 3.22
Just keyboard by Joan Albert Ban.

Figure 3.22 shows the keyboard developed by Joan Albert Ban (1597—-1644) in Haarlem in
1639, based on the theories of Fogliano and Mersenne. Through the addition of floating keys
and split keys, each natural key is provided with all possible justly intoned triads, major and
minor. Thefloating D; providesthe 9/8 above C, whilethe natural D below it providesthe 10/9.
TheD-magjor triad D:F;: A startson D natural andisspelled 3240 : 2592 : 2160, and the G major
triad starts on G natural and is spelled 2400 : 1920 : 3200 (requiring use of the floating D).

But adding microtones to the keyboard proved to be a dead end. They were difficult and tem-
peramental to build and to play, and no common scheme emerged as arallying point. Electronic
keyboards that became available in the twentieth century helped revive interest in microtonal
scales. Harry Partch built an entire orchestra of acoustic instruments using various microtonal lay-
outs. However, all have remained idiosyncrasies. With the introduction of the personal computer,
it finally became possible to experiment with these scales without having to construct elaborate
physical keyboards, and there has been a resurgence of research interest. If a new tolerance for
diversity develops, this music may yet get its proper hearing (Keislar 1988).

Partch’s43-Tone Scale Harry Partch is arguably the father of modern microtonality. His fun-
damental reexamination of the foundations of music theory and his consequent radical departure
from musical conventions are described in minute detail in his book Genesis of a Music (1947).
Thedirection of histhinking reguired that he create an entire orchestra of original instrumentsand
compose a body of musical worksfor it. He said of himself, “I am a composer seduced into car-
pentry,”13 but he was also a brilliant theorist. Though he took issue with many accepted musical
dogmas of hisday, heis principally remembered for his stance on intonation.

He felt that the approximations that the chromatic equal-tempered tuning system made to the
pure small integer ratios were a travesty to the ear. For instance, he wrote,

After hearing an absolutely truetriad one feel sthat the tempered triad throwsitsweight around in astrangely
uneasy fashion, which is not at all remarkable, for what it wants to do more than anything elseis to go off
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and sit down somewhere—it actually requiresresol ution! Thus hasthe composition of music for thetempered
scale become one long harried and constipated epic, a veritable and futile pilgrimage in search of that
never-never spot—a place to sit! (179)

He recognized that his vitriol could become excessive. “In attempting to correct an illogical
situation a man tends to become an extremist” (97). But he was a man with amission.

He considered the pure untempered ratios to be unique individualities, which the tempered tun-
ings could only approximate. He created orders of tonalities out of small integer ratios of various
numerical limitsbased on scholarship, reasoning, and hisown ear. By basing his system oninteger
ratios, he necessarily discarded closed, transposable, common tempered tuning for an open system
populated by a plethora of ratios that were as individualistic as himself.

Table 3.9 shows Partch’s 43-tone scal e. The table givesthe degree number, theratio, the cents
from unison of theratio, theratio of theinterval to the previous degree (the size of the step), and
the interval size in cents. Because of the increased intervalic resources, Partch categorized
ranges of hisintervalsashaving variousemotional functionsroughly anal ogousto those commonly

Table 3.9
Partch’s 43-Tone Scale
Step Step Step Step
No. Ratio Cents Size Cents No. Ratio Cents Size Cents
1 1 0 [23 107 61749 5049 3498
2 81/80 21.50 81/80 21.51 24 16/11 648.68 56/55 31.19
3 33/32 53.27 55/54 3177 25 40/27 680.45 55/54 31.77
4 2120 8447  56/55 3119 [26 32 70196  81/80 21.51]
5 16/15 111.73 64/63 27.26 27 32/21 729.20 64/63 27.26
6 12/11 150.64 45/44 38.91 28 14/9 764.90 49/48 35.70
7 11/10 165.00 121/120 14.37 29 11/7 782.49 99/98 17.58
8 10/9 182.40 100/99 17.40 30 8/5 813.69 56/55 31.19
9 9/8 203.91 81/80 21.51 31 18/11 852.59 45/44 38.91
10 8/7 231.17 64/63 27.26 32 5/3 884.36 55/54 3177
1 7/6 266.87 49/48 35.70 33 27/16 905.87 81/80 21.51
12 3227 294.14 64/63 27.26 34 12/7 933.13 64/63 27.26
13  6/5 315.64 81/80 21.51 35 714 968.83 49/48 35.70
14 119 347.40 55/54 31.77 36 16/9 996.09 64/63 27.26
15 54 386.31  45/44 38.91 37 9/5 1017.60 81/80 21.51
16 14/11 417.51 56/55 31.19 38 20/11 1035.00 100/99 17.40
17 97 435.08 99/98 17.58 39 11/6 1049.36 121/120  14.37
18 21/16 470.78 49/48 35.70 40 15/8 1088.27 45/44 38.91
19 4/3 498.05 64/63 27.26 41 40/21 1115.53 64/63 27.26
20 27/20 519.55 81/80 21.51 42 64/33 1146.73 56/55 31.19
21 11/8 551.32 55/54 3177 43 160/81 1178.49 55/54 3177
22 7/5 582.51 56/55 31.20 44 211 1200.00 80/81 21.51
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Figure3.23

Interval sizes of Partch’'s 43-tone scale.
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attributed to the just diatonic scale:

= Intervalsof power, the perfect intervals—unison (#1), octave (#44), fourth (#19), and fifth (#26),
shown with heavy outline

= Intervals of suspense, the intervals in the region of the tritone from the fourth (#19) to the fifth
(#26), shown with light shading

= Emotional intervals, theintervalsin theregionsof thethirds (#11 to#18) and sixths (#27 to #34),
shown with heavy shading

= Intervals of approach, the intervalsin the regions of the seconds (#2 to #10) and sevenths (#35
to #43), shown with light outline

It isinteresting to observe the symmetric regularity of interval size between stepsof thisscale (fig-
ure 3.23). The scale is not symmetrical at the fifth, but at three degrees below the fifth, at number
23—the midpoint of the interval order (see table 3.9). Note the plethora of different step sizesin
figure 3.23.

Figure 3.24 compares Partch’s scal e and the equal -tempered chromatic scale, with the natural
chromatic scale shown as a background ruler.

Hindustani Scales WhereasWestern music hasemphasi zed harmoni ¢ practicesrequiring trans-
position and modulation, classical Hindustani music has emphasized melodic practices that are
based on just intervalsand do not transpose. The degreesof the classical Hindustani scalearecalled
sruti. The most common scale has 22 sruti per octave. Continuous-pitch instruments such as the
voice or sarod can adapt intonation as needed to play any subset of this scale. Fretted instruments
such as the vina, sitar, and esrgj are supplied with adjustable frets that can be shifted to adapt to
different subsets of sruti intervals. The principal playing strings of these fretted instruments can
be pulled sideways across the frets, stretching the string to achieve other sruti as needed, and
for ornamentation.
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Figure3.24
Partch’s scale and equal-tempered chromatic scale compared.
Table 3.10
Hindustani 22-Sruti Scale
Degree Ratio Cents Interval Size Degree Ratio Cents Interval Sze
1 1 0 - - 12 45/32 590.22 25/24 70.67
2 256/243 90.23 256/243 90.23 13 729/512 611.73 81/80 21.51
3 16/15 111.73 81/80 21.51 14 32 701.96 256/243 90.23
4 10/9 182.40 25/24 70.67 15 128/81 792.18 256/243 90.23
5 9/8 203.91 81/80 21.51 16 8/5 813.69 81/80 21.51
6 32/27 294.14 256/243 90.23 17 5/3 884.36 25/24 70.67
7 6/5 315.64 81/80 21.51 18 27/16 905.87 81/80 21.51
8 5/4 386.31 25/24 70.67 19 16/9 996.09 256/243 90.23
9 81/64 407.82 81/80 21.51 20 9/5 1017.60 81/80 21.51
10 4/3 498.05 256/243 90.23 21 15/8 1088.27 25/24 70.67
11 27/20 519.55 81/80 21.51 22 243/128 1109.78 81/80 21.51

Barbour (1953, 113) assumesthat the Hindustani sruti scaleisbased on an equal division of the
octave into 22 parts, much as one of the common Arabic scalesisan equal division into 17 parts.
He writes, “If these are considered equal, a new system arises with ‘practically perfect’ major
thirds . . . and very sharp fifths” (116). Judging from their music, it seems very unlikely that
Hindustani musicians would settle for sharp fifths, however. Many sources give the sruti scale as
an extended just system. Thisisamore satisfying explanation becauseit would give ahigh degree
of consonance between the scale and the rich harmonic content of many Hindustani instruments.

Table 3.10 showstheintervals commonly given for the 22-sruti scale. Figure 3.25 comparesthe
22-sruti scale with the natural chromatic scale and the Pythagorean dodecaphonic scale. The
sruti that are in neither of these other scales are shaded in the table and figure. According to
table 3.10 and figure 3.25, the 22-sruti scal e contains both the natural chromatic and Pythagorean
chromatic scales as subsets, and contains four additional intervals that are not in either of the
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Figure 3.25

Natural chromatic and 22-sruti scales compared.
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Figure 3.26
Interval structure of the 22-sruti scale.

others. One can select from this any combination of just or Pythagorean scales, plus a variety of
other scales. A prime factor analysis of the 22 sruti ratios shows that thisis afive-limit scale.

Figure 3.26 shows the interval structure of the 22-sruti scale. There are three interval sizes:
256/243, 25/24, and 81/80. Pingle (1962, 31) callsthe smallest intervals murchanas. Interestingly,
the size of the murchanainterval corresponds to the Pythagorean comma.

Why are there 22 srutis? | wastold by my Hindu music teachersthat the 22-sruti scaleisbasically
chromatic. It contains both the natural and the Pythagorean chromatic scales.14 The 22 degrees come
fromtaking al chromatic intervals except the unison and fifth, which arefixed, and splitting theminto
alower and an upper microtonal interval. And, indeed, 2 - (12 — 2) + 2 = 22 degrees atogether. While
thisisagood description of what we seeinfigure 3.25, it isnot an explanation. Another conjecturel’ve
heardisthat 22 was chosen becausetheratio of the 22 sruti to the diatonic scale degreesthat anchor itis

2—72 = 314286 ...=314159 .. .=T.

Although the ratio of 22/7 wasindeed used in ancient times as arational approximation to rt, this
isnot a particularly compelling musical explanation (Beckman 1976).
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22-sruti scale as circle of fifths and circle of fourths.

The most satisfying explanation I've heard so far comes from Lentz (1961), who characterized
the scale asacombination of the cycleof fourthsand the cycle of fifths. The process, whichismuch
like that described for the Pythagorean dodecaphonic scale, goes like this:

1. Createaset of intervals (3/2)mfor 0 < m< 12.
2. Create another set of intervals (4/3)"for0 < n< 12,
3. Subtract asmany octaves as necessary to position each interval within the compass of one octave.

Thiscreatesaset of 23 uniqueintervals (not 24 because the unison is repeated in both series). Fig-
ure 3.27 showsthe sruti scale of table 3.10 compared to the circle of fifthsand circle of fourths. The
interval 262,144/177,147 in the circle of fourths (just below the 3/2) must be discarded, leaving
22 sruti.

At first glance, Lentz's combination of fifths and fourths looks very close to the 22-sruti scale.
However, small discrepancies are evident even in this crude graphic: some of the powers of fifths
and fourths do not line up with the intervals given in the literature but are alittle sharp or flat. In
fact, the intervals that miss their mark are off by exactly 32,805/32,768, an interval historically
called aschisma. For instance, whilethethird degreeintable 3.10isgiven as16/15, thethird degree
by the circle of fifthsis 2187/2048, which is a difference of 32,805/32,768.

Lentz'smethod hasthe advantage of beingasimpleand elegant construction, but likethe Pythagorean
scale, theresult may pleasetheorists morethan musicians. Who isto say whether an oriental equivalent
of Pargjadidn’t arguefor aversion of the22-sruti scalemade simpler by adjusting the sruti up and down
by schismasto nearby smaller integer rtios, leaving the conventiona retios given in table 3.10?

The22-sruti scal e described heredoesnot by any meansexhaust the Hindustani interest inthe number
22. Aninteresting just diatonic scale given by Pingle (1962) consigts of the following seven intervals:

22/22,26/22, 29122, 31/22, 35/22, 39/22, 42/22, 44/22.

Figure 3.28 compares Pingle's scale with the 22-sruti scale and the natural just diatonic scale. It
isan 11-limit scale with amost exotic sound, as al of itsintervals are quite sharp in comparision
to the just diatonic scale.
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B. A. Pingle's diatonic scale.
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Rule of 18 for placing frets.

315 Ruleof 18

The rule of 18 has been used by Western stringed instrument builders to construct the scales
their instruments play since it was first proposed as a tempered scale by Vincenzo Galilel (see
section 3.13.1). It highlights a number of interesting mathematical principles.

It so happens that the size of atempered semitone, theirrational number 12/2, is fairly closely
approximated by the rational ratio 18/17, that is,

18
/2 = ===1.0588.
/2 17

It is much easier in practice for builders to work with ratios of integers than irrational ratios
when dividing up alinear distance. Asshown in figure 3.29, each string of afretted instrument
is suspended between two points, the bridge and the nut. The frequency of the open string is
determined by a peg or screw arrangement near the nut, which tightens or loosens it, varying
the tension of the string. The performer varies the frequency by stopping off different lengths
of the string against the fingerboard, thereby changing the mass of the part of the string that
can vibrate.

3.15.1 Fret Calculations

Fret wires placed along the fingerboard perpendicular to the string help the performer stop off
exactly theright length to sound intervalsin the scale that the instrument is built to play. Unfretted
stringed instruments such as the violin are played similarly but do not have frets to guide the
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performer’sfingers. Frets are foremost an aid to intonation, but they also make it possibleto cor-
rectly stop multiple strings simultaneously, a useful feature for polyphony. Historically, the frets
are placed using the 18/17 tempered scale of Galilei.

To place the frets, the rule of 18 states

Each subsequent fret should be located 1/18 of the remaining distance to the bridge of the
instrument.

Let'stakefor an example astring of length x, = 1 meter from bridge to nut (figure 3.29). Then the
rule of 18 says that the distance x, from the bridge to the first fret should be

Xo
X, = Xg——2
18

1-L First Fret (3.16)

18

m
18

In order to sound asemitone higher, therule of 18 saysthat the length of the string from the bridge
to the first fret must be 17/18 of the length of the entire string x,.

The distance from the bridge to the second fret, x,, is calculated from the “remaining distance,”
which isx;. So we subtract 1/18 of the string from the length of x;:

X1 _ 289
=X ——= == m Second Fret (3.1
Xy = Xq 8 34 m ond Fret (3.17)

3.15.2 TheFlawintheRuleof 18

If we continue to apply the rule of 18 twelve times, then the twelfth fret will end up being placed
near the midpoint of the string. However, when the string is stopped at the twelfth fret, although
ideally it should sound exactly an octave higher than thewholestring, it will actually sound dlightly
flat because 18/17 < 12/2. Each fret placed by the rule of 18 will sound slightly flat, and the error
will compound for higher-numbered frets because the position of each subsequent fret is derived
from the previous one. For example, if the length of the open string is x; = 1 m, then the position
of the twelfth fret is approximately x;, = 0.504 m instead of the desired 0.5 m, which is whereit
should be to sound exactly an octave above the open string.

Happily, another artifact of stringed instruments comesto the rescueto acertain extent. Fretting
astring bendsiit, decreasing its elasticity dightly, which raisesits pitch dightly. By the nature of
their construction, strings must be bent progressively more the higher the fret, which counteracts
the progressiveflattening of therule of 18. The precise amount by which the string’s pitch israised
by this stretching depends upon the geometry of the instrument and the dimensions and tension of
thestring. In practice, many additional factors must be taken into account by astringed instrument
maker, a process called (appropriately enough) compensation.
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Alternatively, if we shave off alittle from therule of 18 and instead use the “rule of 17.81715,”
we get fret distances that nearly match the equal-tempered scale, and x;, = 0.500.

3.15.3 Recursion

Theruleof 18 isan example of recursion, in which the next value in a sequence depends upon the
previousvalue (or values) in awell-defined way. Suppose we et f, be the frequency sounded when
the open string in figure 3.29 is played. Then the frequency of the string stopped at the first fret
would be f; = f, - 18/17, and the frequency at the second fret would be f, = f; - 18/17. Gener-
aizing, we can find the frequency of any fret:

18
fo=foa T (3.18)

Thismeansthat f; depends upon thevalue of f,, which depends on the value of f;, which depends
upon the value of f,. In other words,

18

fo=f, o
_(f 18) 18
= (f,.18).18
17) 17

°17) 17) 11"
This means we can compute f5 in terms of f;, just by multiplying f, by (18/17)3. Now that we see
the pattern, we can compute the frequency at the nth fret in terms only of f;:

n
f = fOG—g) . (3.19)
In (3.19) the frequency of the nth fret depends only upon the frequency of the open string instead
of onthefrequency of thefret that came beforeit, so this equation implementsadirect calculation,
not arecursive one. If we set f, = 440 Hz, then by either (3.18) or (3.19) the value of f; comes out
to be 522.3 Hz.

Where adirect equivalent to arecursive formula can be found, it is generally to be preferred.

= It avoids the problem of compounding errorsin calculation.

= |tisgenerally faster because we do not need to calculate all the values between the starting value
and the value of interest.

Thiscanbeimportant if, for example, wemust cal culate valuesof afunctionthat arefar fromwhere
we started.
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Onecan often find away to convert between recursive and direct representations of aformula.
For instance, we can write the rule for generating the equal-tempered scale recursively as
follows:

fo=f _, 2112

n

and by similar reasoning, itsdirect formis

fo=f, oni2,

which is equivalent to equation (3.1).
Theruleof 18 also describesaniterative process. If X, representsthe distance of thenth fret from
the bridge, then the rule of 18 can be expressed as

Xy = Xy — 2L, (3.20)

where k is a constant factor, either 18 or 17.81715, as discussed. Equation (3.20) says, “The dis-
tance from the bridge to the next fret (x,) equals the distance from the bridge to the previous fret
(Xy-1) minus that distance divided by k" Using (3.20) to compute the distance from the bridge to
the third fret, x5, we proceed as follows:

X
stxz—f
X1
X__
_, X Ttk
=X ” ” (3.21)
Xo
X —_—
. — X0 X_Xo_0 k
Sy Yo 0k %k k
o k k k

Assuming the distance from the bridge to the first fret is x; = 1 m, and using the modified rule of
18 (k = 17.81715), then x5 = 0.84. Notice the interesting way the terms stack up in (3.21). These
are called continued fractions.

3.16 Deconstructing Tonal Harmony

Back when the Pythagorean scale ruled the day, the degrees each had a unique character and func-
tion, likechesspieces. Theasymmetry of the scal e oriented the ear asthemusic unfolded. Thetonic
degreewasking, and ahierarchy of tones surrounded it like courtiers. The system was called tonal
harmony.
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Even after the advent of the chromatic equal-tempered scale, composers persisted (as they still
do today) in exploring functional harmony based on the expectations of listeners trained to hear
the characteristic intervals of the diatonic scale. But the adjustments made over the centuries to
facilitate transposition had the eventual effect of disconnecting the pitches from their harmonic
function.

By the end of the late Romantic era, functional harmonization had reached its expressive limits
because, asitsvocabulary expanded, thelistener’ srootsin the old diatonic scheme gradual ly weak-
ened, until all that waseft werethe 12 pitches, all of which were now equivalent both in function
and in tonal palette.

A century after the equal -tempered tuning system waswidely adopted in the West, the composer
Arnold Schoenberg and his associates (the so-called Second Viennese School) were inspired to
extend theidea of pitch equality further. They believed the old functional harmonic practiceslin-
gered on only as a historical artifact of the old just scales and should now be discarded. They
devised atonal compositional strategies to remove key-centeredness from their music and so to
thwart the ear’s trained habit of organizing music harmonically. They eventually developed the
12-tone compositional methodology by giving all pitches equal prominence (see section 9.10).
Interestingly, thiscompositional motivation bears certain resemblancesto political experimentsin
radical democracy, communism, and socialism that occurred in Europe around the same time.
Alignments between political economy and musical aesthetics have existed throughout the ages,
and transitionsin one often presage atransition in the other (Atali 1985). Plato noticed this effect
long ago. He said pessimistically, “A change to anew type of music is something to beware of as
ahazard of all our fortunes. For the modes of music are never disturbed without unsettling the most
fundamental political and social conventions’ (Republic 424c).

Here, once again, we arrive at the nexus between society, aesthetics, and technology. It seems
that the deconstruction of tonal harmony at the end of the Romantic erawas the inevitable result
of theavailability of effectivetransposable key schemes. Thismeansthat advancesinmusical scale
engineering had profound reflexive consequences on musical aesthetics. Circularly, the desirefor
transposable key schemeswasoriginally motivated by aesthetic requirements, but the consequence
of their development was a fundamental transformation in aesthetics.

Thus music takes its place in the pantheon of human pursuits: no activity is immune from our
reflexive and salf-redefining capacities, whichis perhaps our most unique characteristic asaspecies.

3.17 Deconstructing the Octave

Every true revolution encompasses the paradigm it overthrows, even as it supersedesit. The rev-
olution of the Second Viennese School led to the deconstruction of tonal harmony, but the octave
remained sacred. The revolution of the microtonalists led to the deconstruction of the chromatic
scale, but the octave likewiseremained sacred. The octave hasbeen aninvariant feature of virtually
al historical scales because of octave equivalence, which is our tendency to hear pitches played
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at octaves asfunctionally identical. The equivalenceisfelt so strongly that musical scales around
the world are almost invariably organized around the 2: 1 ratio of the octave, and pitches related
by octaves are virtually always given the same name. Octave equivalence is deeply rooted in our
perceptual system (see section 6.4.6).

The invariance of the octave is hard-wired in equation (2.2), f, = f - 2%, xe R, because of
the constant 2 in that equation. If we generdizeit,

f, = fr+ x%, xel, xe R, (3.22

we can construct scalesthat are not bound by the octave. (It is customary but not strictly necessary
to limit ¥ in (3.22) to be an integer.) The value of « defines what | call the compassinterval. Let
the compass interval be x*1:xx for any real x. For example, when x = 2, the compass interval is
2:1, the octave. When k = 3, the compassinterval is 3:1, an octave plus afifth, otherwise known
asatwelfth. Thevauexistypically arationa fraction indicating adivision of the compassinterval.
For the equal-tempered scale, x = k/12, wherekindexesaparticular division of the compassinterval .

Theinclusion of non-octave-based scal esvastly widensthe scale possibilitieswe must consider.
However, there are two important characteristics of octave-based scales that we would do well to
preserve when eval uating the suitability of non-octave-based scalesfor musical purposes. Candi-
date scales should have

= A high degree of consonance for as many of the intervals as possible
= A high degree of internal order, that is, aregular pattern of steps and step sizes

3.17.1 TheBohlen-Pierce Scale

A non-octave-based scale that arguably meets the above criteria and has anumber of other inter-
esting features aswell was devel oped by several music researchersin thelatter part of the twentieth
century. Heinz Bohlen (1978), an el ectronics and communi cations engineer without formal musical
training (which fact was probably an asset to his accomplishment) was the first to consider building
ascale from atriad not based on the familiar 4:5:6 ratios of the natural major scale, but upon the
ratios 3:5:7 and the compass of an octave and afifth. As the compass interval of 2:1 is called the
octave, thecompassinterval of thetwelfthwasdubbed thetritave by John Pierce, whoindependently
discovered this scae system (Mathews, Roberts, and Pierce 1984; Mathews and Pierce 1980).15

Because the scale is made from simple integer ratios that are harmonic by definition, it meets
the first criterion. But because it does not include an octave and duplicates but two of the
octave-based just intervals, it is completely incompatible with any octave-based scale. Asfor the
second criterion, it does have a high degree of internal order.

3.17.2 Constructing the Bohlen-Pierce Just Scale

We can construct this scale using the standard method of adding and subtracting interval's, begin-
ning with the 3:5:7 triad.
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1. Takeasthefirst degree of the scale the unison 3/3. Positioning the root of the 3:5:7 triad on the
first degree yields scale intervals 3/3 : 5/3 : 7/3. The tritave corresponds to 9/3 = 3/1, giving the
degrees shown in figure 3.30.

2. Startinganew root onthe5/3, we can spell another triad withtheratios5/3 : 7/3 : 9/3. This5:7:9
triad is shown in figure 3.31.

In the next two steps, we extend the scale to seven degrees.

3. Transpose the 3:5:7 triad in figure 3.30 so that its top pitch equals the 9/3 (figure 3.32). The
top of the figure showsthe 3:5:7 triad rooted on the first degree, and beneath it is the transposed
3:5:7 triad withitstop pitch aligned with the tritave. To find the new root of the transposed triad,

3 5 7 9

3 3 3 3

L ! Tritave
3:5:7 Triad

| |
Tritave interval

Figure 3.30
Bohlen-Pierce just scale, 3:5:7 triad and tritave.

3 7 9

3 3 3

| |
5:7:9 Triad Tritave

Figure3.31

Bohlen-Pierce just scale, 5:7:9 triad.

3 5 7 9
3 3 3 3
~ Subtract 7/3
D Add 5/3 | ‘
=
9 15 21
7 7 7
|

Transposed 3:5:7 Triad

Figure 3.32
Bohlen-Pierce just scale, 9/7 and 15/7 intervals.
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we subtract the interval 7/3 from the interval of the tritave:

3.7_9

13 7

We find the middle pitch by adding the interval 5/3 to the root:

9. 5_46_1

73 21 7

The root and middle pitches of the transposed 3:5:7 triad thus add two new scale degrees at
9/7 and 15/7.

4. Takethe5:7:9triad fromfigure 3.31 and position itsroot on the first degree of the scale. To do
so, subtract the interval 5/3 from each interval:

(3:1:9.8-51.2

333 3 555

We derive two new intervals thisway, 7/5 and 9/5.

Figure 3.33 shows the resulting scale. The largest primeis 7, so thisis a seven-limit scale.
3.17.3 Constructing the Bohlen-Pierce Chromatic Scale

Figure 3.34 shows the interval sizes of the Bohlen-Pierce just diatonic scale. Observe the sym-
metrical arrangement around thefourth degree. It isuseful to classify the sizesof intervalsassmall

3 9 7 5 9 157 9
3 7 5 3 5 7 3 3
Figure3.33

Bohlen-Pierce just diatonic scale.

9.1_9 3.7._9
T 5.1_2 15,9 2 b
1.29 3'5 21 7°5 21 1.29
7.9_49 7.15_49
577 15 1.19 9.5 _ 27 1.19 377 15
5°3 25

1.09 1.08 1.09
1 2 3 4 5 6 7
Figure 3.34

Bohlen-Pierce step sizes.
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Figure3.35
Bohlen-Pierce step sizes on their sides.

(1.08 and 1.09), medium (1.19), and large (1.29), shown in the figure from light to dark grey,
respectively. Remembering that we are comparing ratios, it seemsthat the mediuminterval isabout
twice aslarge asthe small intervals because 1.092 = 1.19. Also, the sum of asmall and a medium
interval is about equal to the large one becausel.08 - 1.19 = 1.29. So these interval sizes are
roughly in the order 1:2:3. We can better visualize their relative sizes if we lay the intervals over
on their sides (figure 3.35).

We could devise achromatic scale from theseratios asfollows. First, wereplace the large inter-
vals with the combination of a small and a medium interval. This leaves a scale containing only
small and medium steps, analogous to the half and whol e steps of the equal-tempered scale. Then
we replace each medium interval with two small intervals, resulting in a scale containing only
small steps, analogous to the equal-tempered semitone scale.

1. Since(27/25)(25/21) =9/7, we can exactly replacethetwo large (9/7) stepswith the combination
of asmall (27/25) and amedium (25/21) step.

2. The existing small steps (49/45 and 27/25) needn’t change. They constitute semitones in the
scale.

3. Unfortunately, neither size small step exactly divides the medium step into two equal
parts. For instance, subtracting a 49/45 semitone from a 25/21 whole step leaves 375/343.
Similarly, subtracting a 27/25 semitone from a 25/21 whol e step |eaves 625/567. Altogether
then, we end up with four semitones from smallest to largest: 27/25, 49/45, 375/343, and
625/567.

4. We must choose the order in which we substitute the smaller intervals into larger ones. Shall
we break them up as {small, large} or {large, small}? Recalling the symmetry in the just
Bohlen-Pierce scale in figure 3.34, we can divide the intervals in a correspondingly symmetrical

way.

Applying these principles to the Bohlen-Pierce diatonic scale results in the Bohlen-Pierce
chromaticjust scalewith ratios and step sizesasshowninfigure 3.36. Theresultisanicely sym-
metrical scale of 13 degrees spanning the tritave. This is the scale originally worked out by
Bohlen (1978). Figure 3.37 shows the Bohlen-Pierce chromatic scal e and the natural chromatic
scale for comparison. The only points of contact between the two scale systems are the 1/1 and
the 5/3 (major sixth).
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1 > 3
1- T
1.29 1.09 1.19 ‘ 1.08 ‘ 1.19 ‘ 1.09 1.29 |
1.08 1.19 1.09 1.09 1.19 1.08
1.08 1.08
27 625 27 49 375 49 | 27 | 49 375 49 27 625 27
25 567 25 45 343 45 | 25 | 45 343 45 25 567 25
1 27 25 5 3 49 15 7 63 5 3
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Figure 3.36
Bohlen-Pierce chromatic just scale.
; : 3
a) Bohlen-Pierce chromatic scale 1
b) Natural chromatic scale
= 5 2 4
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Figure 3.37
Bohlen-Pierce and natural chromatic scales compared.

3.17.4 TheBohlen-Pierce Equal-Tempered Scale

There is an equal-tempered version of the Bohlen-Pierce chromatic scale, just as thereis an
equal-tempered version of the natural chromatic scale. All we must do to createitistoset k=3
and x = k/13 in equation (3.22), yielding

f, = fg- 3K13, Bohlen-Pierce Equal-Tempered Scale (3.23)

Asshowninfigure 3.38, thedegrees of theequd -tempered Bohlen-Piercescalearemuch closer totheir
just counterpartsthan the octave-based equal-tempered scale degrees areto their just counterparts. The
equal-tempered Bohlen-Pierce scal e has a goodness-of -fit metric of 81.56 centsto its chromatic just

counterpart, compared to the 103.624 cents goodness-of -fit metric for the equal-tempered scale.
3.17.5 Evaluating the Bohlen-Pierce Scale

Given the odd-numbered basis of the Bohlen-Pierce scale, Pierce suggested performing the scale
using only timbres with odd harmonics, such as a clarinet, to help emphasize the consonance of
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a) Bohlen-Pierce equal-tempered scale

b) Bohlen-Pierce chromatic scale

These are much closer to each other than their chromatic counterparts are.

=i
W

Figure 3.38
Bohlen-Pierce chromatic and equal tempered scal es compared.

the primary chords of the scale, and to help the usual expectation of octave equivalence give over
to the experience of tritave equivalence. Bohlen created an electronic organ with a clarinetlike
square wave timbre to experiment with the scale.

Whether through some combination of neural wiring, or alifetime of conditioning, or both, it
is hard for most listeners to hear past octave equivalence when listening to non-octave-based
scales. How, then, can we objectively compare the consonance of the Bohlen-Pierce scale with
other scales? Roberts and Mathews (1984) proposed intonation sensitivity as away of evaluating
the perceptibility of consonance of achord. They defined intonation sensitivity astheway inwhich
preferencefor achord varieswith thetuning or mistuning of the center note of thetriad. Their study
determined that the 4:5:6 triad had a high degree of intonation sensitivity (as would be expected)
andthat theintonation sensitivitiesof the 3:5:7 and 5. 7:9 triadswerevery closetothe4:5:6. Indeed,
they are more like diatonic major triadsin the way that preference varies with tuning than diatonic
minor triads are.

Mathews and Pierce (1989) investigated the consonance of the various triads available in
the Bohlen-Pierce scale. Musicians and nonmusicians judged the consonance/dissonance of the
78 triads that can be formed in the span of atritave. Tones used odd harmonics only. They found
that listeners scored the triads over awide range, indicating that consonance is a salient property
of the scale.

Mathews and Pierce al so asked trained musicians and nonmusicians to judge the similarity of
Bohlen-Pierce chords and octave-based just chords. Here, the respondents diverged in their rank-
ings: whereas musiciansand nonmusiciansalikejudged similarity primarily on pitch height, musi-
cians also ranked inversions of octave-based diatonic chords as similar whereas the nonmusicians
did not. Mathews and Pierce concluded from this, “It seems reasonable that training with the
[Bohlen-Pierce] scalewould makeit possiblefor listenersto recognize and respond toitsstructure,
just as trained musi cians recognize and respond to the structure of the diatonic scale and diatonic
chords.” Richard Boulanger's work Solemn Song for Evening is afine example of the use of this
scale system.
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3.18 TheProspectsfor Alternative Tunings

Certainly one liability of non-octave-based scales and of scales with other than 12 degrees per
octaveisfinding instrumentsto play them. The quarter-tone scal e, for instance, requirestwo pianos
tuned a quarter tone apart. Interesting and elaborate keyboard constructions have been proposed
or built by various theoreticians over the centuries for different scale systems, both tempered and
rational (Keislar 1988). Perhaps Partch had the most imaginative and ambitious approach with his
orchestra of various instruments of his own design.

But the problems are not just theoretical; they are also economic. In order to construct aliving
music one must have instruments, trained players, abody of musical work, and last but not least,
an interested and financially involved public. Although Partch did what he could within the span
of hislifetimeto put hismusic on asustainable basis, hisinstruments are now in danger of becom-
ing museum pieces, rarely played in public.

The advent of electronic and computer musical instruments certainly offers a new opportu-
nity for microtonality and non-octave-based scal es (Wilkinson 1988). Music synthesizer man-
ufacturers sometimes include a means for microtonal experimentation in their hardware.
Numerous computer music programs are available that allow precise frequencies to be gener-
ated. However, this addresses only the instrument need and does not guarantee players, works,
or audience.

319 Summary

Intervals made from the ratios of small whole numbers are called the just intervals. Some believe
that the just intervals arose first from the harmonic series of musical instruments; others, that they
arose from the study of proportion by the Pythagoreans.

Intervals are added by multiplying their ratios and subtracted by dividing their ratios.

Thecent scale dividesthe octaveinto 1200 equal parts; each cent isone hundredth of atempered
semitone.

We can classify scales as to how many degrees they have per octave and whether they are tem-
pered or just.

The just pentatonic scale, diffused throughout the world, is perhaps the oldest scale. The
Pythagorean just scale is the prototype for modern Western scales. Though it is highly desirable
for the intervals of the scale to be based on small integer ratios, like the harmonic series, some of
the Pythagorean intervals are harmonically dissonant.

The Pythagorean just scale can be expanded to 12 degrees to facilitate transposition and mod-
ulation, but we end up with two tritones and two sizes of semitone.

Ptolemy suggested modifying the Pythagorean intervalsto better suit what musicians actually
played. However, hisideaswere suppressed until the Middle Ages. In any event, thisdid not solve
the fundamental problem of atransposable scale system with small integer ratios.
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Consonance means “to sound well together.” Dissonanceisits opposite. Though it istempting
to look for consonance metrics in the mathematics of their ratios, the subject also depends upon
culture and eraas well as psychophysical response.

The natural major scale devel oped by Zarlino was based on the pure 4:5: 6 ratio. It succeeds at
making the thirds perfectly consonant, but it does so at the expense of the whol e steps, which now
areuneveninsize.

Themean-tonetempered scaleregularized thesize of thestepsinthenatural major scaleusingtem-
pering. But odd-sizedinterval smade the scal e degreesfail toline up exactly with theharmonic series.

The underlying problem with all just scalesisthat the powers of theinteger ratios 3/2 and 2/1 do
not form a closed system. It turns out that 12 fifths above seven octavesis one of the best approxi-
mationsto aclosed system, yielding asystemwith 12 degreesper octave, butitisnot aclosed system.

To close the octave so as to allow arbitrary transposition and modul ation, we must use temper-
ing. Or we can throw out modulation and transposition and use a just scale. Or we can continue
to add scale degrees in an effort to throw additional scale degrees at the problem, increasing the
odds that some of them will be less dissonant. M ean-tone temperament optimizes only the thirds
and fifthsin selected keys. Well-tempered scales make all keys usable but make some more purely
intoned than others. Equal-tempered scales make all keys sound the same. Theideathat different
keys have a unique tonal palette stems from the well-tempered scales, which actualy did sound
different in different keys.

Theoriginal aim of microtonal tuning wasto supply alternative choices of intervals when mod-
ulating or transposing so asto retain asmuch as possible the simpleinteger ratios of thejust scales.
Examples of tempered microtonal scales include the 19-tone scale, the quarter-tone scale, and the
53-tone scale. Originally devel oped in the eighteenth century, just microtonal scales didn’t catch
on because of thedifficultiesof constructing instrumentsto play them. Many cultures, such asclas-
sical Hindustani music, are satisfied not to transpose but incorporate 22 just microtonescalled sruti
in the scale to provide arich tonal palette. In the twentieth century, Harry Partch built an entire
orchestrato play music using his 43-tone just microtonal scale.

The hierarchical system of diatonic harmonicity began to break down after the equal-tempered
scale provided free transposition to any key. All keys were now alike because all intervals were
identical. With identical keys, after a while, composers no longer felt the compulsion to obey
the older tonal hierarchy. Arnold Schoenberg and his school devised a way to remove any
key-centeredness from their music by giving al pitches equal prominence. The result was the
deconstruction of tonal harmony in Western music. Thiswasfollowed by the deconstruction of the
octave in the late twentieth century, for example, by the Bohlen-Pierce scale.

We live in an unbelievably rich time when al the musical traditions of the world, both current
and historical, are available to us, and we also have the means to construct new scales and build
new instruments to play. However, to construct a living music requires more than just a theory:
instruments, trained players, a body of musical work, and an interested and financially involved
public are also necessary.
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4 Physical Basis of Sound

Music is a science which should have definite rules; these rules should be drawn from an evident principle;
and this principle cannot really be known to us without the aid of mathematics. Notwithstanding all the
experience | may have acquired in music from being associated with it for so long, | must confess that only
with the aid of mathematics did my ideas become clear and did light replace a certain obscurity of which |
was unaware before.

—Jean-Philippe Rameau, Traite de I’ Harmonie

This book uses the international system of standard units defined by the Systéme International
d'Unités, abbreviated Sl. It is aso known as the MK S system of measurement, which stands for
“meter, kilogram, second.” This system is used almost universally by the scientific community as
well as by most countries of the world except the United States. Asan American, | may occasion-
aly slip back into old habitsand use the so-called English “foot, pound, second” system. But since
even the English have abandoned it, I’'m trying to do so as well.

4.1 Distance

Thefundamental Sl unit of distanceisthe meter. The Sl system multipliesthe meter by exponents
of 10 to create other named magnitudes (table 4.1). Notice that from the millimeter on down, the
exponent decreases by 3 for each succeeding unit. Units larger than the kilometer, such as the
megameter and gigameter, will not arise much in the study of music and sound.

4.2 Dimension

Vectors convey both a direction and a magnitude. Vectors are usually drawn as an arrow whose
length represents the vector’s magnitude and whose orientation indicates its direction.

A coordinate systemis any method of specifying points. A set of vectors set at right angles to
each other definesthe cartesian coordinates. A single such vector defines one-dimensional space,
two vectors at right angles define two-dimensional space, and so on.

Two vectors are orthogonal if they maximizethe areathey delineate. Three vectors are orthog-
onal if they maximize the volume they delineate.
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Table4.1

S| Units of Distance

Kilometer km 103m=1000 m Thousand
Meter m 10m=1m

Decimeter dm 10lm=0.1m (Little used)
Centimeter cm 102m=0.01m Hundredth
Millimeter mm 103m =0.001 m Thousandth
Micrometer um 10-6m = 0.000001 m Millionth
Nanometer nm 109m = 0.000000001 m Billionth

An area isthe product of two orthogonal distances; the area of acircleisnr2. A volumeisthe
product of three orthogonal distances. The volume of a sphereis 4nr3/3.

43 Time

Sir Isaac Newton (1643-1727) provided the first published mathematical model of timein 1687
in his Philosophige Naturalis Principia Mathematica, commonly known as The Principia. He
modeled time asalinethat stretched continuously from theinfinite past to theinfinite future. Time
wasthuseternal, having no beginning and no end. Thisapproach to modeling time makesthe math-
ematics of music and sound tractable, but it raises a number of problems. For instance, modern
astronomy suggests that time had a beginning and will possibly have an end, depending upon
whether the universe will collapse, reach a steady state, or expand forever. But if timeis eternal,
how can it be limited by the duration of our universe? And if timeis not eternal, then what was
happening before time began?

Such confusions provide an object lesson on the limitations of mathematical models. They are
useful insofar as they accurately characterize the behavior of real systems. But in science reality
trumpsamodel’sview of reality. Scientific revolutions come about when the limits of amodel are
overcome by amoreencompassing model . Newton’ s perspective on time hasthe advantage of sim-
plicity; it can till be used so long as we remain aware of its limitations.

The fundamental Sl unit of time is the second. As with distance, the Sl system creates other
named magnitudes by multiplying the second by exponents of 10 (table 4.2), but Sl time units
greater than 1 second are not in decimal organization. Instead, we have years, weeks, days, hours,
and minutes.

4.3.1 Period and Frequency
There are two ways to use time as a measurement:

= Period Theamount of time T elapsed between the start and end of asingle event isthe period
of the event. When atrain moves past at a constant speed, the time it takes for one car to pass by
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Table4.2

S Unitsof Time

Kilosecond ks 103s=1000s Thousand
Second s 10s=1s

Decisecond ds 101s=01s (Little used)
Centisecond cs 102s=001s (Little used)
Millisecond ms 103s=0.001s Thousandth
Microsecond us 10-6s=0.000001 s Millionth
Nanosecond ns 10-9s=0.000000001 s Billionth

a stationary observer is the car’s period. Analogously, the period of vibration, periodicity, is the
time it takes one cycle of awave to return to its starting point.

= Frequency The number of eventsf occurring in asingle elapsed time interval is the frequency
of the event. The number of trains passing through atrain station per day tells how frequently the
trainsrun.

The two measurement strategies are reciprocal, that is, for some frequency f and period T,

f=1= Frequency (4.1)

Period (4.2)

Periodicity of sound istypically measured in seconds (s). Frequency is measured in cycles per
second. The Sl unit for one cycle per second of vibrationishertz(Hz). The standard reference pitch
for Western orchestrasis A440, corresponding to a periodic sound vibration of 440 Hz. The period
of onecycleof A440is1/440 = 0.00227 s, or 2.27 ms. It isconvenient to expressfrequenciesabove
1000 Hz in kilohertz; thus 1000 Hz = 1 kHz.

4.4 Mass

Together with time and distance, abasic measurement in the MK S system is mass, the quantity
of matter contained in an object. Matter is anything that occupies space and exhibits inertia.
Inertia is the tendency of abody to impede acceleration. Your body presses against the seat of
your car as you accelerate from a stop because the inertia of your body resists (impedes) the
accel eration. We can compare one mass to another using, for example, a beam balance. Or we
can measure it by applying aforce and measuring the resulting acceleration.
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Massand wei ght are not the samething. Massisaquantitative measure of inertia. Assuch, mass
isan intrinsic quality of matter, unchanged by such things as the location of the object. Weight,
on the other hand, isthe force of gravity acting on the object, and it depends upon the position of
the object with respect to other objects around it. For instance, you would weigh less standing on
the moon than you do on the earth because your weight depends upon your position. But the mass
of your body and the force required to accelerate it at a certain rate are the same regardless of
whether you are on the moon or the earth.

The rest of the physical concepts in this section are derived from these three primary
measurements.

4.5 Density
Density measures how tightly packed together the material in a body is. Density comesin one-,
two-, and three-dimensiona versions:

= Linear density describes mass per unit of distance, for example, the density of arope or guitar
string. For length | and mass m, the linear density pis

u:?. (4.3)

= Area density describes mass per unit of area, for example, the density of adrum head. For massm
and area a, the area density yis

m

v=—. (4.9

= Cubic density indicates mass per unit of volume. For mass mand volumey, the cubic density p is
m

p="T (4.5

Three-dimensional density is measured in kg/m3 for large bodies or g/cm3 for small bodies.

4.6 Displacement

Inthisbook | have many occasions to describe the motion of an object, such asavibrating string,
air column, particle of air, or loudspeaker cone, so a careful explanation of motion is appropriate.
Displacement, the most basi c attribute of motion, indicatesdistancefrom astarting point, or origin.
Distance in and of itself has nothing to do with motion, but insofar as displacement relates to a
starting position, it is an attribute of motion. When | use the term “displacement,” it will always
carry thistechnical sense.
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Displacement.

Suppose | start taking amovie of acar when it issome distance s, from an arbitrary point of ori-
gin (figure 4.1). The value of 5, indicates the distance of the car from the origin in thefirst frame.
Successive frames of the movie show the successive displacement of the car asit moves. The dif-
ference between the car’s position in the second frame and its position in the first frameisitsdis-
placement, As. The Greek |etter delta (A) is used to signify that the variableto which it is attached
describes a difference between other values, in this case, the difference between sand s,. We can
aso take Asto mean “the amount of changein s” Because A is so commonly used in thisway, it
is called the first backward difference operator, so that in general, if we have a measurement x,,
and a previous measurement x,, 4, then

AX = Xp—Xq_1- First Backward Difference (4.6)

We can describe displacement as a vector. If we say that the entire distance that the car travels
infigure 4.1 isthevector s, we can define the displacement of the car from the origin in the second
frame as s= 5, + As. Rearranging, we get

As = s—s,, Displacement (4.7)

which says that the displacement As is the difference between the final position s and the initial
position .

The standard Sl unit of displacement isthe meter (m), but any Sl unit of distance can be used
so long as the appropriate conversion factors are used.

47 Speed

Theratio of distanceto timeis speed. More precisely, we speak of average speed as the distance
traveled divided by the time elapsed. Here's why we must call it average speed: suppose it takes
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ajogger five minutesto run three blocks and then walk two more. Although moment-for-moment
her speed is uneven, we can still say that her average speed is one block per minute.
We can express average speed v intermsof distance sandtimet as

V= ? Average Speed (4.8)
A bar over avariable indicates that it represents an average.

4.8 Velocity

Velocity, like speed, relates distance to time. But velocity also specifies direction; directionless
velocity isjust speed. For example, “the speed of sound” does not stipulate a direction for the
sound to travel. Speed is simply the magnitude component of a velocity vector without respect
toitsdirection. Velocity and speed are measured as the ratio of distance to time, such as meters
per second: m/s.

Supposethe position of the car at displacement s, (figure4.1) correspondsto sometimet,. Then
if the car reaches displacement sat timet, we say that the el apsed time At isthe difference between
those times:

At =t—t,. Elapsed Time (4.9)
Theratio of distance covered to elapsed time is the average velocity:

o _As_S—% .
—2>_2 0 A \elocity (4.10
v A ToY, verage Velocity (4.10)
If the displacement s—s, > G, the velocity is positive, otherwiseit is negative. (A velocity of zero
istechnically a positive value.) Ordinarily, positive velocity is indicated on the page as going to
theright. Note that there is no such thing as negative speed, so speed isaways an unsigned value.

4.9 Instantaneous Velocity

Consider again the case of ajogger who runsafew blocksand then walksafew. Her average vel oc-
ity clearly does not give a good indication about her speed moment-to-moment. It would be nice
if we could determine the instantaneous vel ocity of the jogger at any particular moment.
Suppose we have made a movie of the jogger aswe did of the car. If welook at asingle frame,
the motion is arrested and we can’t get a sense of her movement, but if we take the difference of
her displacement between two adjacent frames, we can. For instance, if sherunspast ameter stick,
we can estimate her velocity during the moment between the two frames by measuring the dis-
placement and dividing by the elapsed time. Suppose the camera snaps a picture every 1/24 of a
second and the distance she covered was 0.1 m between frames; then her instantaneous vel ocity



Physical Basis of Sound 103

is2.4 m/s. Still, there may be some variation in her speed even during thistime interval, however
slight. We can generally reduce variation and improve accuracy by measuring velocity over
smaller and smaller timeintervals.?

We can continually refine an estimate of vel ocity by looking at ever smaller intervals of elapsed
time At by having the camera take successive pictures more rapidly. Since the distance the jogger
covers between frames As will also be correspondingly smaller, we begin to lose the big picture,
but we do get a clearer picture of the jogger’s velocity during the time between measurements.

But at some point we'll reach the limit of the camera’ sfastest shutter speed, faster than which
the camera can’t snap successive images. In the limit when the time el apsed between adjacent
movie frames (At =t — t) isinfinitesimally small, the distance the jogger covers (As=s-s)
will also be infinitesimally small. But (and this is important) the ratio As/At will not be infin-
itesimally small because it is aratio of two small but nonzero values.2 As we snap pictures at
afaster and faster rate, and as both the time elapsed and the distance covered decrease, their
ratio, which isdistance divided by time, approaches closer and closer to the value of theinstan-
taneous velocity.

Supposewe have an unbelievably fast camera. When we haveincreased therate at whichit takes
pictures so that the elapsed time is infinitely close to zero, we say we have actually reached the
instantaneous vel ocity. We memorialize this by saying that the instantaneous velocity is

v= lim As Instantaneous Velocity (4.11)

At—0 At’
which means “in the limit as At approaches infinitely close to zero, the instantaneous velocity v
equalstheratio of AJAt.”

It' sworth thinking for amoment about what happensif we go too far with this shrinking process.
Thoughitisclearly impossible, supposewehad acamerathat coul d take successive snapshotswith
zero elapsed time, that is, At =t —t, = 0. Then the jogger would have covered no distance, and
As=s—s,= 0. Then successiveimages of thejogger would beidentical; it would be likelooking
at the same picture. We wouldn’t be able to distinguish any motion, thereby defeating the purpose
of themeasurement. Sofor (4.11) toyield meaningful results, wecan'tsay t = 0;wemustsay t — 0,
that is, t approaches zero (it just never quite gets there).

| alwaysfoundtheideaof limitsto beaslippery concept to hang onto because theideaof anum-
ber’s approaching zero seemsindefinite. A number either is zero or it isnot zero, right? As| was
writing this section | remembered aZen meditation practice wherethe noviceisinstructed to med-
itate upon the“ middledistance,” that is, to focus on the space that is not too close nor too far away.
| recommend a variation of that perspective here. If we can just let At in equation (4.11) become
infinitely close to zero without reaching it, many otherwise unexpected truths can emerge—a sort
of mathematical satori!

We can define instantaneous speed to mean “magnitude of the instantaneous velocity.” In this
book, when | say “speed,” | mean instantaneous speed, and when | say “velocity,” | mean instan-
taneous velocity.
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410 Accderation

When the velocity of an object increases, we say it accelerates. When its velocity decreases, we
say it has negative accel eration, or decel erates. Average acceleration ischangein velocity per unit
of time:

a="Y, Average Acceleration (4.12)

t
Itis“average” because we are averaging the acceleration over atimeinterval.
Substituting for v from equation (4.8), we have

gt

t

a:

— 1<

S0 acceleration is
)
a= 2 (4.13)

which means (assuming standard units) average accel eration is measured in meters per second per
second, or m/s2.

We can tie average acceleration to particular velocities as follows. Given a starting velocity v,
and afinal velocity v measured over an elapsed time interval At, we obtain average acceleration:
V-V, .
a=4v_Y"Yo Average Acceleration (4.14)

At t—t,
The average acceleration a isavector that points in the same direction as Av.
We can define instantaneous acceleration as

a= lim Av Instantaneous Acceleration (4.15)

A—0 AL

Thus, instantaneousaccel erationisthelimiting case of theaverage accel eration. Inthisbook, when
| say “acceleration,” | mean instantaneous accel eration.

4.10.1 Acceleration asthe Bending of a Curve

Let's say that the car we filmed (figure 4.1) was accelerating. After filming it, we put the filmin
aprojector and start viewing it. The projector showsustheframesintheorderi=0,1, 2, ..., with
elapsed time At between each one, so we view the motion at the same speed it was filmed.
Aswe watch the car accelerate away from the origin, suppose | suddenly stop the projector at an
arbitrary framei so that now we see the car frozen in time at some moment t; = i - At. Now wecan
determine the car’s average accel eration from just this frame, the previous one, and the next one.
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Displacement

Figure4.2
Displacement of a car accelerating from a stop.

Suppose B isthe displacement of the car at the moment | stopped the film. The previous frame
wasframei—1, attimet,_; =t; — At. Call A the displacement of the car at that moment. The next
framewewould seeif we started the projector againisframei + 1 at timet;,; = t; + At. Call C the
displacement of the car at that moment. Figure 4.2 shows agraph of the car’s displacements A, B,
and C at the momentst;_y, t;, and t; ;.

If we let u; be the displacement at B, then the displacement of the car at points A and C would be
U;_; and 4, respectively. Now, the differences between these displacements can benamed asfol lows:

Backward difference  Aupg = U —Uj_; Displacement from A to B
Forward difference AUge = Uj, 1 — U Displacement from B to C
Central difference AUpc = U, —Ui_q Displacement fromAto C

If we relate these differences to the el apsed time between the appropriate points, we can figure
out the average velocity of the car during the three frames:

. Ui —u; .
Backward velocity Vpg = tl " -1 Average velocity from A to B
i—lio1
. U, —U .
Forward velocity Vge = ﬁ Average velocity fromB to C
i+1 7 4
. U1 —U .
Central velocity Vac = t'”—t"l Average velocity from A to C
i+1 7 ti-1

So we have three slopes corresponding to the average vel ocity between thethree points (figure 4.2) .3

Figure 4.2 shows that the backward velocity is a shallower slope than the forward velocity: this
shows that the car must be accelerating. In fact, the average acceleration is just the difference
between these two slopes divided by the elapsed time. Recall from equation (4.14) that average
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acceleration is the difference of two velocities over time, and velocities are slopes on a graph of
displacement vs. time, so acceleration is the amount of change in the slope of a curve over time.

Intuitively, the instantaneous acceleration at point B (figure 4.2) is the amount that the curve bends
at that particular point. The moreacurveisbent, thegreater must bethe acceleration alongit. Don't for-
get this. It'll comein very handy when we consider the vibration of strings, reeds, bars, and membranes.

4.10.2 Estimating Instantaneous Acceleration

We ve seen that we need just one observation to measure an object’ sdisplacement fromitsorigin, and
twoto measureitsaveragevelocity. But it takesthree observationsto measureitsaverage accel eration.

We can estimate the instantaneous accel eration of an object where we have three observations
separated by afinite time difference. (By “finite” | mean not infinite and not infinitesimal .) Refer-
ring again to figure 4.2, if we have three displacements u,_;, U, and uy,,; a points A, B, and C,
separated by the time interval At, then the acceleration at point B is approximately

-2u +
ag =~ u““—u;u"m. Second-Order Central Difference Approximation (4.16)
At
Theoriginsof (4.16) and why it isan approximation and not an equality, go beyond the scope of this

book. But this approximation will comein very handy when we study thevibration of stringsand air.

411 Relating Displacement, Velocity, Acceleration, and Time

Having devel oped the concepts of displacement, velocity, acceleration, and time separately, we
can now combinethem to understand all aspects of the motion of an object traveling with constant
acceleration along astraight line. To simplify thingsabit, assumethat the object startsaccel erating
from the origin s, = 0, so now the displacement As=s— g=S.

Since we're only considering constant accel eration here, the average acceleration equals the
instantaneous acceleration, that is, a = a.

4.11.1 Veocity under Constant Acceleration

Suppose the car depicted in figure 4.2 hasinitial velocity v, and constant acceleration a, and we
want to know its final velocity v after elapsed time t. Since equation (4.14) relates all these vari-
ables, a= (v —Vy)/t, wejust have to solve (4.14) for v to get the final velocity:

v=at+v, forconstant acceleration. (4.17)
4.11.2 Displacement under Constant Acceleration

We can get the displacement of the car by solving (4.10), V= (s—s;)/(t—ty) = st, for displace-
ment s.

s=tv for constant acceleration, (4.18)
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but in order to solvethis, we must know what the averagevel ocity v is. Well, we havethefina velocity
vandtheinitial velocity v,, so clearly theaveragevel ocity v must betheaverageof thesetwo velocities:

V+y .
—2L  for constant acceleration. (4.19)

\_/ =
(Notethat (4.19) only applies when the acceleration is constant.) Now we can determine the dis-
placement of the car by substituting (4.19) into (4.18) to get

t(V + V)

. (4.20)

S=tv=

With equations (4.14), (4.17), and (4.20) we have solutions for acceleration, velocity, and displace-
ment of an object when acceleration is constant. By suitable choice of terms, we can usethese directly
or combine them to solve any problem involving constant accel eration. For instance, none of these
equationsdirectly deal swith finding displacement when only acceleration, time, andinitial velocity are
known. But wecanfindit easily enough. Start with (4.20) and substituteintoit theval ueof vfrom (4.17):

t(v+vy)
S = —
2

_ t[(at +vp) + vyl

> (4.21)

2
= Vot + %
for constant acceleration. Using (4.21), we only need initial velocity, acceleration, and time to
determine displacement. Equation (4.21) has the interesting property that it can tell us the dis-
placement even when thereisno accel eration. Thefirst term vt givesthe displacement if the accel -
eration is zero and velocity remains constant at v,, and the term at2/2 gives the additional
displacement that results from nonzero acceleration.
One other combination of these variableswill prove useful later. First, solving (4.17) for t yields
t = (v—Vp)/a, and then using this definition for t in (4.20) yields

V=Vy V+V,
a 2

s=tv=

2 2
Vo —Vvg

= . 4.22

2a (4.22)

Thisyields displacement if we don’t know time but do know acceleration and the initial and final
velocities. Finaly, solving for v2 yields

v’ = 2as+ vé . (4.23)
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412 Newton’sLawsof Motion

Suppose a small rocket plusits propellant has 1 kg of mass. The mass of the rocket’s propel lant
isatiny fraction of the mass of the rocket, so we can neglect the fact that, asit burns, the rocket
containsless massthrough time. Now send it into deep space so asto effectively eliminate friction
and the effects of gravity on its movement. When the rocket’s engine isignited, it suppliesacon-
stant force and the rocket moves away in astraight line. Asits propellant is expelled, the mass of
therocket decreases ever so slightly, but it issuch asmall changethat for our purposestherocket’s
mass remains virtually the same. Since we know the mass of the rocket, we can measure the force
that the engine applies by measuring the rocket’s accel eration per unit of time according to the
equation

F=ma, Newton's Second Law of Motion (4.24)

whereforceisF, accelerationis a, and massis m. Equation (4.24) is known as Newton's second
law of motion.

If amass weighing 1 kg is accelerated by one meter per second per second (1 m/s?), then the
strength of the forceis said to be 1 newton (N).

We can derive additional information about acceleration by rearranging (4.24) asa = F/m. This
saysthat acceleration increases as F increases and shrinks as mincreases. For example, if the pro-
pellant constituted a substantial amount of the mass of the rocket, then as the propellant was
expelled, the rocket’s mass would decrease and its rate of acceleration would correspondingly
increase.

We can relate the concepts of force, mass, and motion as follows. When the rocket engine has
expelled al its propellant, its acceleration will become zero. But becausethereisvirtually nofric-
tion or other forcein deep space, the rocket continues traveling indefinitely in the same direction
at itsfinal velocity.

Thisis known as Newton's first law of motion, which can be stated as follows:

An object continuesin a state of rest or motion at a constant speed along a straight line unless
compelled to change that state by a net force.

“Net force” means the sum of all forces acting on the object. Now, a greater force is required
to changethedirection of an object with greater inertia. Newton’sfirst law issometimesalso called
the law of inertia when expressed as follows:

Inertiaisthe natural tendency of an object to remain at rest or in motion at a constant speed
along a straight line.

The mass of an object is a quantitative measure of inertia.
Newton’s third law of motion is often stated as follows:

For every action, thereis an equal but opposite reaction.
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Here “action” means force and “reaction” means force in opposition. For example, suppose an
astronaut suspended in space pushes against the side of asatellitewith force F. The satellite pushes
back with aforce —F, that is, with aforce equal in magnitude but opposite in direction. After the
forceisexpended and they are nolonger touching, the satellite and astronaut move away from each
other at arate proportional to their relative masses.

413 Typesof Force

Forceisan action in a particular direction upon an object, such as a push or apull. The net force
onan object isthecombination of al forcesuponit. Theeffectsof force can be seen when an object
accelerates, decelerates, twists, or deforms. Force is measured in units of newton. Types of force
include gravity, friction, air resistance, turning (asin a screw), pressure, normal force, buoyancy,
and tension.

Forces can be categorized as to whether they are contact forces or noncontact forces. Gravita-
tional, electrical, and magnetic forces are examples of the latter because they can be effective
whether the forcing object and the forced object are touching or not.

4131 Weight
Weight is the force exerted by gravity. The force of gravity F;on amassmis

Fy = mg, Forceof Gravity (4.25)

which we know from (4.24) is expressed in terms of acceleration. Acceleration due to gravity at
sealevel isabout g = 9.8 m/s2. So, according to (4.24), if we haveamass of 1 kg, for example, the
force of gravity exerted on it at sealevel will be

f=m-.a
Fg=1-98=98N.
4,13.2 Normal Force

Inmathematics, nor mal meansperpendicul ar to aplane. Soanormal forceisonethat isperpendicul ar
to surfaces that are in contact. For example, aweighing scale exerts aforce opposite to gravity until
the spring force of the scale and the force of gravity balance, and the scale supports the object. The
normal forceisafunction of the electrical forces between charged particles within the atoms of the
compressed springs. We measure the weight of abody by observing the strength of the normal force,
indicated by theamount the springsare deformed. If the supporting surfaceisinclined, or if itisaccel-
erating, the normal force will not necessarily correspond to the weight of an object.

4.13.3 Frictional Force

Suppose we must push aheavy wooden box acrossarough concretefloor. At first, evenif we push
hard, it might not budge because the box ispushing back with an equal but opposite static frictional
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force. Once in motion, its opposition to movement is called the sliding frictional force, or kinetic
frictional force.

The static frictional force is often greater than the corresponding sliding frictional force. Less
force is needed to keep it moving than is needed to start it moving.

If acar isdriven with itsemergency brake set, it's hard to get it rolling because the brakes grab,
but once it attains some speed, the engine seems to have less work to do. If it Slowsto a stop, at
some point the more powerful static frictional force takes over and the car abruptly halts.

Thisisagood explanation of how avialin string vibrates under the influence of a bow. If the
bow is stationary, a powerful static frictional force sticksthe bow and string together. Asthe bow
moves, it dragsthe string with it until the elastic force of the string overcomesthe static frictional
force. Thelesser sliding frictional force takes over asthe string glides back oppositeto the direc-
tion of the bow. When the elastic force is spent, the string slows. Asit slows, the more powerful
static frictional force kicksin again and entrains the string with the movement of the bow.

Friction is anonlinear force because it does not vary uniformly with the velocity of the object
but tendstoincreaseat low velocities. Theforces of friction arearesult of atomic-level interactions
between the diding surfaces.

4.13.4 Tension

Thetension of aguitar string can bethought of asaforcethat seeksto pull thetwo ends of theinstru-
ment together. Indeed, in older guitars the strings sometimes bend the neck, pulling the nut toward
the bridge in a shallow bow. Alternatively, we can think of tension as the tendency of the string to
be pulled apart. Oneend of the string appliesaforce T to the guitar, and asdictated by Newton’sthird
law, the guitar appliesareaction force—T to the string. The sameistrue of the other end of the string;
hence the tension tends to pull the string apart. Tension is aso aresult of atomic-level forces.

4.14 Work and Energy

If | apply aforceF to lift something adistance s off the floor, then | have performed work to coun-
teract gravity. If | depressastring on aguitar in order to pluck it, | have similarly performed work
to counteract the string’s force of tension.

Work isthe force applied to move an object times the distance it is moved.
Mathematically,
W=Fs. Work (4.26)

If there is no distance covered (s = 0), then no work isdone. Thus, if | try to lift a piano and can’t
budgeit, | may exhaust myself, but I've done no work.

Force and distance are measured in newtons and meters, respectively, and since work is the
product of these two, it is measured in newton-meters. Fortunately, this rather unwieldy unit for
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work has been given a simpler name in the Sl system: the joule (J), named after James Joule
(1818-1889) for his research on work and energy.

4.14.1 Kinetic Energy

Energy isthe ability to do work. When aforce performs work on an object, the result is a change
in the kinetic energy of the object. Kinetic energy is energy due to movement. The work done by
the net forces on an object equals the change in the kinetic energy of the object. Indeed, we can
say in general that for kinetic energy E, and work W,

E =W; (4.27)

for al intents and purposes, work and kinetic energy are identical. The Sl unit for energy of al
typesisaso thejoule (J).

If we substitute (4.26) into (4.27), we have E = Fs. Now, if we substitute (4.24), (F = ma), into
thiswe get E = mas. And by (4.13) we can rewrite thisto read

—mas— mSs— mS
E_mas_mtzs_mtz.
But by (4.8),

2
E=mS—=mv2.

t2

This means that kinetic energy E is the product of an object’s mass m times the square of its
velocity v, or

E=m. Kinetic Energy (4.28)
From (4.28) we see that
Kinetic energy is proportional to the square of velocity.

For instance, when a car’s velocity doubles, its kinetic energy quadruples. Suppose it is going
30 milesper hour and takes 30 feet after braking to cometo acomplete stop (that being the distance
it takesto completely dissipate the motion energy into heat). Then, if its speed doublesto 60 miles
per hour (assuming the same road conditions), it will take four times as long to stop (120 feet)
because the car has four times the amount of kinetic energy to dissipate.4

There are many forms of energy, including electrical, thermal, chemical, radiant, nuclear, and
mechanical. Acoustical energy isakind of mechanical energy.

4.14.2 Potential Energy

Kinetic energy is measured by its mass and vel ocity, asin equation (4.28). But an object may also
posses potential energy simply by virtue of its position. Like kinetic energy, potential energy
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representsthe ability to do work, but only potentially. Once potential energy isenabled to perform
work, it becomeskinetic energy. For exampl e, an object suspended intheearth’sgravitational field
has gravitational potential energy by virtue of its position with respect to the earth. The greater
the height, the greater its potential to do work if it were to be released and allowed to drop. If it
isalowed to fal, its potential energy changes to kinetic energy in proportion to the height of its
drop. Recalling that the force of gravity Fy = mg, we can say that the potential of an object to do
work because of the force of gravity is

W, =mgh, Gravitational Work (4.29)

where histhe height of the object. Note that whether aball rolls down ahill or falsvertically, the
work done by gravity would be the same, because only achangein vertical distance can be attrib-
uted to the force of gravity; any other motion would have to be attributed to another force.

We can define the gravitational potential energy as

E,=mgh. Gravitational Potential Energy (4.30)

There are many other forms of potential energy besides gravity. A stretched or compressed
spring has elastic potential energy. A string under tension hastensile potential energy.

4.15 Internal and External Forces

Forcesareeither internal or external. External forces can increase or decrease the avail able energy
in asystem because the force comes from outside the system. If the external force is positive, the
system’s energy will increase; if it is negative, its energy will decrease. External forces include
applied force, normal force, tensional force, frictional force, and air resistance. The system expe-
riencing theforce may increase or decrease either or both kinetic or potential energy. For instance,
friction always acts as a negative force to reduce the total energy in asystem.

Interna forces cannot change the total energy of a system, but they can change kinetic energy
into potential energy, and vice versa. Internal forces include gravitational force, magnetic force,
electrical force, tensile force, and spring force. For instance, when the force of gravity displaces
an object from a high location to alower one, some of its potentia energy is transformed into
kinetic energy, but the total energy remains the same. Its movement under the influence of gravity
will undoubtedly includefriction and other external forces, but the change dueto theinternal force
of gravity (or other internal force) does not itself change the total amount of energy.

416 TheWork-Energy Theorem

The total mechanical energy E of a system isthe sum of its potential and kinetic energy:

E=E+E,. Total Mechanical Energy (4.31)
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Anexternal force applied to an object can changethetotal mechanical energy if work isdone (that
is, if thereisdisplacement, and the displacement isdirectly related to the applied force). If thework
is positive, energy is added to the system; if it is negative, energy is taken away. The gain or loss
in energy may be either kinetic or potential energy, or both. For instance, arocket traveling upward
gainsgravitational potentia energy; if it isaccelerating, it isal so gaining kinetic energy. Work done
in these circumstances equal s the change in mechanical energy, both potential and kinetic.

When work is performed on an object only by internal forces (such as springs or gravity) the
total mechanical energy of the system is unchanged. But the energy changes form: some kinetic
energy will be converted to potential energy, or vice versa. For example, a marble rolling down
the inside of abowl |osespotential energy asgravity drawsit downward, but itskinetic energy cor-
respondingly increasesasit drops. Thisisreversed when the marble climbsthefar sideof the bowl.
Similarly, inthe moment that avibrating piano string is at rest at its point of maximum stretch, its
energy isonly potential; but when the tension force starts to pull it back, this potential energy is
converted to kinetic energy. Wherethereisno changein total mechanical energy, thetotal mechan-
ical energy is said to be conserved.

4.17 Conservative and Nonconser vative Forces

Another way to classify kinds of forceiswhether they dissipate energy or not. Conservativeforces,
as the name implies, do not dissipate energy, whereas nonconservative forces do. Conservative
forces store energy that can be retrieved later. For instance, if | roll aball up aslope, | increaseits
potential energy. If later it rolls back down again, it does so by converting the previously stored
potential energy to kinetic energy. Thus, gravity is a conservative force. Other examples of con-
servative forces include the elastic force of springs, momentum, and the electrical force between
charged particles, because these forms of energy can be stored and recovered. A wound spring can
unwind; acharged battery can discharge through acircuit; momentum given to aball by atoss can
be delivered into the hands of the person catching it; and so on.

Nonconservative forces dissipate or transmit energy. Nonconservative forces include frictional
forces, viscous forces such as air resistance, and propulsive forces.

Aswith gravity, potential energy aswell askinetic energy can be associated with all conserva-
tive forces. Kinetic energy of motion can be converted into potential energy of position, for
instance, when amoving object coasts up a hill, and can then be converted back to kinetic energy
whenit rolls down again. While kinetic energy E, and potential energy E, may be interconverted
or transformedinto each other, total energy ispreserved, and E = E, + Ej according totheprinciple
of conservation of mechanical energy, provided no work is done by nonconservative forces.

Note that when amassislifted against gravity, the potential energy increases regardless of the
directioninwhichthemassisraised (solong asitisupward). And when the stored potential energy
isreleased by lowering the mass, the path downward does not matter: potential energy dueto grav-
ity is measured only by the difference in height. If the work done is independent of the path the
motion takes, the force is conservative.
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Another way to describe conservative forces is to consider a car on a hilly closed loop. Dis-
counting friction, the potential energy gained going up exactly balancesthe potential energy going
downwhenthecar getsback tothestart. Discounting friction, no net workisdoneby a conservative
force on a closed loop.

Only kinetic energy can be associated with nonconservativeforces. For nonconservativeforces, the
work done depends on the path the motion takes: the longer the path adliding object takes, the greater
theforce dueto friction. Because no work can be stored in such aforce, potential energy isnot defined
for it. The energy may dissipate, for instance, ashest, or betransmitted, for instance, viasound waves.

The energy amusical instrument receives from a performer, such as when a string is struck on
apiano, is a nonconservative, propelling force because energy |eaves the performer. The instru-
ment receiving the energy seeks to return to its original energy level by dissipating it. But not all
energy isimmediately dissipated; some energy is stored in conservative forces, which work to
vibrate the string. The energy that dissipates from the string enters the sound board, istransmitted
into the air, and arrives at our eardrums.

Aswith thismusical example, both conservative and nonconservative forcestypically combine
in everyday situations to produce a net force on objects. The total work W done by this net force

is the sum of conservative work W, and nonconservative work W, and

W= W, + W,

According to the work-energy theorem, the work done by the net forces on an object equalsthe
change in the kinetic energy of the object, so we can also write

E =W, +W,..
4.18 Power

Power iswork done per unit of time. Thus, it also measuresthe rate at which energy istransferred

or transformed. The average power P istheratio of work Wto timet:

_ ~ E

P= \%V oo P= Tk Average Power (4.32)
The Sl unit of power isJs= W (joules/second = watt) in honor of James Watt (1736-1819).
For instance, if it takes 1 secondtotransfer 1 jouleof energy tolift abody up 1 m, then the power

expended is 1 watt. A 100 W lightbulb usesin 1 second the same amount of energy as would be

required to lift amassthat is pulled to earth by 1 newton of force 100 m up inthe air in 1 second.

419 Power of Vibrating Systems

Kinetic energy tendsto dissipate from where there is more to wherethereisless. So to perpetuate
avibration requires a way to replenish its energy. This fact leads to an important distinction
between different kinds of musical instruments.
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4.19.1 Classesof Musical Instruments
There are two classes of musical instruments:

= Sustaining instruments receive energy continuously from the player and produce a continuous
output. The performer of an Australian didgeri-do performs circular breathing, and a pipe organ
has amotorized wind chest to supply a sustaining tone. Wind instruments can sustain for the dura-
tion of aplayer’s breath, and practiced string players can sustain tonesindefinitely by periodically
reversing bow direction.

= Nonsustaining instruments receive energy from the player only at note onset. Their sound lasts
until the energy isdissipated. Examplesincludethe piano, guitar, banjo, and most percussion. Dis-
sipation by natural frictional forces causes the sound to die away slowly; the player can usually
stop the note more rapidly if desired by increasing the rate of dissipation, for example, by resting
the hand on a vibrating string.

4.19.2 Efficiency

Efficiency istheratio of useful power output p, to total power input p;. To express efficiency e as
a percentage, we can write

e=100 2.

1

Efficiency determines, among other things, the ease with which abrass or wind instrument can
bemadeto speak. For example, atrumpet isvery efficient when the vibrating frequency of the per-
former’slipsmatches one of thetrumpet’snatural vibrating modes. Itisvery inefficient at all other
frequencies, which helps produce a stable tone.

On the other hand, a piano sounding board is designed to have about the same efficiency for
every frequency so that no onefregquency isfavored over any other. Good loudspeaker systemsare
al so designed to have the same efficiency at al frequencies so they don’t favor one frequency over
another.

These ideas are developed more fully in volume 2, chapter 6.

4.19.3 Power of Musical I nstruments

Most musical instruments are not as powerful asa 100 W lightbulb. Here are some examples:

Orchestra W
Percussion 1-10W
Trombone fortissimo 6W
Piano 1w
Violin 01W

Violin pianissimo 0.001 W



116 Chapter 4

Why, then, are audio power amplifiersbuilt to generate on the order of 300 to 600 W per channel ?
It's because loudspeakers are very inefficient, on the order of 1-10 percent, so that they will not
color the sound by emphasizing selected frequencies.

4.20 Wave Propagation

Waves propagate in a medium by displacing differences in force or pressure from one place to
another. The crestin theropein figure 4.3 moves along the rope by displacing the forcethat shook
it. An acoustical wave such asthe one shownin figure 1.2 propagatesin air by displacing pressure
differences from one space to another.

There are three ways that waves can propagate through amedium. The different waysrelate the
direction of motion of the particles in the medium to the direction of wave motion through the
medium:

= Transverse Like surface waves in water, the direction of motion that creates the wave is per-
pendicular to the direction of wave motion. If wetiearopeto awall at one end and shake the other
end, we might see shapes as shown in figure 4.3.

= Longitudinal Like sound wavesin air and under water, the direction of motion that createsthe
waveisthe same asthewave motion. Figure 4.4ashowsaspring at rest. In 4.4bitsleft endisgiven
amomentary shoveright, creating acompressed region. In4.4c it isgiven amomentary shoveleft,
creating astretched region whilethe compressed region continuesto propagateto theright. In 4.4d
the left end of the spring is returned to itsinitial position while the compressed and stretched
regions continue to move to the right.

= Torsional Thedirection of motion that creates the wave rotates about the axis of wave motion.
Putting a medium under twisting stress creates torsional waves. Figure 7.9 shows a Shive wave
machine, which is an example of torsional wave propagation. Torsional wave motion proceeds
down the central wire that connects all the machine's transverse bars.

Crest 1—

Trough 1—=

Crest 2 — Crest 1 —

Trough 1—=

Figure4.3
Transverse waves.
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a) No force applied

b) Shoved right

¢) Shoved left ~—

d) Returned to starting position

Stretched area —» Compressed area —»

Figure4.4
Longitudina waves.
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4.21 Amplitude and Pressure

The amplitude of awave is the distance from its peak height to its point of zero displacement or
equilibrium (figure 4.5). For a sound wave, amplitude is the difference between the wave's peak
pressure and standard atmospheric pressure. Sound amplitude is usually measured as sound pres-
sure level (SPL), which is the difference between the greatest pressure in a wave and standard
atmospheric pressure.

If you dive deeply into a swimming pool, you experience pressure against your eardrums. Pres-
sureisthe force applied by the molecules of water pressing perpendicularly on the surface area of
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your eardrum. Physicists would say that the force of the water is applied normal to the surface of
your eardrum. A normal force F is distinguished from other forces by adding the symbol | asa
subscript. So, in general, pressure p is the amount of force applied normal to asurface F | divided
by the area a over which it is applied:

F
p= j . Pressure (4.33)

Pressure is measured in newtons per square meter. The Sl unit of pressure is the pascal (Pa),
named after the French scientist/mathematician Blaise Pasca (1623-1662). So 1 Pa= 1 N/m2,

4.22 Intensity

Energy from themotion of sound wavesflowsthrough theeardrumsand intotheinner ear, whereit reg-
istersassound. Intensity | istheenergy E per unit of timet that isflowing acrossasurface of unit areaa:

| = 'Z—/Zt . (4.34)

Accordingtoequation (4.32), P = E/t. Sowecansay | = P/a? thatis, intensity | isthe power flowing
acrossthe surface of areaa. Thestandard areaunitis1 m?, sointensity ismeasured in W/mz2, We must
also take into account the direction the energy is flowing relative to the surface it is flowing across:

=2 (4.35)
where| | isintensity flowing normal to the surface.

4.23 Inverse SquarelLaw

Intheabsence of any barriers, sound hasaspherical radiation pattern. To compare soundintensities
at varying distances from a source (figure 4.6), we must make spherical measurements.

a

a

4—"14»]

- Iy

v

Figure 4.6
Comparison of spherical surfaces.
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Let P be the power of awave at distance r, propagating along direction V. This means that an
amount of energy P isflowing through surface a; each second. If no energy islost, then the same
power will flow through a, each second aswell, and P/a; = P/a,. Sincethe areas of surfacesa, and
a, are proportional to the squares of their distances from the source S, the intensity | varies
inversely as the square of the distance to the source, and

l2_ (f_z)z _ (4.36)

Iy \ry
4.24 Measuring Sound Intensity

Just as the range of frequencies we can hear islimited, so isour perception of sound intensity. The
threshold of hearing isthe minimum amount of sound intensity required for asinusoid to be detected
by an average listener in a noiseless environment. The limit of hearing (also called the threshold of
pain) istheintensity above which sound is registered as (possibly damaging) pain by most of us.

Perception of loudness is not as straightforward as perception of pitch. While loudnessiis pri-
marily affected by intensity, it is affected also by other perceptual and acoustic factors, especially
frequency. We are generally less sensitive to very low and very high frequencies (see section 6.5).
For the ear’ smost sensitive frequencies, around 1000 Hz, the range between the threshold of hear-
ing and the limit of hearing is staggeringly large:

= Sound intensity at the threshold of hearing at a frequency of 1 kHz is approximately t,, =
1 1012 W/m2 for avery sensitive listener.

= Sound intensity at the limit of hearing at a frequency of 1 kHz is approximately I, =
1-100W/m2,

Thus, the range of sound intensities our ears can register at 1 kHz is on the order of 1012, which
isabout 1 trillionto 1. No other sense faculty has this range of sensitivity.

4.24.1 Sound Intensity Scale

To establish a sound intensity scale, we must determine its boundaries and the gradations into
which it isdivided. It makes sense to use the threshold of hearing and the limit of hearing as the
lower and upper boundaries of the scale. Expressing the range of hearing as a ratio shows the
extent of the scale:

| 0
h_ 10 _ 102 wyme, Intensity Range of Hearing (4.37)

th 107

But it is awkward to talk meaningfully about ratios with a range of 1 trillion to 1. It would be
easier if we could measure sound intensities using a small set of values that could be mapped
to the wide range of intensities. Thisis similar to the approach | took to represent pitch, where
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the semitones of the equal-tempered scal e provided a simple mapping between linear pitch and
exponential frequency.

Using the exponent of the powers of 10 asthe units of the sound intensity scale would allow us
to represent the enormous dynamic range of perceived sound intensity ssmply with the numbers
Oto12.

We can usethelog function to extract the exponent of aquantity. For instance, Ioglolo‘12 =-12.
So we can extract the exponentsin (4.37) by writing

2
Ioglol—h = logyy =0 —— = 12bel. The Bel Scale (4.38)
h

The sound intensity scale developed thisway is called the bel, invented by engineersat Bell Tele-
phone Laboratories in the 1920s and named in honor of Alexander Graham Bell (1847-1922).

Because we are measuring log ratios, the size of the bel increases with increasing differences
inintensity. For example, if | = 10 W/m2and |’ = 100 W/m2,

100
I0910 | =log;p ==~ 10

If 1 =10 W/m2and I” = 1000 W/m2,

=1be .

1000
Iog10| 0919 —— 0 - =2bd.

If 1 =10 W/m2and I’ = 10,000 W/m2,

10,000

10 =3bd....

|0910 | =logy o ==

Thebel scale coverstheentireaudiblerange of soundintensitieswith just adozeninteger values,
so we have satisfied an important design criterion. In fact, we have satisfied it alittle too well: the
range 0—12 istoo coarse-grained for practical work. The preferred unit isthe decibel (dB), which
isten times the resolution of abel:

I
10 Iog10 = 10log,, 100 Wim2 _

= =120dB. The Decibel Scale (4.39)
t, 10 W/mz2

Perhapsyou’ ve heard that theintensity range of hearingis120 dB. Now you know wherethat num-
ber came from.

We can generalize the decibel scale to compare two arbitrary intensities. The sound intensity
level in decibels of asound with intensity 1 is defined as

’

10|og10'T, The Decibel (4.40)
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for somereferenceintensity |. We can use (4.40) to make acomparison of two relative intensities.
Forinstance, if | = 102W/m2and |’ = 10-1W/m2, thentheintensity of 1’ isgreater than the ref-
erencel by 10l0g,,10-%-2dB =10dB.

We can use (4.40) to make aloudness comparison against either t,, or |;,, depending upon whether
we are measuring up from silence or down from the limit of pain. Sound intensity meters com-
monly measure up from silence by setting | = t,, in equation (4.40). A very quiet room might have
a sound intensity level of about 40 dB. Continuous exposure to a sound intensity level of over
90 dB can be harmful to hearing. So the useful range of musical intensitiesis from about 45 dB
to 95 dB, with peaks ranging upward to a maximum of 120 dB.

Why was 10 chosen as the base? Why not pick 2 asthe base, aswe did for relating pitch to fre-
quency (seeequation (2.1))? Onereasonisthat thereisno obviousloudnessequivalent to theinter-
val of the octave. We don’'t alwaysinterpret adoubling of intensity astwice asloud. Also, powers
of 10 give amuch more compact scale to work with than would powers of 2.

To obtain an absolute intensity level from adecibel level requires reversing the previous process:

1. Convert decibelsto bels.

2. Make the resulting value an exponent of 10.

3. Makeit proportional to the reference against which it was originally measured, that is, t;, or |,..
For example,

10(x dB)/10

y W/m2 = Decibel-to-Intensity Conversion (4.41)

h
The decibel scaleis used to measure sound level and isalso used in sound recording and com-
munications. Another scale based on the same logarithmic principle is the Richter scale, used to
measure the intensity of earthquakes. Variants of the decibel are used to measure power, sound
pressure, voltage, or intensity.

4.24.2 Loudnessin Recording Equipment

Measurements of ambient sound, such asin aconcert hall or factory, are typicaly measured up from
the threshold of hearing. In contrast, recording engineers usually want to measure down from the
limit of the loudest sound they can record without distortion on their recording equipment. Let |, be
the limit of recording, louder than which the recorder would distort. Now let | = |, be the reference
loudnessin (4.40). Then the loudness of the sound we want to compareis I”. The loudest sound we
couldrecordwithout distortionis|” =1,. Thedecibel value corresponding tothisis10log(l,/I,) = 0dB.
For any softer sound, 1’ <1, and the corresponding dB value will be negative. For this reason, the
level meters on recorders are measured in negative dB values (figure 4.7). Approximate musical
loudnesslevelsare given for comparison. A value of 0 dB on such ascale meansthe recorded sound
isvery close to saturating the recording medium. Negative dB values indicate softer levels.

Itis customary for the designers of recording equipment to leave 10 dB or so for head room at
the top of the scale as insurance against any sound’s being distorted. So, typically the reference
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Figure4.7
Loudness levels, measuring down from the limit of hearing.

Figure4.8
VU meter.

intensity | =1, —10dB. Thisiswhy level meterson recorders show some positive dB values above
0 dB. The top positive value is where distortion would actually begin. Any sound with loudness
above 0 dB isin danger of being distorted.

Recording equipment typically does not have the same wide dynamic range as human hearing.
Let the threshold of recording t, be the level below which the noise floor of the recorder’s elec-
tronics overshadows the recorded sound. Often, the practical limit is on the order of —90 to
—100 dB. Below that the noisefloor of the recorder’s el ectronicsislouder than the recorded sound.
Figure4.7 reflectsthese considerations. Figure 4.8 showsan examplevolume unit (V U) meter with
ascale that goes to —60 dB.

Because the decibel scale is logarithmic times 10, we know we can make a sound ten times
louder by increasing itsintensity by 10 dB. We can work out the decibel values corresponding to
doubling or halving theintensity asfollows. Weknow from algebrathat log(i/j) = logi — logj (see
appendix A). So, for instance, log(2/1) =log2 — log1l. Now log2 = 0.3 and log1 =0, and
10 - (0.3 — 0) = 3 decibels per doubling of intensity.> Thus, if we double the intensity level of a
sound, we raise its loudness by approximately 3 dB.

4.24.3 Sound Pressure

Unfortunately, measuring energy flow is not always convenient or even possible. Intensity isonly
meaningful when energy flows through an area. Yet there are occasions when energy is present
but not flowing. For example, consider athick steel pipetightly sealed at both endswith steel caps,
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containing a battery-operated radio. Virtualy all the energy from the radio sound reflects off the
endsof the pipeand virtually no sound escapes. Theresulting waveformsinsidethe pipeare called
standing waves. Since virtually all energy that the radio’s loudspeaker pumps into the air in the
pipeisreturned to it by the captured air, virtually no energy flows, and thereis virtually no mea-
surable intensity.

However, average pressure variation remains meaningful even with standing waves becausewe can
still measure the pressure difference inside the pi pe between the pressure crests and troughs. Since it
isalso generally easier to build equi pment to measure pressure differencesthan it isto measureinten-
sity, it would be very convenient if we could find away to relate sound pressure to sound intensity.

Relating Sound Pressureto Intensity The relation of intensity | of a sinusoid to the value of
the average pressure variation Ap in air is
2

| = AP

L (4.42)

where V isthe velocity of soundin air and & isthe density of air. The pressure variation Ap isone
half the pressure differencefrom peak to trough of thewave (that is, it isthe distance from the mean
to the extreme), measured in pascals (N/m2).

Equation (4.42) saysthat intensity isproportional to the square of the pressurevariation. Thisisthe
most important part of thisequation. It aso saysthat increasing the vel ocity of sound in the medium
or increasing the density of the medium would decrease the intensity. However, since we're dmost
awaysdealing with air at or near standard atmospheric pressure, these factors can be neglected. The
most important item is the square relationship between pressure variation and intensity.

Using standard valuesfor V and 8, if we take the threshold of hearing as| = 10-12 W/m?2 (inten-
sity), then under normal atmospheric conditions, the average pressure variation corresponding to
thisintensity will be 2 - 10-5 N/m.

So we can relate average pressure variation to intensity. But how can we actually measure the
average pressure variation of a sound? There are anumber of approaches we can take.

Measuring Sound Pressure We could measure air particle displacement, that is, the distance
air molecules are pushed aside, but that is difficult to measure because of the random thermal
motion of gas molecules, and we would have to be able to resolve to a distance of 1 micrometer
or lessjust to observe them. We could measure air particle velocity, but that hasthe same problem.

By far the easiest way to measure the strength of a sound is to measure the average pressure
change over alarge area. Since pressureisforce per unit of area, all wehaveto doissamplealarge
enough areato get aforcewe can register on evenrelatively crude measuring devices. So wedefine
sound pressure level (SPL) as the average pressure variation per unit area.

Standard atmospheric pressure Ais 10° Pa, roughly 14.7 pounds per squareinch. Pressure level
changes caused by sound waves are very small in comparison, ranging from about 0.1 Pa at the
threshold of hearing up to 1 Pa at the limit of hearing. In comparison to atmospheric pressure,
sound pressure is minuscule.
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Figure4.9
Simplified barometer and microphone.

TheMicrophone The easiest way to measure sound pressure level iswith amicrophone. Like
barometers, microphones measure air pressure variation. Whereas abarometer enclosesavacuum
and can therefore measure absol ute pressure changes, a microphone encloses a small volume of
air at the prevailing atmospheric pressurelevel and recordstherel ative pressure changes of passing
sound waves. A small flexible diaphragm on the end of the microphone enclosure is displaced by
high and low pressure wavefrontsimpinging on it from a passing sound wave. The amount of dis-
placement can be measured electrically by a number of different techniques. Figure 4.9ashows a
simplified barometer, and figure 4.9b shows a simplified microphone.

Given how vanishingly small the pressure fluctuations of sound are, how can arelatively mas-
sive microphone diaphragm be displaced by such tiny forces? The answer is, we make the dia-
phram large so that it encounters more of the sound’s force field. But this poses other design
problems. If we make it too large, the diaphram becomes heavy and unresponsive. So we make
it asthin as possible to reduce its mass. But then it becomes fragile. So we choose materials that
are strong but flexible. Thisisthe domain of mechanical engineering.

4.24.4 Proximity Effect

There' sanother important and practical microphonedesign problem that arisesfrom the geometry
of waveforms. Waves expand from a sound source spherically under normal conditions; what hap-
pens when a curved wave front encounters a flat microphone diaphragm?

If the diaphragmisnear the sound source, and the wavel ength i s sufficiently short (and therefore
thefrequency is high), the diameter of the diaphragm islargein comparison to the diameter of the
spherically expanding wave. Asshownin figure 4.10a, the diaphragm cuts across several high and
low pressure areas. The high pressure areas cancel the low pressure areas for a digphragmin this
position, so it receives little net energy.

Thediaphragminfigure4.10bisrelatively far from the source and does not cut across pressure
areas. It experiences uniform high and low pressure across its whol e surface at this frequency and
distance, thereby receiving maximum net energy from the passing wave.
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|

At a sufficient distance from the source, sound waves tend to flatten out into sheets (plane
waves). The farther the receiver is from the source, for a same-sized receiver, the more plane the
wavefront becomes. Theregion near the sourcewherethe curvature of thewavefrontissignificant
to the receiver is the near field, and beyond where the curvature stops being significant isthe far
field (see section 7.6).

The significance of this phenomenon, the proximity effect, is that as the distance from micro-
phoneto spherically radiating sound source decreases, the high frequency sensitivity of themicro-
phone decreases. As a speaker moves closer to a microphone, the timbre of the speaker’s voice
becomeswarmer. That’sthe proximity effectinaction. The proximity effect can bereduced, if nec-
essary, by choosing a microphone with a smaller diaphragm. It can also be fixed by moving the
microphone farther away, but this can cause it to start picking up undesirable room noise. Thisis
the domain of audio engineering.

Figure4.10
Proximity effect.

425 Summary

The Systéme International d’ Unités (Sl) is used to represent basic physical proportions, matter,
distance, dimension, and time.

Periodicity isthe amount of time el apsed between the start and end of asingle event. Frequency
is the number of events occurring in asingle elapsed time interval. Periodicity and frequency are
each other’s inverses.

Massisthe quantity of matter contained in an object. Matter isanything that occupies space and
exhibitsinertia. Inertiaisthetendency of abody toimpede acceleration. Massisanintrinsic quality
of matter, unchanged by such things as |ocation. Weight, the force of gravity acting on an object,
depends upon the object’s location.

Density measures how tightly packed together the material in abody is. We can distinguish lin-
ear distance, area distance, and volumetric distance.

Displacement indi catesdistancefrom astarting point or origin.Theratio of distancetotimeisaver-
age speed.Velocity indicates distance per time interval as well as linear direction. Instantaneous
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velocity istheratio of two small but nonzero values of distance and time. We take the limit of the
ratio asthe time interval goes toward zero.

Average acceleration is change in velocity measured in meters per second per second. Instan-
taneous acceleration isthe ratio of two small but nonzero values of velocity and time. We take the
limit of theratio asthetimeinterval goestoward zero. When plotted, theinstantaneous accel eration
at apoint isjust the amount that the curve bends at that particular point.

If we know three of the four motion variables—displacement, velocity, acceleration, and
time—we can always find the fourth by algebraic substitution.

Newton'sfirst law of motion statesthat, because of inertia, an object continuesin astate of rest
or motion at a constant speed along a straight line unless compelled to change that state by a net
force. The mass of an object is a quantitative measure of inertia. Newton's second law of motion
equatesforceto masstimes accel eration. Newton’sthird law of motion statesthat for every action,
thereis an equal but opposite reaction.

Forceis an action in a particular direction upon an object. Contact forces include friction, air
resistance, turning (as in a screw), pressure, normal force, buoyancy, and tension. Noncontact
forcesinclude gravitational, electrical, and magnetic forces.

Work istheforce applied to move an object timesthe distance it is moved. Energy isthe ability
to do work. When aforce performswork on an object, the result is a change in the kinetic energy
of the object. Kinetic energy of an object is proportional to the square of the object’s velocity.

Objects may possess potential energy by virtue of position. Forms of potential energy include
gravitational, elastic, and tensile energy.

External forces can increase or decrease the available energy in asystem. They include applied
force, normal force, tensional force, frictional force, and air resistance. Internal forces cannot
change the total energy of asystem, but they can change kinetic energy into potential energy, and
vice versa. Internal forces include gravitational force, magnetic force, electrical force, tensile
force, and spring force.

The total mechanical energy of a system is the sum of its potential and kinetic energy. When
work is performed on an object only by internal forces, the total mechanical energy of the system
is unchanged but the energy changes form.

Conservative forces store energy that can be retrieved later. Nonconservative forces dissipate
or transmit energy. Nonconservative forces include frictional forces, viscous forces such as air
resistance, and propulsive forces. No net work is done by a conservative force on a closed loop.
Only kinetic energy can be associated with nonconservative forces. For nonconservative forces,
the work done depends on the path the motion takes. Conservative and nonconservative forces
combinein everyday situations to produce a net force.

Power iswork doneper unit of time. Thus, it also measurestherate at which energy istransferred
or transformed. Kinetic energy tends to dissipate from where there is more to where thereisless.
To perpetuate a vibration reguires constantly replenishing lost energy. There are sustaining and
nonsustaining musical instruments, differentiated by whether there is a constantly renewable
source of energy to drive the instrument’s vibration.
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Efficiency istheratio of useful power output to total power input.

Waves propagate in a medium by displacing differencesin force or pressure from one place to
another. The movement can be transverse, longitudinal, or torsional.

The amplitude of awave is the distance from its peak height to its point of zero displacement
or equilibrium. For a sound wave, amplitude is the difference between the wave's peak pressure
and standard atmospheric pressure. Sound amplitudeis usually measured as sound pressure level,
whichisthedifference between the greatest pressurein awave and standard atmaospheric pressure.
Pressure is the amount of force applied normal to a surface divided by the area over which it
isapplied.

Energy from the motion of sound waves flows through the eardrums and into the inner ear,
where it registers as sound. Intensity isthe energy per unit of time (power) that is flowing across
a surface of unit area. Sound has a spherical radiation pattern if not blocked. Intensity varies
inversely as the square of the distance from the source.

The ear detects sound intensity between the threshold of hearing and the limit of hearing. The
decibdl is 10 times the logarithm base 10 of the ratio of two intensities. The decibel scale covers
the entire audible range of sound intensities with 120 values.

M easurements of ambient sound, such asin aconcert hall or factory, are typically measured up
from the threshold of hearing. In contrast, recording engineers usually measure down from the
limit of the loudest sound they can record without distortion.

Sound intensity istypically less useful asameasure than sound pressure because there are pres-
sure differences even in standing waves that we can measure. Although we could measure particle
displacement or velocity, it's easier to measure average pressure variation per unit area, called
sound pressure level (SPL). A microphone measures rel ative pressure variation from one side of
adiaphragm to the other.






5 Geometrical Basis of Sound

Geometry isfrozen music.
—Goethe

5.1 Circular Motion and Simple Harmonic Motion

Suppose a pendulum swings back and forth above a turntable. The turntable has a marker, such asa
small cone, placed on its surface (figure 5.1). The cone moves with uniform circular motion because
amotor drivesitinacircle at aconstant speed. Now adjust thelength of the pendulum so that it makes
onefull swing inthe sametimethat the turntabl e makes one compl ete revol ution, and rel ease the pen-
dulum at exactly the same moment the cone moves under it so that the two movements are synchro-
nized. With thetwo motionsso aligned, if welook directly edge-on at the turntable, the pendulum and
the cone seem to have exactly the same left/right motion even though we know that the pendulum
movesinalinewhiletheturntablemovescircularly. Intuitively, itlookslike circular motionand simple
harmonic motion arein someway equivalent if seen from theright vantage point. Thistrain of thought
suggeststhat we can use the geometry of circlesto study simple harmonic motion and wave behavior.

5.2 Rotational Motion

Circular motion and simple harmonic motion are closely related. In fact, to understand circular
motion isto understand sine waves, which are the basis of all musical sound. This section reviews
information provided by geometry and trigonometry about circular motion.

5.2.1 Angular Displacement

The center of arigid rotating body, such asaturntable, definesitsaxisof rotation asapoint around
which circular motion revolves. The angle through which the rigid body rotates about its axis of
rotation isits angular displacement. Suppose aturntable rotates from an initial angle 6, to afinal
angle of 6;. We say the turntable sweeps out the angle 0, defined as

6 =6; - 6,. Angular Displacement (5.1)
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Figure5.1
Pendulum and turntable.

Figure5.2
Radian measure.

Rotatable objects can turn either clockwise or counterclockwise.

Counterclockwiseangular displacementistaken tobepositive, and clockwiseangular displacement
istaken to be negative.

Thus, 6 indicates counterclockwise rotation, and —6 indicates clockwise rotation.
5.2.2 Radians

Itiscommon to use degreesto measure angular displacement or to refer to entire revolutions. One
revolution returns aturntable to itsinitial position and equals 360°.

Suppose aturntable sweeps out an angle 6 as shown in figure 5.2. Asit does so, point Q traces
out an arc of length s. Clearly, the length of s growsif either itsradiusr or the angle 6 grows. In
fact, we can show with elementary geometry that

Arclength _ s
0= ==, 52
Radius r (52

When g/r = 1, that is, when the arc length isthe sasme as the radius, the angle 6 isequal to 1 radian
(rad). Since both sand r are measures of distance, their ratio is adimensionless number (because
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Figure5.3
Angular rotation.

the unitsin the numerator and denominator cancel out). A dimensionless number isa* pure num-
ber” unencumbered with physical significance.

If the point Q sweeps out one entire revol ution of radiusr, itsangular displacement will be6 =2r
and its arc length swill equal the circumference of the circle, 2nr.

Since one revol ution equals 360°, we can equate degrees and radians. If 6 = 360°, then s= 2nr
and

2= 28 - on rad (53)

and 2rt rad = 360°. Solving for rad, we see that oneradian is

rad = %557.39 Radian (5.4)

This constant, the radian measure, allows usto use simpleintegers and ratios of integersto specify
useful divisions of acircle.l For example, the circumference of the circleis 2r radians, and a half
circle (180°) is one half of that, exactly = radians. Similarly, one quarter of the circumferenceis
/2 radians, which is therefore 90°, the size of aright angle.

When angles are stated in radians, the constant rt tends to drop out from equations, greatly sim-
plifying calculations. Radian measure also simplifies calculation of the length of an arc. Solving
(5.2) for syields

s=r0, Length of an Arc (5.5)
sowecan get thelength of ssimply by multiplyingtheradiusof itscircleby thearc’' sangleinradians.?
5.23 Angular Velocity

Suppose aturntable starts at angle 6, and rotates to angle 6; (figure 5.3). Then itsangular displace-
mentise =6; — 6,. Further, supposetheturntableperformsthisrotationint seconds. Thenitsangular
velocity isthe angular displacement 6 divided by elapsed timet:

®

—~ | D

, Angular Velocity (5.6)

which we measure in Sl units of rad/s.
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Angular velocity isthe rate at which angular displacement changes.

Compare (5.6) to linear velocity, which is the rate at which linear displacement changes.
Counterclockwise angular velocities are positive, whereas clockwise angular velocities are neg-
ative. In (5.6) the symbol = means “defined as” | useit to signify that | am defining o to have a
particular meaning, namely, 0/t. Later, when | use o, it will carry this significance.

Here'sanother way to calculate angular displacement. Supposetheturntable showninfigure5.7
isset sothat the coneisat itsrightmost position, aligned with thex-axis. Then we start theturntable
and start atimer at timet = 0. The turntable rotates counterclockwise at a constant rate of w rad/s,
moving through angle 6 in time t. Since the turntable rotates at a uniform speed, the size of the
angle 6 grows at a constant rate. Therefore, the angular displacement 0 at timet is the angular
velocity timesthe elapsed time t:

0 = wt. Angular Displacement with elapsed time (5.7)
5.24 Angular Acceleration

If the turntable shown in figure 5.7 starts rotating with angular velocity o, and ends at timet with

angular velocity oy, the change in angular velocity is o = o; — oy If the change is not zero, the

turntable exhibits angular acceleration o, which is change in angular velocity  through timet:
©_0/t_96

o= T2 Angular Acceleration (5.8)
t

measured in S| units of (rad/s)/s= rad/s?.
Angular acceleration isthe rate at which angular velocity changes.
5.25 Rotational Speed

If abicycle' swhed isturning once per second a a constant rate, and thetire’'sradiusr = 0.5 m, how
fast isthe bicycle going? If the circumference of thewhed isc= 2rr = 3.14 m, then the vel ocity of the
bicyclemust beabout 3.14 m/s. Every point onthecircumferenceof thetireisalsotraveling at 3.14 m/s.
Thus, for someradiusr and some period of time T,3 the rotational speed of apoint onacircleis

V= % Rotational Speed (5.9)

5.2.6 Centripetal Acceleration

Speed doesn’t imply direction, but velocity does. As a point on the circle travels, its direction
changes moment by moment. So, even though the speed of a point on the circle remains uniform,
its velocity changes from instant to instant because its direction changes.

Figure 5.4ashowsacircle rotating through points p, and p,. The velocity at these points can be
drawn asvectors, v; and v,, representing the linear vel ocity of each point. The difference of thetwo
vectorsisthechangeinvelocity Av = v, — v;. Thedifference of two vectors can be shown by putting
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Uniform circular motion.

their basestogether and measuring the distance between their tips (figure 5.4b). Similarly, the vec-
tor distance between p, and p,isAr =r, — r, (figure 5.4c). Sincethelength of v, = v, and thelength
of ry =r,, triangle ryr,Ar and triangle v, v,Av are both isosceles triangles.

Let's simplify things a bit. Since v, = v,, let’sdefinev=v, = v,, and sincer; =r,, let’'s define
r=ry=r, (figures5.4d and 5.4€). Note that the isoscel estrianglesin 5.4d and 5.4e have the same
angle 0. So they are similar. From geometry we know that for similar triangles,

Av_ar (5.10)
v T

For the next step, we can make asimplifying assumption. First, let At=t, — t,, thetimeit takes for

p, to get to p,. Now, for small angles6,

Ar =V At. (5.11)

That is, Ar isapproximately equal tov - At for small angles. Properly speaking, the length we should
useisthearc of thecircle between p; and p, because that’s the distance the point will actualy betrav-
eling. But for small angles, the difference between the length of the arc from p; and p, and thelength
of thechord from p; and p, can beignored. Being abletoignorethiswill greatly simplify what follows.

If wesubgtitute (5.11) into (5.10), we derive the accel eration of the point onthecircleasfollows:

Av _ v At
% r
2
AV = VAt
r
Av_v2

At 1
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Centripetal acceleration.

Theratio AV/At is acceleration because it represents change in velocity over time. Thisis called
centripetal acceleration because the direction of the bending force is aways toward the center of
the circle (see figure 5.5). It is defined as

a.= R Centripetal Acceleration (5.12)
where a, is centripetal acceleration, v is velocity, and t istime.

Suppose we can control arocket in deep space and want it to turn in acircle around a point with
radiusr. To get it to turn, wewould haveto ignite onerocket onitstail to propel it forward with aforce
proportional to v and igniteanother pointing sidewayswith aforceproportional toa,.. Figure5.5ashows
that for v=50and r = 125, a. must be 502/125 = 20. Figure 5.5b showsthat if v is doubled to 100 for
the samer, then a, must quadruple to 80 in order for the rocket to maintain acircle of the same size.

5.2.7 Tangential Velocity

On amerry-go-round the circular motion pushes riders away from the center, and pushes them
harder, the further from the center they are. But is the direction of the push radial, directly awvay
from the center? Setting an object on aturntable, we can spinit at someangular vel ocity o sufficient
to makeit fly off. Supposeit flies off at point Q (figure 5.6). We would observe that the object’s
angular velocity isinstantly converted into some linear velocity in adirection tangent to the point
whereit flew off.4 Thisis understandable because

Circular motion islinear velocity forward constrained by centripetal force toward a center.

If we suddenly eliminate the centripetal force, the remaining linear velocity is all that is left,
and the object flies off in whatever direction it was last aimed. In figure 5.6 the vel ocity of the
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Figure5.6
Tangential speed.

object at point Q is shown by a vector v anchored on Q and drawn tangent to the circle. The
vector v¢ indicates the tangential velocity of the object at point Q corresponding to its linear
velocity.

Clearly, the object is subject to tangential velocity even when it is still on the turntable because
thisrepresentsitslinear vel ocity at each moment intime. Vel ocity impliesboth speed and direction,
but the vector vy is constantly changing direction as it progresses around the circle. So the mag-
nitude of the vector isjust itslength (without regard to which direction it points) and corresponds
to its speed.

Intuitively, we can tell that the tangential speed vy must be related to the turntable’s angular
velocity o = 6/t aswell asto its radius r because an increase in either would tend to give more
velocity to the object. But how can we express this?

Recall that (5.5) relates angular displacement 6 and radius r to the arc length sby s=r6,
and that (5.6) relatesangular vel ocity to angular displacement andtime by w = 6/t. If weintroduce
(5.6) into (5.5), the result combines angular velocity and radius, as we require. Dividing both
sides of (5.5) by timet, we obtain

S_1M0_,.9 ays (5.13)
t t t

The right-hand side now has aterm 6/t in it. Since angular velocity o = 6/t, (5.13) can be
rewritten as

fzrw rad/s.

Sincesmeasuresarclength, theratio s/t expressesthe speed of apoint onthecircle. Thus, tangential
speed is defined as

Vi = ?z ro rad/s. Tangential Speed (5.14)
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We must use units of rad/s because this equation was derived from (5.5), which defines radian
measure. When an object isthrown off aturntable, itstangential speed is converted into tangential
velocity because then it has a particular direction, namely, tangent to its last point of contact.

5.2.8 Period and Frequency

Asthe cone on theturntablein figure 5.1 completes one revol ution, the corresponding simple har-
monic motion completesoneback-and-forth cycle. Theperiod T of thiscycleclearly depends upon
theangular velocity o of thecircle. Sinceby (5.6), = 6/t, and the circle completesonerevol ution
of 0 =2r radiansin t = T seconds, we can relate angular velocity to period T as follows:

_9_2n
(D - t T b
and so
T- %ﬂ Period related to angular velocity (5.15)

Since frequency f = /T, we can relate the angular velocity to frequency:
1
=2n= = 2nf.
® n_l_ T

Relating angular velocity to frequency in thisway will be so useful in subsequent chapters that it
deserves being repeated:

o = 2nf. Radian Velocity (5.16)

In this book, when | write o, | will almost always mean its definition 2rf. Solving (5.16) for f,
we derive the definition of frequency:

= % . Frequency related to angular velocity (5.17)
Thisdefinition saysthat frequency istheratio of theangular velocity, o = 6/t (seeequation (5.6)),
tothearclength of acircle. Thegreater theangular velocity, the more often it completesafull circle,

hence the higher its frequency.

5.3 Projection of Circular Motion

Figure 5.7 shows a spring/mass system vibrating vertically next to a turntable that has a cone
mounted on its edge. By appropriate choices of rotational speed of the turntable, elasticity of the
spring, and weight of the mass, the motion of the shadows of the cone and mass can be synchro-
nized on a screen behind them. This suggests that the simple harmonic motion of a pendulum or
aweighted spring can be related to uniform circular motion via projection.
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Simple harmonic motion as the projection of uniform circular motion.
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Figure5.8
Front view of turntable.

Figure 5.8 shows the turntable and screen from figure 5.7 with the cone at point Q. Since light
shines across the circle parallel to the x-axis, point Q”, which is the shadow of Q, appears on the
screen at the same displacement above the x-axis.

Thedisplacement of pointsQ and Q" fromthex-axisisy, the projection of theradius A onto they-axis.

Elementary trigonometry shows that the radius A, its angle 6, and the value of y are connected
by the sine relation (see appendix A).

y=Asng=A- '{ SneRelation (5.18)

Equation (5.18) relates the height y of the triangle, and hence the height of its projection on the
screen, to theradius A and itsangle 6. Thesinerelation allows usto reconcile circular motion with
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Figure5.9
Simple harmonic, uniform circular, and sinusoidal motion.

simple harmonic motion. In order to see how the vertical displacement y changes, figure 5.9 adds
astrip of filmto record the position of the mass and cone through time, allowing usto seethe sinu-
soidal mation of the spring/mass system together with the motion of theturntable. Mathematically
and intuitively, it should be clear now that

Simple harmonic motion and the projection of uniform circular motion are the same.
5.3.1 Relating Displacement of Simple Harmonic Motion to Time

Since, by (5.6), 0 = wt, we can relate the vertical displacement y of the cone’s shadow at timet as
follows:

y=Asno=Asnot, (5.19)

where Aistheradius of the turntable, 6 isthe turntable’s angular displacement, tistime, and o is
angular velocity.

The expression wt in (5.19) determines the rotational position of the turntable at timet; taking
thesineof that rotational position determinestheheight of thevertical displacement y; multiplying
the vertical displacement by A scales the displacement for the size of the turntable.

Equation (5.19) showstheidentity of simple harmonic motion and circular motion and provides
away to determine the displacement of a sinusoidal wave at any timet. We see that

The projection of smple harmonic motion through time generates sinusoidal motion.

Theterm Ain (5.19) can be interpreted either as the radius of acircle or as the amplitude of the
corresponding simple harmonic motion because this value determines both attributes.
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Constructing a sine wave.

5.4 Constructing a Sinusoid

A simpleway to generateasinewaveisto plot afew selected pointsof (5.18) and connect thepoints
with asmooth line. Figure 5.10 shows eight values of A sin 6 every 45° as 6 makes one compl ete
revolution. The y-axis shows the corresponding values of A - (y/A) for radius A= 1. A circle of
radius1isaunit circle. Itisconvenient to set Ato 1 in order to keep the example simple, but it can
be any value. Notice that y takes on valuesin therange—1to 1 as 6 varies.

= When theangle 6 is0° or 180°, the displacement of y=0and sin 0° =sin 180° =y/A=0/1=0.
= When0is90°,y=1andsin90° =y/A=1/1=1.

* When0is270°,y=-1andsin 270° =y/A=-1/1=-1

These cardinal points are marked with diamonds in figure 5.10.
= At45°, triangle Axy infigure 5.8 becomesanisoscel esright triangle, and by elementary geometry,

2 L1414

Plugging this value into the sine relation yields the formula

snY = A/ﬁ sin-L = sin45°= 0.707. .
A ﬁ
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Anatomy of asine wave.

= Similar reasoning establishes the values at 135°, 225°, and 315° (figure 5.10).
So as 6 goes from 0 to 360°, sin 6 exhibits one period of sinusoidal motion.
54.1 Anatomy of a Sinusoid

Thelandmarksof the sinusoidal waveareshowninfigure5.11. They-axisshowstheamplitude, which
is proportional to a corresponding circular radius A. The x-axis shows the phases of the sine wave's
variousnotablefeatures, such aswhereit crossesthe x-axis( zero crossings), and itscrestsand troughs.
We spesk of the “phases of the moon” in the same sense: phase describes the characteristic points
reached periodically each time awave repeats. The period, or cycle, of asine wave is one complete
movement through all its phases, corresponding to one compl ete revol ution of acorresponding circle.

It will often be more convenient to show the passage of time on the x-axis rather than the size
of the angle 6. Solving (5.7) for t yields

(=8 (5.20)

which shows that time is directly proportional to angular displacement 6. This means the x-axis
can either measure elapsed time or elapsed phase.
Since frequency isthe reciprocal of time, f = 1/t, (5.20) can be rearranged:

f= @ (5.21)

which showsthat frequency is directly proportional to angular vel ocity . The greater the angular
velocity, the more rapidly the turntable turns.

If the x-axis shows el apsed time, we are measuring frequency; if the x-axis shows el apsed phase,
we are measuring periodicity.

Sinusoids, like circles, have no beginning and no end, so the period of asinewave can start any-
where. Conventionally, sine wave periods are usually regarded as beginning at a positive-going
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zero crossing (figure 5.11) and extending until just before the next positive-going zero crossing.
But we could just aswell measure the period from crest to crest, or from trough to trough, by suit-
able choice of phase offset.

5.4.2 Phase Offset

Equation (5.19) requiresthat the turntable start at its0° position, whichiswhen point Qinfigure 5.8
isaigned with its positive x-axis. In this position, the vertical displacement y= 0 becausesin0=0.
If we wish to be able to start the turntable at any orientation, we must introduce away to specify
its starting position in (5.19). If we don't start with 8 = 0, y will have a nonzero initial value.

Let's define a constant ¢, which is the phase angle (or phase offset or phase shift) of the turn-
table's starting position. The vertical displacement of the cone's shadow at time t with phase offset ¢
can then be written as

y=Asin(ot +9¢), (5.22)

where ¢ defines a constant offset from 0°. It can take on any positive or negative real value. For
instance, suppose we set ¢ = /2. Notein figure 5.10 that sin(n/2) = 1. Then at timet =0,

y=Asn(ot + /2) = Asn(n/2) = A.

Thismeansthat at t = O the turntabl e starts rotating with the cone positioned at the top of the turn-
table, which isrotated 90° counterclockwise from the previous starting position.

54.3 Waveength

The physical length of awaveform period, its wavelength, depends upon the medium through
which thewaveistraveling and itsfrequency. In air, sound wavestravel at about 340 m/s (approx-
imately 1100 feet per second) at atemperature of 20°C (see section 7.4).

So afrequency of 1 kHz in air has awavelength of approximately

1second 340 meters
1000 periods  1second

= 0.34 meters per period,

or

1second 1100 feet
1000 periods  1second

= 1.1 feet per period.

Note how these three measurements are interrel ated.

isameasureof . .. ismeasuredin . .. unit
Periodicity duration seconds/cycle seconds
Frequency how rapid or how often cycles/second hertz

Wavelength length meters/period meter
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5.4.4 Velocity of Simple Harmonic M otion

How can we characterize the velocity of an object moving in simple harmonic motion when both
thedirection and speed of such an object changethrough time asthe object vibratesback and forth?
Since harmonic motion is the projection of circular motion, we should be able to understand the
velocity of harmonic motion by thinking more about tangential velocity.

Figure 5.12 shows the projection of tangential velocity v of an object on the edge of aturn-
table. By a combination of geometry and trigonometry (see appendix A), we see that the
velocity v of the shadow that is projected on the screen isjust the y-axis component of the vector vy,
that is,

V=V C0oS0, (5.23)

where 6 = wt.

Recall from (5.14) that the tangential velocity vy isrelated to the angular velocity o by vi=ro.
Let's substitute amplitude A for radius r, so now v; = Aw. Substituting Aw for vy in (5.23), we
obtain the vel ocity of simple harmonic motion:

v=Am cos 0 = Aw cos mt. (5.24)

Thistells us that even though an object on arotating circle moves with uniform circular motion,
the velocity of its corresponding simple harmonic motion is not uniform. The velocity constantly
varies between maximum and minimum values through time sinusoidally. When 6 equals exactly
90° or 270°, velocity is exactly 0, and the object in simple harmonic motion is momentarily sta-
tionary. Velocity is positive maximum when 6 equals 0, and at that point it equals

v=Ao. Maximum Velocity of Smple Harmonic Motion (5.25)

Velocity is negative maximum when 6 equals 180°.

‘ -
v v 6\ VT
-
A
-
c
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S
Lz -€
Figure5.12

Projection of tangential velocity.
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5.5 Energy of Waveforms

Equation (5.25) saysthat the velocity of an object vibrating in simple harmonic motion is propor-
tional to both the amplitude and the angular velocity of the corresponding unit circle. In other
words, simple harmonic motion—the projection of circular motion—uwill have higher velocity
either if the corresponding circular motion has alonger radius or if that radius turns faster. This
suggests that a mass moving in simple harmonic motion would have greater momentum if either
its amplitude or its frequency were increased.

In section 4.14, kinetic energy E, was shown asthe product of the mass mof an object timesthe
square of its velocity v, or E, = mv2. | used an automotive metaphor to show that doubling acar’s
speed quadruplesits energy. Now let’sapply thisunderstanding to amolecule of air zipping in and
out of someone’s ear as part of a sound wave impinging on their eardrum.

If theamplitude of awave doubleswhilethefrequency remainsthe same, the particle must cover
twi ce the distancein the same amount of time (viaone period of doubled amplitude). Or, if thefre-
guency of the wave doubles, the particle must cover twice the distance in the same amount of time
(viatwo periodsat the original amplitude). In either case, the energy of themoleculeof air hasqua-
drupled because the velocity of its simple harmonic motion has doubled.

If the wave in figure 5.13ais stretched out, it has the length shown in figure 5.13d. The wave
in5.13b, with twicethe amplitude of thewavein 5.13a, hasthe length shownin 5.13e. Wave 5.13c
has the same amplitude and twice the frequency of wave 5.13a, and its length also equals that
shown in 5.13e. Since the duration T of all three waves (5.13a, 5.13b, and 5.13c) isthe same, but
thelength of waves5.13b and 5.13cistwicethat of wave 5.133, clearly waves5.13b and 5.13c have
twice the speed of wave 5.13a. So we seethat awave's energy depends on both its amplitude and
its frequency.

Consider apoint ontheturntableinfigure5.12. If theturntable' sradiusisA, it hascircumference
d = 2rtA. Since, by equation (4.8), velocity isv = dit, the circular velocity of the point isv = 2rAlt,

b) 0)

d) Length of (a) €) Length of (b) and also the length of (c)

Figure5.13
Path lengths.
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which also can be written as v = 2nA - (1/t). Since, by equation (4.1), the frequency of rotation
isf= 1/, we can also write

V = 2iAf. Rotational Velocity (5.26)
Taking E = mv2 from equation (4.28) and substituting v from (5.26) yields

E = m(2rAf)?, Rotational Energy (5.27)

which confirms that wave energy depends upon both frequency and amplitude.

55.1 Measuring the Energy of Waveforms

Peak PressureLevel Perhapsthe easiest way to measurethe strength of awaveformisto examine
how its maxima and minima—its highest and lowest points—relate to the ambient pressure level.
Peak pressurelevel of asound waveisthedifference betweentheambient pressurelevel and themag-
nitude of either the maximum or minimum pressure level of the sound wave, whichever is greater:

o= max(|l,

1) =1a, Peak Pressure Level (5.28)

i

wherel ,ispeak pressurelevel, | ,isambient pressurelevel, |, isthehighest peak, and|_isthedeepest
trough. The operator |. . .| gives the magnitude of the enclosed expression, and the function
max(a, b, . . .) chooses the greatest value of its arguments. Figure 5.14 shows the peak pressure
level.

Peak-to-Peak PressureLevel Every sound recording device has some limit beyond which it
can no longer accurately represent the strength of the waveform being recorded, and waveforms
with peaks greater than the limit are distorted (see section 4.24.2). Modern recorders often contain
volume level meters that measure the strength of the recorded waveform based on (5.28) to help
the recordist prevent distortion. The peak-to-peak pressure level of awaveform isthe magnitude
of the distance between |, and | _:

lop = =1 Peak-to-Peak Pressure Level (5.29)

Why Average Pressure Level Doesn’'t Work  Peak-to-peak level shows the limits of a wave-
form’samplitude, but it does not always provide the best information about awaveform’s strength.
For example, arecording that is mostly silence except for abrief tone burst may have alarge peak

L Iop

S B

Figure5.14
Peak pressure level.
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amplitudeif the tone burst isloud, but thereislittle energy in the waveform over itstotal duration
becauseit is mostly silent.

Onemight try to get aclear picture of awaveform'’s strength by averaging the waveform’s pres-
sure over time, hoping to smooth out the peaks. But sound waveformsare usually evenly balanced
above and below ambient pressure, soin genera |, —1_= 0. Therefore, the mean value of most
soundsistypically closeto zero, and so average pressureisnot auseful way to measurethestrength
of awaveform.

RMSLevel Idedly,itwould beuseful to observethe power contained in the waveform because
power isthe energy in the waveform through time. But all we can easily measure with a micro-
phoneisthewaveform'’s pressure fluctuations. How can we derive ameasure of energy from pres-
sure? The key liesin recalling that there is a square relation between amplitude and energy.

The average value of cost over onefull period is0.0. The peak amplitude I, = |I,| = |I| of the
cosineis 1.0. The peak-to-peak amplitudeis|,, = 2.0 (figure 5.15).

Let §(t) = cost. Thereisatrigonometric identity (see volume 2, appendix A.4.1) that says

cos(a—b) + cos(a + b)

cosa cosb = 5
If we square s(t), then
s(t) = cos?t
= cost cost
_ cos(t—t) ; cos(t+1) (5.30)
_ 1+ cos2t
2

So, by (5.30), s(t) is a cosine wave at twice the frequency, offset by 1, and then divided by 2
(figure 5.16). Thisiswhat the original cosine waveform, shown in figure 5.15, looks like when
squared. Note that all values are now positive. The peak valueisstill 1.0. Itsmean valueis0.5.
Now let’stakethe mean val uefor thissquared waveform (0.5) and undo the effects of the squaring
operation. The square root of the mean value is 0.5Y/2= 0.707 . This is the root mean squared

s(t) = /i\ lpp = 2
S0

Figure5.15
RMS level.
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(RMS) value of thewaveform. So the RM Samplitudeof s(t) = 0.707 . Thisallowsusto say some-
thing useful about the average energy of asinusoid knowing only itsamplitude. Therelation of the
amplitudesisasfollows:

Average 0
RMS 0.71
Peak 1
Peak-to-peak 2

In general, if S(t) isasinusoid with peak amplitude A, then its RMS amplitudeiis A/,/2.

Because we used a sinusoid to derive RM S amplitude, this measureisonly valid for sinusoids.
In particular, it is not valid for time-varying waveforms. This, of course, leaves out all the inter-
esting real-world audio waveforms we'd like to measure with it. Nonetheless, this definition of
RMS iswidely used in practiced because, | suppose, it’s better than nothing. But there are more
sophisticated techniques to overcome this difficulty and find the true RM S value of arbitrary
waveforms (see volume 2, chapter 1).

Sound PressureLevel  Although the decibel scale was devel oped for sound intensity, we can adapt
it to measure sound pressurelevel . Equation (4.40) defined decibel sof soundintensity level (ABSIL) as

y dB SIL = 10log;, IT : dB SIL (5.31)

where | isareference intensity, and |1’istheintensity being measured. Recalling that intensity is
proportional to the square of amplitude, we can define decibel s of sound pressure level (dB SPL) as

AN?
10 lof —
glO(A)
A/
2.10-log,, &
J10 A
and
y dB SPL :20Ioglo'% , dB SPL (5.32)

where A is areference amplitude, and A’ is the amplitude being measured.
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Decibels of sound pressure level (SPL) correspond to twice the equivalent decibels of sound
intensity level (SIL). Where adoubling of intensity correspondsto an increase of 3 dBSIL, adou-
bling of pressure corresponds to an increase of 6 dBSPL. An intensity ratio of 10:1 equals
10 dBSIL and 20 dBSPL.

5.6 Summary

Uniform circular motioniscircular movement at aconstant speed. Simple harmonic motionisthe
projection of circular motion. Angular displacement istheanglethrough which arigid body rotates
about itsaxisof rotation. Counterclockwise angular displacement istaken to be positiveand clock-
wise angular displacement to be negative. The angle formed by aradius and an arc the length of
theradiusiscalled aradian. Measuring angles with radians simplifies many cal cul ations. Angular
velocity istherateat which angular displacement changes. Angular accel erationistherateat which
angular velocity changes.

By Newton'slaws, objectstend to travel in astraight line. To travel inacircular path, an object
must experience centripetal acceleration to overcome the object’s tendency to travel linearly.
Circular motion islinear velocity forward constrained by centripetal force toward a center. There
is no such thing as centrifugal force.

Simple harmonic motion of a pendulum or aweighted spring can berelated to uniform circular
motion via projection. Simple harmonic motion is the same as the projection of uniform circular
motion. The projection of simple harmonic motion through time generates sinusoidal mation.

An object on arotating circle moves with uniform circular motion, but the velocity of its cor-
responding simple harmonic motion constantly varies between maximum and minimum values
through time sinusoidally. The speed of an object vibrating in simple harmonic motion is propor-
tional to both the amplitude and the angular velocity of the corresponding unit circle.

Peak pressurelevel of asound waveisthe difference between the ambient pressurelevel andthe
magnitude of either the maximum or minimum pressure level of the sound wave, whichever is
greater. The peak-to-peak pressure level of awaveform isthe magnitude of the distance between
itslowest and highest point. Theroot mean squared (RMS) value of awaveformisauseful measure
of energy in asinusoid, calculated by squaring the waveform to derive its mean value and then
taking the square root of the mean value to determine the RM S value. Technically, this operation
isvalid only for sinusoids.

Sinceit’seasier to measure pressurevariationsin air than sound intensity, we adapt the decibel
of sound intensity level (dBSIL) to the decibel of sound pressure (dB SPL) by doubling the
dBSIL value.






6 Psychophysical Basis of Sound

Pongileoni’s bowing and the scraping of the anonymous fiddlers had shaken the air in the great hall, had set
the glass of the windows looking on to it vibrating: and thisin turn had shaken the air in Lord Edwards’
apartment on the further side. The shaking air rattled Lord Edwards’ membrana typani; the interlocked
malleus, incus, and stirrup bones were set in motion so as to agitate the membrane of the oval window and
raise an infinitesimal storm in the fluid of the labyrinth. The hairy endings of the auditory nerve shuddered
like weedsin arough sea; avast number of obscure miracleswere performed in the brain, and Lord Edwards
ecstatically whispered ‘Bach!’

—Aldous Huxley, Point Counter Point

The length of strings is not the direct and immediate reason behind the forms [ratios] of musical intervals,
nor istheir tension, nor their thickness, but rather, the ratios of the numbers of vibrations and impacts of air
waves that go to strike our eardrum.

—Galileo Galilel, “Two New Sciences’

We must distinguish carefully the ratios that our earsreally perceive from those that the sounds expressed as
numbers include.
—L eonhard Euler, “ Conjecture sur laraison de quel ques dissonances général ement regues danslamusique’

What has been said of sonorous bodies should be applied equally to the fibres which carpet the bottom of the
ear; these fibres are so many sonorous bodies, to which the air transmits its vibration, and from which the
perception of sounds and harmony is carried to the soul.

—Jean-Philippe Rameau, “ Generation Harmonique”

6.1 Signaling Systems

Supposeyou and | wereabout to play aduet. Inorder to start, | might signal you by saying, “ Ready?
One, two, three. . . "

For there to be a signal, there must be a source, a receiver, time, distance, and a medium—in
this case, air—which spans the distance and connects the source to the receiver. Altogether, this
congtitutes asignaling system. A signal isa physically detectable quantity such asthe pressure of
an acoustical wave that traverses a signaling system. More generally, asignal is a description of
how any one parameter varies with any other parameter. A systemis any function that produces
an output signal based on an input signal.
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Acousticsisthe study of signals and signaling systems where the mediumis air. The full treat-
ment of acoustics covers these elements:

= Source—how sounds are created, including the mechanics of vibrating systems of al kinds. If
only musical sources are considered, the subject is musical instrument acoustics.

= Medium—how sound behavesin air, including how sound istransmitted through air (spreading)
and what happensto it along theway if it encounters obstacles such aswalls (absorption and scat-
tering) that cause transmission losses. Scattering happens, for example, when a sound strikes a
wall: some is reflected, the rest is transmitted through the wall. Room acoustics is the study of
sound transmission in rooms. Interference from other sources produces an ambient noiselevel that
may block or degrade the reception of asignal by areceiver.

= Receiver—how we hear. If thisentire subject is acoustics, and what goes on between our ears
is psychology, then the subject of how we hear is psychoacoustics. The question of how objec-
tive measures of sensory stimuli relate to the subjective experience is the concern of psycho-
physics.

The propertiesof thereceiving end of the human sonic signaling system are coveredin thischapter,
and the properties of sources and media are covered in chapter 7.

6.2 TheEar

Consider the problemsthat our hearing helpsusto solve. The earsdetect, analyze, and classify bio-
logically interesting sounds: they compile spectral and temporal information of incoming signals,
parse them into various sources, localize these sources in time and space, and construct a model
of the auditory scene that surrounds us.1 In alecture | once heard, Albert Bregman characterized
our hearing faculty asfollows. Suppose we scraped out two minor indentations (representing our
ear canals) on the edge of avast |ake (representing our sonic environment) and installed two floats
inthem (corresponding to our ear drums). Supposethat by simply observing how thewaves moved
the floats up and down, we were somehow able to understand everything that was happening in
thelake—to correctly identify boats going by, to note their position, to distinguish boats from fish,
wind, reflections, and so forth. Our hearing effectively carries out all these functions and others
with little more than thiskind of arrangement.

The auditory system is attuned not only to listen to certain sounds but to ignore sounds that are
not biologically relevant. Such sounds include ambient noises and the effects of sound reflection,
refraction, and diffusion, which together can produce ugly distortions of a sound source. If we
notice these secondary signals at all, it isto use them constructively to characterize our acoustic
environment. No information is wasted by the auditory system. If we add to this the fact that our
auditionisalso capableof carrying usaway intransportsof rapturewhenwehear music that moves
us, thisis an extraordinary faculty indeed.
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Schematic diagram of the human ear.

Figure 6.1 isasimplified drawing of a cross-section of one human ear showing the outer ear,
middle ear, and inner ear.

6.2.1 Oute Ear

The outer ear consists of the pinna (the part that sticks out from your head), the auditory canal
(meatus), and the eardrum (tympanum).

Thefunnel-shaped pinnahel ps collect sound from the environment. Itsshape modifiesthearriving
frequency information depending on the direction of the sound source, imprinting directiona clues
that weuseto identify thelocation of the source. Even the shape of thehead and torso and thedistance
between the ears influence how we identify direction. Frequencies around 3000 Hz are transferred
most efficiently by the mesatus, and this is the frequency range of our greatest hearing sensitivity.

Thetympanum isbent by theforce of arriving sound and transmitsthe motion to the middle ear.
Although it vibrates most easily between 1 and 3.5 kHz, it transmits sound to the inner ear over
the entire audible frequency range.2 It hasaconical shape, ahighly detailed and fibrous structure,
and an angular placement inthe ear canal. The function of the eardrum and themiddle ear isto pro-
vide mechanical advantage to resolve the mismatch between the density of air in the outer ear and
thefluid of theinner ear. Without thisimpedance matching, very little acoustical energy would be
absorbed by the inner ear and hearing would be severely limited. It is still largely a mystery how
the tympanum accomplishes this task over such awide frequency range.

6.2.2 MiddleEar

The middle ear isthe chamber immediately behind the tympanum. It is connected to the throat by
the Eustachian tube, which allows air pressure behind the tympanum to normalize to external air
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pressure. A mechanical linkage system couples vibrations arriving at the tympanum to the inner
ear, consisting of three tiny bones called ossicles, known as the hammer (incus), the anvil
(malleus), and the stirrup (stapes), named for their shapes. The hammer is attached to the tympa-
num, and the stapes is connected to the oval window |leading to the inner ear.

Sincetheouter ear isin air but theinner ear isinfluid, the density difference between themwould
alow very little energy from the air to penetrate into the inner ear were it not for the leverage pro-
vided by the ossicles. For instance, go to aswimming pool and have afriend talk to you asyou put
your head under water. You might still be able to hear your friend as your head goes under, but the
sound isweak and muffled. Most of the sound from your friend’ s voice bounces off the water, back
intotheair, because of thedifferencein density between thetwo media. Themiddleear passesalong
sound energy to theinner ear by providing amechanical leverage of about 25t0 1 using the ossicles
to movethe denser inner ear fluid. That is, the middle ear matches the impedance of air to theinner
ear fluid (seevolume 2, chapter 8). Most of themechanical energy present inthetympanumistrans-
mitted efficiently to the inner ear, although the outer ear and middle ear transfer frequenciesin the
range of 1-3.5 kHz about 50 times more efficiently than frequencies outside this range.3

Acoustic Reflex and Temporary Threshold Shift  The middle ear also has afew small mus-
clesthat can temporarily protect theinner ear from intense sounds. The stapedius muscle reduces
the mobility of the ossicles by pulling the stapes to the side. These muscles are activated by the
bilateral acoustic reflex within about 10-20 ms of when sound pressure exceeds 90-100 dB. The
acoustic reflex provides about 20 dB of protection. However, the response time for this reflex is
about 3040 ms after the sound has started, and full protection takes up to about 150 ms longer.
Theroutefrom the auditory nervesto the stapediusis hardwired in the brain, so the acoustic reflex
isordinarily below cognitive control (although some individuals, including the author, can volun-
tarily activateit). Thus for explosions and gunfire, damage to the ear can take place before these
natural protections come into play. This strongly suggests the use of artificial noise suppression
viaear plugs where explosive sounds are a possibility.

The tensor tympani muscle is attached to the malleus and increases the tension on the eardrum
aspart of amoregeneral acoustic reflex toloud soundsthat cantakeaslongas 1 or 2 seconds. These
systems are not fail-safe protections. Extended exposure to loud sounds (in excess of 100 dB or
so) fatigues these muscles, reexposing theinner ear to punishing sound levels and risking hearing
damage. However, our earsdo not alert usto thiscondition. Instead, another longer-term protective
mechanism comesinto play, thetemporary threshold shift (TTS),4 whereby our hearing gradually
adjuststo ongoing elevated intensity levels, and we lose the sense that the sound istoo loud. If the
hair cellsare not allowed to recover through periods of relative quiet, they gradually losetheir abil-
ity to respond, and they die, resulting in permanent hearing loss, or permanent threshold shift.
In addition to damaging the auditory mechanism, noise may contribute to loss of sleep, tension,
headaches, reduced vision, sexual impotence, heart disease, and even mental illness (Cohen,
Anticaglia, and Jones 1970). The moral:

Too much noiseis bad for you!
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6.2.3 Inner Ear

The stapes connectsto the oval window at one end of the cochlea, afluid-filled tube that connectsto
the auditory nerve. The cochleais a coiled double tube, connected at the center. Figure 6.1 showsit
uncurled. One end of the double tubeis the oval window, the other end is around window, which is
also covered with amembrane. The oval window side of the cochleaisthe scala vestibuli. Theround
window side of the cochleaisthe scala tympani. At the apex of the cochleg, these two scalaare con-
nected by anarrow aperture, the helicotrema. Thetwo scalaarefilled with perilymph, whichissimilar
to cerebra spinal fluid. Asthe oval window isvibrated by the stapes, the perilymph moves back and
forth. The membrane over the round window is pushed in and out in a complementary motion.

The scala vestibuli and scala tympani enclose the scala media, filled with endolymph, similar
tointracellular fluid. Within the scala mediaisthe organ of Corti, which isthe receptor organ for
hearing. It rests on part of the membranous labyrinth, the basilar membrane.

6.2.4 Baslar Membrane

The basilar membrane runs down the center of the cochlea. About 30,000 hairlike receptor units
called hair cells (cilia), are attached to it along its length. On the other end, the hair cells are
anchored to the more stable tectorial membrane. The hair cells connect the two membranesalong
their entirelength. Thereisarow of inner hair cellsand several rowsof outer hair cells. Theinner
hair cells provide most of the afferent information to higher neural centers.

Thebasilar membranevibratesunder the pressure of the perilymphinresponseto sound. Itisthin-
ner, stiffer, and narrower at the base of the cochlea than at the apex. Imagine a guitar string that is
thicker at one end than the other: the thin end will vibrate more readily at high frequenciesthan the
thicker end. Thus, for apuretone of given frequency, only onerelatively narrow region onthe basi-
lar membranevibrates sympathetically. Low frequenciesvibrate the perilymph mostintensely at the
apex of the basilar membrane, and high frequencies vibrateit most intensely near the oval window.
Thus, the position along the basilar membrane encodes frequency for theauditory nerve. Inthelan-
guage of psychoacoustics, the basilar membrane transformsfrequency to place. According to ideas
originaly put forth by G. S. Ohm and Helmholtz, the basilar membrane was thought of as a kind
of spectrum analyzer that maps frequency to position. Figure 6.2 shows a map relating frequency
to position along the basilar membrane. As the basilar membrane is vibrated, the hair cells are
sheared back and forth between the tectorial membraneand the basilar membrane. Hair cellsreceiv-
ing significant movement trigger an eectrical signal that is transmitted to a nerve lying under the
organ of Corti. These neurons transmit signals back along the auditory nerve to the brain stem.

Figure 6.2 showsthat about half of the basilar membraneisused to encode frequencies between
25 Hz and about 1.6 kHz. All the remaining frequencies in the range of human hearing—from
1.6 kHz to about 20 kHz—fit into the remaining half of the area. Perhapsnot surprisingly, we have
greater difficulty discriminating higher pitches than lower ones.

Place Theory If thefrequency of atone doubles, the position of maximum displacement along
the basilar membrane moves toward the oval window by aconstant amount. This suggeststhat the
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Frequency response of the basilar membrane. (Adapted from Békésy 1960.)

basilar membrane encodes frequency ratios, not frequency differences. Hereis physiological evi-
dence of the logarithmic relation between pitch and frequency: the basilar membrane uses alog-
arithmic encoding for pitch. This observation, the place theory of pitch, holdsthat thereisadirect
relation between the frequency presented to the basilar membrane and the place along its length
that is displaced most strongly. More generaly, the place theory holds that there is a tonotopic
mapping between the basilar membrane and an associated region of the auditory cortex that per-
forms frequency discrimination based on the topology of the basilar membrane.

Frequency Sharpening But thereis at least one problem with the frequency-to-place theory.
The curvesin figure 6.2 suggest that our ability to discriminate between two close frequencies
should bemuch poorer thanit actually is. Infact, our hearing doesamuch better job than onewoul d
predict from the passive mechanics of thebasilar membrane. Kachar et al. (1986) discovered apos-
sible explanation. They observed through video microscopy that outer hair cells change length in
response to nerve stimulation. Ashmore (1987) stimulated asingle outer hair cell and observed its
length change substantially. The effect persisted at frequencies into the kilohertz range. Current
thinking isthat outer hair cellshelp to sharpen thetuning of the basilar membrane by affecting how
it vibrates, directing and focusing the responsiveness of the inner hair cells. It seems that sound
analysisin the cochleaisinfluenced by a dynamic neurophysiological feedback process.

6.3 Psychoacoustics and Psychophysics

The aim of this section isto develop a simple model of the hearing system. The psychologically
relevant characteristics of music include pitch, loudness, timbre, duration, amplitude envel ope,
spectral envelope, consonance, volume, rhythm, vibrato, and sound location information.

Psychoacoustics is the science of how we perceive sound. An interdisciplinary field, it draws
upon physics, biology, psychology, engineering, and music. Psychoacoustics starts with the basic
subjective attributes of sound aswe perceiveit and seeksto understand the waysthese perceptions
relate to each other.
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Psychophysics focuses just on the crossover point where physics leaves off and psychology
begins—wherethe objectively observable stops and the subjective starts. Itsaim isto devel op met-
rics that relate the external physical variables of sound (the @ variables) to the internal psychoa-
coustic variables (the ¥ variables).5 For example, the @ intensity of a sound can be quantified
easily by direct measurement (see section 4.24). The corresponding ¥ variable is loudness. The
idea that the W variables could be quantified was first suggested by G. T. Fechner in the 1860s
(Allen and Neely 1997).

6.3.1 Science and Perception

Several problems exist in developing objective measures of our perceptions of sound and
music.

= Subjectivity Objective measurement isacornerstone of the scientific method, but perception
of music and sound is subjective and not directly avail able to objective measurement. For exam-
ple, it would be nice to have an objective measure that relates ® sound intensity to ¥ loudness.
But we can no more directly apply objective measurements to subjective states than we can
develop athermometer for happiness. Subjective statesareonly indirectly availablefor objective
observation.

= Nonlinearity W variablesare often not linearly proportional to their corresponding @ variable.
Pitch and loudness are cases in point.

= Nonorthogonality W variables often influence each other in quixotic and counterintuitive
ways. For instance, @ frequency clearly has a major impact on W pitch perception, but @ sound
intensity also hasanimpact on W pitch. Intwo-dimensional Cartesian space, thexandy dimensions
are orthogonal and x and y can vary independently. Pitch and loudness are nonorthogonal .

6.3.2 SciencelsLimited

Psychoacoustic research must rely on experimental methods that externalize the inner experi-
ences of listeners. We can use such information to construct model s of how human hearing func-
tions. But there are many problems with this approach. For example, there is the problem of
reconciling differing results due to conflicting experimental methodol ogy. Suppose we conduct
loudness experiments using noise bursts as stimuli; how do we relate our results to another
experiment that used pure tones? How do we relate either of these to an experiment that used
orchestral instruments? This is like surveying the ocean by sampling its depth in only a few
places. What if in one experiment we ask subjectsto evaluate how “ agreeable” amusical interval
is, but in another we ask how “consonant” theinterval is? How shall we reconcile such semantic
differencesin experimental design? Psychologiststhus face aproblem not unlike that described
in the ancient tale of the blind men and the elephant.6 Anyone following the progress of science
must live with the suspense of an unsolved mystery. To those who are not a part of the conver-
sation, scientific discourse can be very much like tuning into a heated talk radio program—in
Greek.
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6.3.3 SciencelsMessy

The ideas devel oped by science that seem effective usualy result in abody of explanatory liter-
ature that describes the mind-set, or paradigm, that these ideas represent. Upheavals in this
mind-set occur at unpredictable intervals when new, more expressive models of the subject
emerge. The valid kernels of truth within the old paradigm (if they exist) are incorporated as a
component of the new paradigm. However, itisnot alwaysthe case that anew paradigm issimpler
thantheold; it may assert theimportance of previously ignored or undiscovered elements, thereby
actually complicating matters.

Sometimes the discarded elements of old mind-sets persist long after they are shown to belim-
ited or erroneous. For whatever reason—socia convenience or aesthetics—they linger on. An
exampl e of this phenomenon isthe so-called psychophysical law that claimsthat the relationship
between @ intensity and 'V intensity is aways|ogarithmic. By this“law” the multiplication of ®
intensity by some amount purportedly always produces a corresponding addition to the perceived
¥ intensity. This concept is often associated with Weber’s law,” which says that as the intensity
of a stimulus increases, the ability to detect a difference between two levels of the stimulus
decreases. In fact, | tacitly referred to this when | described the motivation for constructing the
decibel scalein chapter 4.

Unfortunately, the rationale behind the decibel scale as a measure of loudnessis inadequate at
least in part becauseit ignoresthefact that our hearing variesinitssensitivity to different frequency
andintensity ranges. Decibel measureisn’t used anymoreto measure W intensity, but itisstill valu-
able as a measure of @ intensity in engineering disciplines, for instance, in designing and using
recording equipment.

| suppose we could come up with a crude metric of the complexity of a subject by tallying up dl the
partiad explanationsand conflicting theoriesthat are currently extant about it, and then multiplying that
by the number of years scientists have been studying the problem. The development of a scientific
model of human hearing hasbeen under way for at least 140 years, sincethe early work of Fechner, and
wearestill nowhere near having an established body of laws. By this measure a onewe can seethat the
auditory system is hugely complex, containing redundancies, contradictions, and even deceptions.

Some things, such as the outer limits of loudness and pitch, are by now well established. How-
ever, though | try to restrict this discussion to just the settled facts, there is no mistaking this ter-
ritory for the comforts of home. The best advicel can offer to theinterested reader isto buy aradio
and start learning Greek!

6.4 Pitch

Pitch is the subjective W variable corresponding most closely to the objective @ variable fre-
guency. Pitch is sometimes called the response patter n to frequency. But there’sno simple equal -
ity between them. While our sense of pitch is roughly proportional to frequency, it is also
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influenced by frequency range, loudness, and the presence or absence of other frequencies.
Another differenceisthat pitchislimited to our range of hearing (17 Hz to 17 kHz) but frequency
isunlimited.

A commonly quoted definition of pitch given by the American National Standards Institute
(ANSI 1999) says, “Pitch is that auditory attribute of sound according to which sounds can be
ordered on a scale from low to high.” Unfortunately, stipulating precisely what “that auditory
attribute” isturns out to be surprisingly complex.

A sound ispitched if itswave shapeis highly redundant through time. Otherwise we hear noise.
Even apitched tone must have a certain minimum duration for its pitch to be perceived; otherwise
it is heard as a click. Tones with rich harmonic spectra will appear to have a more definite pitch
than sinusoids, simpler harmonic spectra, or i nharmonic spectra. Very complex inharmonic spectra
may appear to have several pitches. In the case of large bells, the fundamental, or hum note, is not
the same as the perceived pitch of the instrument, the strike note.

6.4.1 Pitch Perception

G. S. Ohm (1843) first put forward atheory that the ear derives pitch by performing Fourier anal-
ysis on acoustical signals (see volume 2, chapter 3). Ohm'’s theory, sometimes called Ohm's law
of acousti cs, which he devel oped just after Fourier’soriginal work, was perhapsthefirst place the-
ory of pitch. One of the predictions of thistheory isthat the ear should be relatively insensitive to
phase information, which has been shown generally to be true.

But place theory fails to account for how the ear organizes frequency components into tones
instead of hearing all frequencies as unique pitches. Also, because of the nature of the Fourier
transform, placetheory impliesaone-to-one correspondence between frequenciesin theacoustical
signal and pitchesthat the ear should detect. But we sometimes hear phantom pitches where there
isno energy in the signal. How can that be?

TheMissing Fundamental Theplacetheory of Ohm hit amajor stumbling block with an exper-
iment performed by August Seebeck (1841). Suppose | play two tonesfor you: oneisapure sinu-
soid, the other is pitched but complex (having many harmonics). You can adjust the pitch of the
puretonewith aknob. Your jobisto adjust the pitch of the pure tone to match the pitch of the com-
plex tone. It is virtualy certain that you will adjust the frequency of the pure tone to the funda-
mental frequency of the complex tone even if there is no measurable energy at the fundamental
frequency (see section 2.8.1).

Suppose the partials of the complex tone are 300, 400, and 500 Hz. You will most likely dis-
tinctly hear a“fundamental” at 100 Hz, the greatest common factor of the overtones. You will not
hear an inharmonic tone with fundamental at 300 Hz. So convinced are our ears of the ubiquitous
phenomenon of afundamental with harmonics at integer multiples that even if thereis no funda-
mental, our hearing is hardwired to invent one. This means that Ohm’s theory, which requires a
one-to-one correspondence between frequencies and pitch, runsinto the contradiction of a pitch
with no corresponding frequency.
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The phenomenon of the missing fundamental iswhat enables usto hear satisfying music come
from the tiny speaker of atransistor radio: our hearing invents the fundamentals that the speaker
can't reproduce.

Periodicity Theory Theexplanation that Seebeck provided as a substitute for Ohm'’s place the-
ory came to be called periodicity theory. It was developed further in the 1940s by Schouten,
Ritsma, and Cardozo (1962). Thistheory supposes that the neural signalsfrom the cochleato the
brain encode timing information rel ated to the phase of the acoustical signal and that the brain has
some means of measuring time intervals.

Periodicity theory notes that the combination of several high harmonics can sum to create a
waveform with prominent time domain features whose period isthe same asthat of their common
fundamental . Thisway, apitch period-measuring capability in the brain would get more or lessthe
same information from atone with or without a fundamental.

Periodicity theory also explains why amplifying the electrical activity in the auditory nerve
resultsin an electrical signal similar to the acoustical signal presented to the ear.

However, itisneurologically impossiblefor neuronsto fire morerapidly than about 1 ms, called
the absolute refractory period. So periodicity theory runsinto trouble for pitches above 1000 Hz.
Another difficulty is that periodicity theory would lead us to expect the ear to be quite sensitive
to the phase of the harmonics in complex tones. However, place theory—that the ear largely
ignores phase—agrees very well with experiments. Ohm had suggested that perception of sound
depends only on the distribution of energy among partials and does not depend upon differences
of phase. The physical demonstration of this was considered a major accomplishment of
Helmholtz, and the theory was effectively unchallenged for a century.

Beyond the Peripheral Theories Clearly, place and periodicity theories have merit and also
liabilities. Both suppose that acoustical processing occursin the periphery of the auditory system:
the basilar membrane and lower nerve centers of the auditory cortex. So these theories are called
jointly the peripheral theories.

The main drawbacks of the peripheral theories are (for periodicity theory) sensitivity to the
phaserel ationship between partials, and (for placetheory) theimpossibility of explaining themiss-
ing fundamental in spectral terms.

Also, experiments with dichotic signals (where different information is sent to each ear sepa-
rately via headphones) have demonstrated a necessary role for the brain in pitch detection.
Houtsmaand Goldstein (1972), for example, demonstrated that we still manage to hear a missing
fundamental even if some harmonics are sent to one ear via headphones and different harmonics
of the same fundamental are sent to the other ear. This shows that the brain must be the agent that
combines the harmonics to determine the fundamental, because if thiswere handled peripherally,
we would hear different pitchesin each ear rather than a single fused tone.

Difficulties with peripheral theories and experiments with dichotic signals led researchers to
central processing theories of pitch perception that emphasize central processing conducted in
the brain (Goldstein 1973; Wightman 1973; Terhardt 1974). These theories presume that
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pattern-matching systemsin the brain search for order inthe components arriving from the periph-
eral auditory system. Pattern matching accounts well for our ability to detect the fundamental of
stretched harmonicsof apiano tone, and to dig harmonicinformation out of intensely noisy signals.

Assuming higher neural processing for pitch perception also helps explain the fact that we can
learn pitch discrimination. When | taught solfeggio and sight-singing in college, | observed over
the course of the semester that students’ capacity to discriminate and categorize pitch improved,
sometimes dramatically. (See section 9.22 for adiscussion of self-learning neural systems.)

Pitch perception remains one of psychoacoustics' longest-running controversies, with an unbe-
lievable number of competing theories. Perhaps the theoretical difficulties are a consequence of
the importance of pitch perception to survival. A faculty this critical to life can’'t be entrusted to
only one adaptation; redundancy and competitive analysisin both the periphery and the brain are
required.

6.4.2 Range and Quality of Pitch Sensation

When | indicated that therange of hearingis20 Hzto 20 kHz, that wasjust to throw out someround
numbersthat are easy to remember. Infact, theboundariesarefuzzy and vary enormously with age,
gender, and life experience.

At the top end, ayoung person in good health might be able to hear up to 17 kHz or so. Adults
lose the top end until, nearing old age, it might be down to around 12 kHz for women and 5 kHz
for men.

Pitch discrimination drops off above about 5 kHz for all of us, which perhaps explainswhy few
musical instruments are designed to intone beyond that range. The highest note on the pianoisC8,
4186 Hz.

Atthelow end, soundsbel ow about 30 Hz become progressively harder to hear ashaving apitch.
Below that frequency, we start to feel sound as physical impact. The lowest note on the piano is
AQ, 27.5Hz.

Therange of finest perception both in terms of pitch and loudnessis between 1 kHz and 4 kHz,
which coincidently is where most speech information occurs.

6.4.3 Just Noticeable Difference of Pitch

Two important attributes of aruler areitslength and the fineness or precision of measurementsthat
can be made with it.8 If the range from lowest to highest frequency the ear can hear corresponds
to the length of somekind of ruler, then to what perceptual quality doesthe precision of measure-
ment correspond?

If the difference between two pitches is not noticeable, we judge them subjectively to be the
same, whether they are physically the same or not. Recall that Euler wrote, “ The sense of hearing
is accustomed to identify with asingle ratio, all the ratios which are only dightly different from
it, so that the difference between them be almost imperceptible”

Effectively, pitches must differ by aminimum threshold for usto distinguish them. Thisthresh-
old isthe just noticeable difference (JND) of pitch. The pitch JND isthe measure of sensitivity of
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the ear to changesin pitch. It issometimes called the pitch difference limen, or pitch DL. How well
the ear can distinguish between adjacent pitches determines the precision of our hearing.

6.44 TheWeber-Fechner and Stevens Laws

Interestingly, the size of the pitch IND isnot constant. The JIND of high frequencies coversalarger
span of frequenciesthan the IND of low frequencies. Attributed to Ernst Weber, theJND isaclas-
sic psychophysical invention that has been applied not just to the senses (e.g., color and taste) but
eventotheprice of houses. Ingeneral, Weber observed that the greater the magnitude of astimulus,
the greater must be the change in that stimulus before any difference is detected.

Weber’slaw correctly predictsthat the just noticeable difference of pitch growswith increasing
magnitude (greater magnitude means, inthis case, higher frequency). If we call the size of the IND
Al and the magnitude of a comparison stimulus |, Weber's law says that

ATI — Kk Just Noticeable Difference (JND) (6.1)
where k is a constant of proportionality. The parameter k takes on different values for different
sensory stimuli.

Gustav T. Fechner (1801-1887) based hiswork on Weber’s IND but refined it by suggesting that
for many percepts (including pitch and loudness), a geometric increase in ® magnitude is per-
ceived asan arithmeticincreasein ' magnitude. Thus, ¥ magnitudeincreasesin proportion to the
logarithm of the ® magnitude, and large changesin ® are compressed into smaller changesin V.
Fechner’'s law can be expressed as

b4

—— =Kk, Weber-Fechner Law (6.2)
log®

where ¥ isthe magnitude of the sensation, @ isthe magnitude of the stimulus, and kisthe constant
of proportionality. It was Fechner’'s work that led to the theoretical underpinnings of the decibel.

Experiments have shown that the Weber-Fechner law works better for some stimuli than others
and generally works best for stimuli of medium intensity. Stevens (1962) generalized the
Weber-Fechner law so it could be applied more widely. He suggested that ¥ magnitude increases
in proportion to the ® magnitude raised to a power:

¥ _ k, SevensLaw (6.3)
oP
where V¥ is the magnitude of the sensation, @ isthe magnitude of the stimulus, p isits exponent,
and k is a constant of proportionality.

A logarithm and apower function can be madeto resemble each other if the exponent isbetween
Oand 1. For example, comparecurves1and 2 infigure 6.3a. Curve 1 isapower law approximation

of the Weber-Fechner log curve 2. Since even in the best of circumstances we can only estimate
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Comparison of the Weber-Fechner law and the Stevens law functions.

the /@ relation (because W is subjective and we can’t objectively measureit), thetwo approaches
are reasonably interchangeable. However, for stimuli such as the apparent length of an event, the
degree of compression between ® and ¥ domainsis |ess than the Weber-Fechner law would pre-
dict and may be better modeled with a power exponent greater than 1. In these cases, ® changes
can produce equal or even larger changesin Y. In cases like this, the Stevens law, illustrated in
figure 6.3b, provides aricher range of mappings to experimental data and has been widely used.

6.4.5 Determining Pitch JND

How are such metrics established experimentally? For exampl e the pitch IND can be determined
asfollows. Suppose| play aseguence of two sinusoids, both with the sameloudness. Thefirst tone
hasaconstant pitch; the second tone hasasmall vibrato. Thisallowsyou totell thetwo tonesapart.
Asthe subject of the experiment, you must tell me each time whether the pitch of the second tone
is“above’ or “below” thefirst. (Saying, “the same” is not an option.)

This process is a simplified version of the experimental method called two-alternative
forced-choice (2AFC). If the difference between the tonesislarge, your judgments will tend to
be categorical. But where the difference is slight, your answers will become increasingly arbi-
trary, and when the frequencies are too close to be distinguished, your answers will be effectively
random (right approximately half thetime). The experimenter examinesyour responses, looking
for the range over which your responses transition from 100 percent correct to random (50 per-
cent correct). The midpoint of thistransition zone, around 75 percent, istaken to be the IND at
that frequency.

Such amethod could tell usthe IND of any frequency, but only for sinusoids (becausethat’s all
we tested with). What about other sounds—sustained sounds, short sounds, sounds with varying
pitch, sounds with steady pitch or quickly varying pitch, simple sinusoids vs. complex tones? If
complex (read: musically interesting) tones are used, which complex tones shall we compare? All
these parameters (and more) will have an effect on the pitch IND we end up measuring.
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Figure 6.4
Just noticeable difference for pitch. (Adapted from Roederer 1973.)

Psychophysicists have traditionally taken a bottom-up approach to such questions. If they can
get atheory right for simple steady-state sinusoids, they figurethey can useit later to explain more
complex phenomena. | must say, asamusician, | am alwaysdisappointed by thisapproach because
it seems that the elementary results of psychophysics are almost uselessly simplistic in realistic
musical situations. Onthe other hand, correct but limited knowledgeisbetter than none (andiscer-
tainly a big improvement on erroneous information or superstition).

The JND of pitch has been found experimentally to depend not just upon frequency but also
upon intensity and duration as well as the rapidity of frequency change. The heavy linein fig-
ure 6.4 showsthe pitch IND for constant-intensity (80 dB) sinusoidswhose frequency was slowly
and continuously modulated up and down. The light lines show several IND thresholdsfor refer-
ence: 0.5 percent and 0.6 percent, 1 percent and 3 percent. We observe that the heavy line mostly
lies between 0.5 percent and 0.6 percent.

The figure shows frequency f on the x-axis and the corresponding detectable frequency differ-
ence Af onthey-axis. Theratio of Af/f, sometimescalled the frequency resol ution of the ear, shows
the pitch IND for frequencies between about 30 and 5000 Hz. The closer thislineisto the x-axis,
thesmalleristhe IND. For example, wedon’t seemto noticeadifference of lessthan 5Hz around
1 kHz; thus the IND, expressed as a percentage, is 0.5 percent at 1 kHz. We also don’t seem to
notice adifference of lessthan +30 Hz for tones around 5 kHz, or 0.6 percent.

Note also that

= Thelow and high ends have wider INDs, and the bottom end is worse than the top end.

= The most acute region isfrom 1 to 3 kHz, where the IND is about 0.5 percent of the frequency.
For reference, that's about one twelfth of a semitone, or 8.3 cents (see section 3.4).

= Rapidly changing frequency fluctuations can produce JNDs up to 30 times as small.
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= Shorter-duration tones produce larger JINDs.
= Frequency resolution of the ear is relatively independent of sound intensity.

JINDs aso depend agreat deal upon the individual s tested and their degree of musical training as
well as upon the methods used to measure the JNDs.

6.4.6 Interval Perception

| suggested that we could compare pitch JND to the tick marks on aruler, but, like all analogies,
thisonehasitslimits. Wouldn't it be convenient if our earsmeasured pitch difference asthe number
of INDs between pitches? Alas, it isnot so, and it really can’t be if we think about it.

While pitch IND gives us an understanding of pitch similarities, the IND provides no informa-
tion about how we judge pitch differences. The only thing that IND knowledge contributesto this
subject isthat pitcheslying inside a IND are experienced as the same while pitches lying outside
aJND are experienced as different, but IND says nothing about the quality of that difference. We
must address this question separately.

Suppose | play apair of sinusoids, one fixed, the other beginning in unison with it but diverging
fromit by slowly gliding up in frequency. We might hypothesi zethat just asthe difference between
two points constantly increases as the points diverge in space, so too the ear should experience a
constantly increasing difference in frequency as a constantly increasing difference in pitch.

This hypothesisis partly true. We hear the tone height of the pitch that is gliding up continue
to grow. However, ever more widely separated pitches do not always sound increasingly different,
as one would expect if the only thing the ears paid attention to was the number of JNDs between
pitches. Instead, as the distance reaches a doubling in frequency, the tones begin to sound alike
again, asthey did when they werein unison. This perception repeats at each subsequent frequency
doubling, an effect called octave equivalence (see section 2.3.3). The equivalence is felt so
strongly that virtually all musical scalesaround theworld are organized around the 2: 1 ratio of the
octave, and pitches related by octaves are virtually always given the same name.

Interestingly, the octave, as a physical frequency ratio of 2:1, always corresponds exactly to
the subjective pitch difference of an octave, making the octave a rare instance where objective
and subjective measurements seem to match exactly. Perhaps this symmetry between object
and subject iswhy pitch is the element of hearing most heavily relied upon to convey musical
information.

All thissuggeststhat pitchismorethan aone-dimensional sense of high and low. Révész (1954)
developed a two-component theory of tone, suggesting that there are at least two principal inter-
locking structuresin pitch:

= Thelinear span of JND pitch differences from the bottom to the top of our hearing range, which
he called tone height.

= The circular span of interval differences within the compass of each octave, which he called
chroma. Chroma refers to the position of atone within an octave.
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Figure 6.5
Tone height and chroma.

We can reconcile the concepts of tone height and chromain two dimensions (Shepard 1982).
Figure 6.5 represents tone height along the y-axis and chromaas an angle on acirclein the x-axis
and z-axis. The combination results in a helix. The movement of a sinusoid from C4 to C5, for
instance, is represented as a movement upward in tone height but as areturn to the starting angle
in chroma.

Octave equivalence is perhaps just a very strong instance of interval affinity. Similar intervals
are highly identifiable—a trait much exploited by musicians. Fourths show “fourthness’ and
fifths show “fifthness’ regardless of their orientation in pitch space. Understanding the musical
qualitiesof affineintervalsisone of the subjectsof harmony theory, whichinturnisoneof the sub-
disciplines of music theory.

Thereremainsthe problem of how to actually construct useful musical scal esout of the continuum
of available pitches within the chroma. Ordinarily, musicians select asmall subset of intervalsfrom
the chroma, and these become the pitch classes of the scale. When the pitch classes are replicated
across each octave, they become the pitches of the available pitch space, or gamut. In the West, the
scale has 12 chromatic pitches. We can visualize the pitch space of the equal-tempered scale as
shown in figure 6.6, which is a projection of figure 6.5 along the y-axis.? Because humans can hear
ten or so octaves, the spiral shows ten revolutions, where the outer ones are the lower octaves. The
12 linesradiating out arethe 12 chromatic pitch classes of the Western scale. The set of pointswhere
the lines intersect the spiral form the gamut of pitches of the equal-tempered scale (see chapter 3).

To get afeeling for chromaand tone height, perform the following experiment on apiano: start-
ing from a low tone, play a sequence of major seventh intervals (separated by 11 semitones) up
the keyboard. For instance, C1, B1, As2, A3, G4, G5, and so on. You may hear an ambiguous
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Figure 6.6
Chromatic pitch space.

effect: though the pitch rises by sevenths, you might also be able to hear the sequence as though
it were decreasing by semitones. Whilethetones of amajor seventh interval arerelatively far apart
in terms of tone height, they are close together in terms of chroma. Hence, if you focus on tone
height, you hear the sequence ascend. If you focus on chroma, you hear it descend. Roger Shepard
noticed this effect in his early research, which led ultimately to his famousillusion.

6.4.7 Shepard Scalelllusion

Shepard (1964) wanted to test Révész’ stheory of tone height and chroma. If he could suppressone
of thetwo effects and the other effect still persisted, that would demonstrate that they are separate
perceptual attributes of pitch. In particular, if Shepard could suppress the sense of tone height,
chromashould beall that isleft. The helix infigure 6.5 would collapseinto acircle, and pitch judg-
ments would also become circular. He devised a demonstration of pitch circularity in 1964 that
proved Révész's theory. It has come to be known as the Shepard scaleillusion or Shepard tone
demonstration.

A set of ten sinusoids at octave intervalsis played as shown in figure 6.7. The frequencies glide
up smoothly together, rising continuousdly in pitch (in some versions, they rise by semitone steps).
Theintensity of thelow and high sinusoidsisincreasingly diminished, so the ear mostly hearsthe
sinusoidsin the middle frequencies (implemented as a Gaussian-shaped intensity contour). Asthe
top sinusoid goes off the top end of the hearing range, it gradually drops below the threshold
of hearing and anew sinusoid isintroduced from below. The whole effect is rather like the visua
illusion of abarber polein motion, or the impossible staircase of the visual artist M. C. Escher—
constantly rising, never getting anywhere (figure 6.8).10

The equation for creating the original Shepard tone illusion based on movement by semitones
is given by

(Clnax D/ tmax

F(1,0) = Fin - 2 , 54
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Shepard scaleillusion.

Figure 6.8
Impossible staircase.

where F(t, c) isthefrequency of the partial ¢ of tonet, t,,,,, iS 12 (because thisversion of the effect
isbased on the chromatic scal€), and F,,, isthe frequency of the lowest partial of thelowest tone.
Therangeof tis 0<t<t,,, andtherangeof cis 0< c< N, where N isthe number of partials
to be generated. Shepard used N = 10. To create the first set of partials, sett = 0 and evaluate (6.4)
for all c. For the next step, increment t by 1, and evaluate for all ¢ again; repeat for al t. It isalso
necessary to adjust the loudness of each partial to achieve the contour shown in figure 6.7. This
step and the modification to variablest and t,,,,, in equation (6.4) can be used to effect a smooth
glissando. Notethat the Gaussian envel ope shapeisgiveninlog frequency so that equal pitchinter-
vals occupy a uniform distance along the frequency axis.

6.5 Loudness

L oudnessisthe subjective W variable corresponding most closely to the objective ® variableinten-
sity. Loudnessis sometimes called the response pattern to intensity. But thereisno simple equality
between them. While our sense of loudnessisroughly proportional tointensity, itisalsoinfluenced
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by frequency range and the presence or absence of other frequencies. Another difference is that
loudnessis limited to the distance between our threshold of hearing t;, (10-12 W/m?2) and the limit
of hearing |}, (109 W/m2) but intensity is unlimited (see section 4.24).

Theloudness JND isthe amount by which the intensity of a sound must changein order for the
ear toregister adifferenceinloudness. Thesize of theloudness IND isapproximately proportional
to the intensity of the sound: the louder the sound, the greater must be the change in its loudness
before the change in loudness is registered. (This is a restatement of the Weber-Fechner law for
loudness.) However, the loudness JND varies substantially with frequency and intensity range, so
thereisnosimplelinear relation. Also, thereisno loudness equivalent to the octave, that is, judging
asound to be “twice as loud” shows a much greater deviation among subjects than does judging
apitch to be “an octave higher.”

6.5.1 Relating Pitch and Loudness

As mentioned, the rationale of the decibel scale assumes our perception of loudness to be inde-
pendent of all other percepts such as frequency, but it is not. Because of the mechanical advantage
the ear gives to frequencies of 1-3.5 kHz, tones in this range are perceived as louder than tones
of equal intensity in other ranges.

Since loudness depends upon both intensity and frequency, aloudness scale properly requires
three dimensions: the independent ® variables frequency f and intensity | and the dependent ¥
variableloudnessL. Sincewe're dealing with perceptual variableshere, we must explicitly test for
every relation we want to measure. Thus, if we want to know when loudnesses are equal, we must
develop ametric for the equality of two loudnesses at different frequencies. If wewant to compare
loudness differences, we must develop a metric for the difference of two loudnesses at equal fre-
guencies. Thefirst metric isthe phon, ameasure of equal loudness. The second metric isthe sone,
ameasure of comparative loudness. Together, they allow us to account for the ear’s varying sen-
sitivity to frequency and intensity.

6.5.2 ThePhon Scale

The phon scale identifies equal loudnesses across all perceivable frequencies and intensities. It
consists of aset of equal loudness contours that relate intensity in one region of frequency to the
intensity required to achieve equal loudness in other regions of frequency. By definition, any
frequency at the threshold of hearing is exactly O phon.

The phon isdefined asidentical to dB SIL at 1000 Hz from the threshold of hearing to the limit
of hearing. Thus, at 1000 Hz the threshold of hearing, t,, = 10-12 W/m2, is defined as 0 phon, and
aleve of 120 phons equals 120 dB SIL above the 0 phon reference (recall that dB SIL expresses
aratio of two intensities). For example, at 1000 Hz a sinusoid with 10 dB SIL has a loudness of
10 phons, a20 dB SIL sinusoid has aloudness of 20 phons, and so on.

Having defined the phon scale at 1000 Hz asidentical to dB SIL, we now extend the phon scale
to frequencies other than 1000 Hz. We do this by comparing sinusoids at various frequencies and
intensitiesto a set of referenceintensities at 1000 Hz. In general, for asinusoid with frequency f,
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we want to know what intensity | isrequired so that it will have the same loudness L asasinusoid
at 1000 Hz. Let € be the criterion of equa loudness. Then for some frequency f and loudnessL,
we want to solve therelation | = (L, f), which tellsuswhat intensity | isrequired for asinusoid
to achieve loudness L at frequency f.

Ordinarily, the phon scale is evaluated at 10 phon increments from O to 120 phons. An approxi-
mation to this set of curvesisshown in figure 6.9. It shows the contours of equal loudness for sinu-
soids that were first established experimentally by Fletcher and Munson (1933). We see that in
generd low frequenciesmust have greater intensity in order to havethe sameloudnessasfrequencies
around 1000 Hz. Thisis especially true when low frequencies also have low intensity. The sameis
also true of high frequencies but with somewhat less exaggeration. The curvesin figure 6.9 are
adapted from those recommended by the International Standards Organization (1SO 226, 1987).

The equal loudness curves shown infigure 6.9 are also called equal |oudness contours because
they can be thought of as delineating curves of equal elevation above the two-dimensional
frequency/intensity plane. Imagine figure 6.9 as a three-dimensional map that we are looking
straight down on. Greater phon levels rise up toward us like a 3-D relief map.
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Equal loudness contours. (Fletcher and Munson 1933.)
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Here'sapractical application for the phon scale. Suppose we record a symphony orchestra per-
forming with intensities between 60 and 95 dBSIL. If we play it back at alower intensity, say,
40-75 dBSIL, it soundstinny, lacking in bass and treble. Reproduced at lower intensity, low and
high frequencies of low intensity receive greater attenuation in our perception because of theear’s
lack of sensitivity at thesefrequencies. If we compensate by boosting the bass and treble according
to the equal loudness curves, we can restore something like the original balance of intensities.
Some audio amplifiers come equipped with a so-called loudness knob that applies an approxima:
tion of the above curves for different listening levels.

Sound level meters approximate the loudness corresponding to the intensity of sound. They usu-
aly include switchable weighting networks, which are filters applied to the input signal that mimic
the Fletcher-Munson curves, attenuating frequencies where our hearing isless sensitive. In thisway
theresponse of the instrument can be made to provide arough approximation of the perceived loud-
ness of a sound. The meters typically come with A, B, and C weighting networks, which are sim-
plified inverse functions of the 40, 70, and 100 phon curves, respectively (Stevens 1961; 1SO 1975).

6.5.3 Threshold of Hearing

Perhapsthe most salient equal loudness curveisthethreshold of hearing. An approximationto the
threshold of hearing is given by Terhardt (1979) as

f \08 —0.6(f/1000-3.3)° —3( f )4
T.,(f)=364 — - 6.5 10 7| —— | . 6.5
ath (1000) © ’ 1000 69

This complicated-looking function is an approximation of the threshold of hearing for a young
adult with acute hearing. When plotted for f in the range of human hearing, it produces the graph
shown in figure 6.10. This curve can be used to determine the maximum allowable energy level
for noise and distortion that can be added by a recording system before it is noticed as distortion
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Figure6.10
Threshold of hearing.
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by a sensitive listener. This has great relevance for the design of audio systemsin general and is
acrucia metricfor perceptual audio coders, such asMPEG audio, including the well-known MP3
audio coding format.

A final note on the phon scale: remember that it is a measure of equal loudness. It can only
answer the question: Is the loudness of two frequencies equal ? It does not tell us about loudness
differences. For instance, a doubling of loudnessin phons does not necessarily result in asound’s
being heard as twice as loud. To compare proportional |oudness requires the sone scale.

6.5.4 The Sone Scale

We can characterizetheratio of two sinusoidswith different intensities at the same frequency with
the sone scale. One sone is defined as the loudness of a1 kHz tone at 40 dBSIL. Thisisthe ref-
erence loudness of the sone scale. Thisalso meansthat 1 sone = 40 phons. A sound that is judged
to be twice asloud as the reference has aloudness of 2 sones, a sound that is judged to be half as
loud asthereference has aloudness of 0.5 sone, and so on. For example, the average listener hears
a1l kHz sinusoid at 50 dB as about twice asloud asa 1 kHz sinusoid at 40 dB. Hence, the 50 dB
1 kHz sinusoid has aloudness of 2 sones.
Loudnessin sones L can be related to loudnessin phons L, as follows:

(L,-40)/10

L,=2 Phon/Sone Conversion (6.6)

For 1000 Hz tones, the ¥ variable L, relates to the @ variable sound intensity roughly following
apower law:;

L= kpo'6 ) Sones and Intensity (6.7)

where p isthe pressurein pascals, and k depends on frequency. These two equations, based on the
work of Stevens(1956), indicatethat |oudnessdoublesfor a10 dB increasein SPL. Thecalibration
of the sone scale is controversial because of the difficulty subjects have in identifying loudness
ratioswith certainty. For instance, Warren (1970) found adoubling of loudnessfor a6 dB increase
in SPL. Thus, (6.7) should not be taken too literally.

It should beclear by now that the rel ation between the W and @ domainsisanything but simple. What
isespecidly remarkable to meisthat musicians are able to navigate the complexities of dl these non-
linear, nonorthogonal relations with ease, balancing intonation and loudness to achieve precisely
calibrated sonic effects. More astonishing yet isthat naivelistenersare effortlesdy ableto sort it all out.

6.5.5 Pitch Shift with Loudness Change

Another example of the nonorthogonality of W variablesis that loudness has an impact on pitch.
If the intensity of a 100 Hz tone is increased from 40 dB to 100 dB SPL, the pitch decreases by
about 10 percent. At 500 Hz, the pitch changes by about 2 percent for the sameincrease in SPL.
Try taking headphones on and off while listening to music with the volume as loud as is comfort-
able. You will probably be able to hear the pitch shift as you put them on and off.
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6.6 Frequency Domain Masking

When two sinusoids are presented simultaneously, the fainter sinusoid can be rendered inaudible,
or masked, by the louder sinusoid if the fainter one lies within a certain frequency range of the
louder one. Figure 6.11 shows a 1 kHz 60 dB sinusoid, called the masker, which has the effect of
raising thethreshold of hearinginitsvicinity. The skirtsto either side of the 1000 Hz toneindicate
thejust noticeablelevel required for atest toneto beaudiblein that range. The dashed lineindicates
the threshold of hearing in the absence of the masker. For example, a 1.5 kHz sinusoid at 35 dB
or a750 Hz sinusoid at 35 dB would beinaudible in this case. Frequencies above the masker fre-
guency are more strongly masked than those below it (Zwicker and Fastl 1990).

The masker will mask any signal that lies below the masking threshold, not just sinusoids. In
particular, any artifacts of arecording process, background noise, and so on, will all be masked so
long as they are below the threshold.

6.6.1 Temporal Masking

Masking also occurswhen tones are played in succession. Thisis called temporal masking. There
are three possihilities:

= Forward masking Even after a sound ends, its effect on the threshold of hearing lingers for a
while. Thethreshold of atest signal following the masker isimpaired for aperiod of time. Forward
masking can last aslong as 100 to 200 ms. The rel ative loudness of the masker and test signal and
their precise timing affect the audibility of the test signal.
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Frequency domain masking.
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= Smultaneous masking This occurs when the masker and the test signal are presented at the
sametime, and isidentical to frequency domain masking.

= Backward masking Thisoccurswhen amasker influencesthe audibility of afainter test signal
that precedes it. While this might seem at first to require prescience on the part of the ear, it can
beexplained by realizing that sound perceptionisactually integrated over atimeinterval preceding
the moment of recognition. Thetimeinterval isgenerally regarded asbeing on the order of 200 ms.
Fainter sounds lying within thisinterval are subject to some degree of masking regardless of their
order of arrival. The amount of masking diminishes the more the test signal precedes the masker.
Itis also affected by the relative loudness of the two signals.

Approximate durations of forward and backward masking are suggested by figure 6.12 (Zwicker
and Fastl 1990). The curve indicates the level that a short tone burst must have in order to be just
noticeablein the presence of arelatively long masker of 200 msduration. The y-axis showsinten-
sity level expressed in dB above the just noticeable level of thetest signal by itself, that is, 0 dB
is the reference intensity of the just noticeable level of the test signal alone. The x-axis indicates
the onset time of the test signal relative to the masker signal, which begins at time 0.

We can see that the effectiveness of backward masking decreases sharply asthetest signal increas-
ingly precedesthemasker. Backward maskingisgenerally thought to beeffectiveonly upto about 5ms.

When musicians are supposed to strike anote a the same instant, they rarely manage to do so. But
because of tempora masking, our ears are forgiving, perceiving the onset as smultaneous so long as
the attacks lie within the temporal masking intervals. For instance, if a softer tone attacks up to 5ms
earlier thanalouder one, itismasked by thelouder one, sowetend to hear thetwo tonesassimultaneous.

Somemodern perceptual coderssuch asMPEG audio divide theaudio stream into packetsin order
totransmit it moreefficiently. Tempora masking makesit possiblefor theaudio packetstostill sound
seamless so long as the temporal masking boundaries are not exceeded. To succeed, encoders like
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MPEG audio must be able to provide temporal resolution under 5 msto ensure that events that are
supposed to be heard as simultaneous are actually perceived that way (Bosi and Goldberg 2003).

6.7 Beats

When sinusoids of slightly different pitch f; and f, are sounded together, the phase difference
changes through time so that they sometimes reinforce and sometimes cancel at arate of Af =1, —f;
(see volume 2, chapter 2). The amplitude of the sum of the two waves modulates at a rate equal
to the difference between their frequencies. Such slow, periodic fluctuations in amplitude are
called beats. Figure 6.13 shows the beating that results when two sinusoids with afrequency ratio
of 91/100 Hz are added together.

When the ear hears two pure tones of dlightly different frequency, the combination produces a
sensation of audible beats at the difference frequency Af. Thisis heard as akind of fluttering or
wavering of the amplitude of the combined sound. The musical term for this effect is tremolo.
If Af is greater than about 10 Hz, the tremolo effect disappears and the tone becomes
rough-sounding and unpleasant, that is, dissonant. If Af keeps growing beyond about 20 Hz, the
ear starts hearing two distinct, but still rough, tones. As Af keeps growing, the roughness even-
tually goesaway somewherenear amajor third, and we simply experiencetwo separatetones. This
effect is best described by reference to the theory of critical bands (see section 6.9).

6.7.1 Tonal Fusion

Beats are often used by musicians as an aid in tuning their instruments because these qualitative
changes supply additional information along with the ear’s pitch perception. Figure 6.14 provides
agraphical representation of tonal fusion and perception of beat frequencies.
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Tone fusion and the perception of beat frequencies. (Adapted from Roederer 1993.)

The beat phenomenon arises from pure tones that are very nearly in unison, called first-order
beats. The ear hearsthe @ effect created by the amplitude envel ope of the two tonesand al so expe-
riences a W effect from neural processing.

Beats may also be heard between puretonesthat are very nearly an octave, fifth, or fourth apart.
These are called second-order beats. However, this beating results only from the effects of neural
processing.

When frequencies of two sinusoids are within 15 Hz of each other, the ear tendsto hear just one
pitch. The two sinusoids lose their separate perceptual identity, and we hear a single fused pitch.
Carl Stumpf (1848-1936) studied the circumstances under which tones appear to be fused. He
defined tonal fusion (tonverschmel zung) as the effect of hearing two tones not as a sum but as a
whole, or unity (Stumpf 1883/1890). Hefound tonal fusionto bemost pronounced in the consonant
intervals (unison, octave, and fifth) and less pronounced in the increasingly dissonant intervals.

6.7.2 Tonal Fusion and Music Composition

Tonal fusion wasevidently of concernto J. S. Bach. He sought to compose pleasing music by using
consonant intervals, and he wanted to project a polyphonic musical style, where multiple inde-
pendent musical linesare separately discernible. But the most consonant intervals have atendency
towardstonal fusion, and tonal fusion destroys the sense of polyphony by making separate voices
appear asone. David Huron (1991) conducted astatistical analysisof Bach’smusic and concluded
that while Bach preferred consonant intervals, he avoided consonant intervals to the extent that
they promoted tonal fusion so as not to compromise polyphony.
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Tonal fusion was used explicitly by composer Maurice Ravel in his composition Bolero. The
repetitive melody of this work is passed around in the key of C to various instruments over the
course of its 17 minutes' duration. When it's the French horn’s turn, Ravel adds a piccolo playing
the melody transposed strictly at the twelfth (up an octave and afifth), in the key of G, matching
the third French horn harmonic. He also adds another piccolo playing the melody transposed
strictly at the seventeenth (up two octaves and athird), in the key of E, matching the fifth French
horn harmonic. The tone color of the piccolos and French horn fuse into asingle unique hybrid
timbre (Slonimsky 1948, 187-188).

Ravel may have been inspired by the design of mutation stopsin French organs. Mutation stops
are ranks of organ pipes that sound at a pitch other than the unison or octave. When played with
regular stops, they ater, or mutate, the timbre of the regular stop. Nazard is the French name for
amutation stop that sounds at the twelfth; the tierce sounds at the seventeenth.

Pitch is only one factor that can cause tones to fuse; spectral content and articulation (such as
tremol o, vibrato depth, and rate) are also factors. John Chowning presented a striking example of
tone fusion based on vibrato in hiswork on the singing voice (see volume 2, chapter 9).

6.8 Combination Tones

The violinist, theorist, and composer Giuseppe Tartini famously noted in 1754 that when two
loud, puretones are sounded together, athird is sometimes al so heard at the difference frequency,
Af = f, —1,, where f, and f, are the upper and lower frequencies.}1 For example, 2100 Hz and
2000 Hz produce a difference tone of 100 Hz. This effect can be demonstrated easily by having
two pennywhistle players or soprano recorder players stand near each other playing very
high-pitched tones very loudly. The players and anyone sufficiently close to them will hear
low-pitched rough tones at the difference frequency. This phenomenoniscalled difference tones,
sometimes also Tartini’s tones.

Helmholtz claimed to have discovered atone at Af = f, + f, that he called sum tones. Mathe-
matical theory strongly suggests sumtonesexist, but they are so hard to hear that it isan open ques-
tion asto whether they have ever been perceived experimentally. We know now that the reason
sum tones are hard to hear has to do with masking.

Differencetones and sum tones are call ed generally combination tones. It iseasy, but incorrect,
to suppose that this phenomenon is related to beats. Beats cannot explain sum tones because beats
only arise in the difference of two frequencies. Also, the effect of beats dissappears as the two
frequencies diverge beyond aminor third, whereas for combination tones, Af need not be small to
be quite audible. Finally, if the tones are presented one to each ear, beats are still discernible but
combination tones are not.

Helmholtz (1863, app. 12) conjectured that we hear combination tones because of nonlinear pro-
cessing of loud signalsin the ear. He supposed that the strength of the toneswas forcing the excur-
sion of the tympanum and other elements of the middle ear beyond their region of linear elasticity,
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thereby distorting the sound in the ear. Nonlinear systems can respond to vibration by generating
signals not actually present in the stimuli (see volume 2, chapter 9). The square of the sum of two
signals, sin?(a + b), whichisaquadratic nonlinear expression, includestonesata + banda—b (see
volume 2, appendix).

Studies by Guinan and Peake (1967) have shown that nonlinear effectsin the middle ear cannot
by themselves explain combination tones. Current theory favors an effect within the cochlea for
combination tones, athough dynamic feedback paths from the auditory cortex may explain some
other distortion products that have been observed (B. Moore 1997). Thereis still ahigh level of
theoretical ambiguity in this subject.

6.9 Critical Bands

Fletcher (1940) unified many of the phenomena described in the sections on frequency domain
masking, temporal masking, and beats with a concept that he called critical bands. These can be
thought of as channel s of frequency-sel ective psychoacoustic processing that affect our perception
of pitch, loudness, and masking of frequency componentslyingwithinacritical frequency distance
of one another. Thisinsight eventually led to the psychoacoustic encoding of sound and the intro-
duction of the MPEG audio encoding standard. MPEG takes advantage of the effectsthat critica
bands have on hearing.

6.9.1 Critical Bandsand L oudness

Zwicker and Feldtkeller (1955) provided an elegant demonstration of critical bands based on a
loudness effect. They played anarrowband noise signal containing all frequencies between 980 to
1020 Hz. The bandwidth of the signal was 40 Hz, and its band center was 1000 Hz (figure 6.15a).
Then, keeping the band center at 1000 Hz, and keeping the total intensity constant, they gradually
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Critical bands and loudness.
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Effect of critical bands on loudness.

increased the bandwidth, spreading the same energy over alarger and larger frequency range
(figures 6.15b and 6.15c). One might expect that each of these signals would be heard as equally
loud because each containsthe sametotal energy. And, indeed, subjectsreported that the loudness
remained constant . . . but only up to a certain bandwidth, after which perceived loudness began
to increase even though there was no increase in total energy. With the band center at 1000 Hz,
loudness began to increase when the bandwidth exceeded about 160 Hz.

So when the noise bandwidth was kept narrower than acritical threshold (160 Hz bandwidth
at 1000 Hz band center frequency), the researchers got the expected effect: subjects reported
that noise bands of varying bandwidth and constant intensity all sounded equally loud.
But when bandwidth exceeded the critical threshold, subjects reported increasing loudness,
even though total energy in the noise spectrum remained constant. Figure 6.16 shows how
they observed loudness to increase after the bandwidth of the noise grew beyond the width of
acritical band.

Toexplainthiseffect, Zwicker and Feldtkeller theorized that the ear lumpstogether theloudness
of components that lie within the same critical band. L oudness increases when significant energy
spillsinto more than one critical band. Thus, within the critical band, loudnessisafunction of the
spectral width and spectral intensity. But once the bandwidth of the noiseis broader than acritical
threshold, all that mattersisthe spectral intensity. In order to understand this effect, it is necessary
to do another experiment with masking.

6.9.2 Critical Bandsand Masking

Suppose | play asinusoid with frequency f,and awideband noise source with aband center f, that
isdistant in frequency. You adjust the loudness of the sinusoid so that you can just barely hear it
over thenoise. Let’scall thisyour just noticeableloudnessthreshold, T, (figure 6.178). Now, keep-
ing its spectral amplitude the same, if | move the noise signal’s center frequency so it isthe same
asthe sinusoid (figure 6.17b), the noise masks the sinusoid, and you can no longer hear it. Now
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suppose | allow you to raise the level of the sinusoid to some level T so you can hear it above the
noise. The difference between the thresholds, AT = T —T,, isthe amount by which the noise signal
masks the sinusoid.

Keeping its amplitude the same, if | now increase the bandwidth Af,, of the noise, the sinusoid
will again become inaudible. You must make the sinusoid even louder (by increasing T) before
you can hear it again. Therefore the amount of masking AT increases as the bandwidth of the
masking signal increases.

However—and this is the interesting part—beyond a critical threshold increases in the noise
bandwidth Af,, no longer increase the amount of masking. No further increasesin T are reguired,
no matter how much broader the bandwidth of the noise signal becomes.

Fletcher, whose experiment thisis, suspected that this effect occurred because of aneurophys-
iological structurein the ear. He suggested that areas of the basilar membrane responded together
to selected frequency ranges, the critical bands. The bandwidth of the noise signal whereit ceased
to further increase the just noticeabl e loudness threshold of the sinusoid was taken as the width of
acritical band, centered on that frequency.

6.9.3 Critical Bands and Pitch

Plomp and Levelt (1965) and Greenwood (1961a) suggested that a pitch-based relation exists
between consonance and critical bands. They believed that pitches of sinusoids separated by less
than acritical band giveriseto the effects described in the section on beats, including tonal fusion,
whereas sinusoids that are separated enough to resolve into two distinct critical band regions on
the basilar membrane give rise to the perception of two distinct tones. Experiments showed that
sinusoids appear most dissonant at approximately 40 percent of a critical band. Sinusoids both
closer and farther than that pitch distance become | ess dissonant. The dissonant sensation does not
occur intheregion of tonefusion and al so does not occur wherethedifferencein frequency exceeds
the width of acritical band.
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6.9.4 MP3and Critical Bands

MP3, acomponent of the MPEG standard (see volume 2, chapter 10), isa practical application of
masking due to critical bands. MP3 is an extension of the technology for encoding digital audio,
known as pul se-code modulation, or PCM (seevolume 2, chapter 1). MP3 hascreated arevolution
in music distribution because audio can be transmitted and stored much more efficiently in MP3
format than with PCM while maintaining satisfactory sound quality.

Both MP3 and PCM encoding rely on apsychoacoustical model—aset of judgmentsabout what
we can and can’'t hear—to determine what information in the signal should be encoded. PCM
encoding uses arelatively weak psychoacoustical model:

= Frequencies above 22.5 kHz are not encoded because they are above the range of human
hearing.
= Sounds louder or softer than certain limits are also not encoded.

The M P3 psychoacoustical model inheritsthe PCM model. (Infact, theinput to an M P3 encoder
isaPCM-encoded audio signal.) But the M P3 psychoacousti cal model also includescriteriaabout
human temporal and spectral masking, and so it can encode more efficiently than PCM.

M P3 encoding takes place in two principal stages:

1. A psychoacoustical model of the critical bands identifies irrelevant frequency components—
those that would not be perceived because of temporal and spectral masking effects. Masked com-
ponentsare encoded with lessdetail thanisemployed for unmasked components, thereby simplifying
the spectrum of the encoded signd. Although simplifying the encoding of the masked components
distorts them, the distortion isn’t noticeable because the components are masked. (The amount of
simplification, and hence the amount of distortion, must be constantly monitored and adjusted to be
sure that the distortion introduced by this process never exceeds the masking threshold.)

2. Thesimplified spectrum isthen subjected to additional stepsto remove redundant information
in the signa and put it in the most compressed representation possible (see section 9.15).

The result is an encoding of sound that can be transmitted with less effort or stored in less space
thanisrequired for PCM. Savingsof between 12 and 20 timesthat required for PCM audio are pos-
sible without substantial degradation of sound quality.

In order to recreate the audio signal, an MP3 decoder isrequired. The MP3 decoder restoresthe
simplified spectrum from the compressed representation encoded by step 2 above. However, the
decoder cannot reverse the simplified encoding of the masked componentsin step 1 because that
information was discarded. Because MP3 can’t recover exactly the signal presented to itsencoder,
itisalossy encoding or lossy compression scheme.

Strictly speaking, only the simplification of masked componentsin step 1 islossy. The redun-
dant information removed in step 2 is recovered completely in the decoding stage, so step 2
performs lossless encoding or 1ossless compression. Technically, PCM audio encoding is also
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lossy: because of the frequency and amplitude limitsit imposes, it doesn’t recover exactly the sig-
nal presented to its encoder. However, because there is no simplification of masked components,
PCM islesslossy than MP3.

6.9.5 Measuring Critical Bands

Although critical bandwidth estimatesvary substantially depending upon thetype of experiment
used to measure them, they average about one third of an octave for most of the audible range
(but are greater at low frequencies). A semitoneinterval is'2/2, so onethird of an octave would
be 3/2 = 1.26 = 5/4, or slightly over amajor third. Thus, the ear appearsto takeinto account the
stimulus of neurons as far away as one third of an octave in order to determine the loudness of
asound.

Figure 6.18 shows how critical bandwidth varieswith frequency for atypical listener (Zwicker,
Flottorp, and Stevens 1957). The dashed line indicates one third of an octave. For instance, at
10 kHz, one third of an octave is between 2 and 2.5 kHz.

Critical bandwidth remains fairly constant up to about 500 Hz, then grows by about 20 percent
of frequency thereafter. A reasonable approximation of thecritical bandwidth is given by Zwicker
and Fastl (1990) as

0.69
f

2
BW,(f) = 25+ 75{1 ¥ 1"‘(@)) } Hz, Critical Bandwidth (6.8)
where BW(f) isthe critical bandwidth at frequency f.

Although the critical bands are continuous, it is sometimes useful to think of the ear as com-
prising a discrete set of bandpass filters that obey (6.8). Using this approach, it is common to
divide theear’ sspectruminto 24 discretecritical bands, asshownintable6.1 (Zwicker 1961). This
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Table 6.1
Bark Scale: Critical Bandwidth, Center Frequency, and Critical Band Rate
Bark Center Critica Lower Bark Center Critica L ower
No. Frequency Bandwidth Band Edge No. Frequency Bandwidth ~ Band Edge
0 50 80 20 13 2,150 320 2,000
1 150 100 100 14 2,500 380 2,320
2 250 100 200 15 2,900 450 2,700
3 350 100 300 16 3,400 550 3,150
4 450 110 400 17 4,000 700 3,700
5 570 120 510 18 4,800 900 4,400
6 700 140 630 19 5,800 1,100 5,300
7 840 150 770 20 7,000 1,300 6,400
8 1,000 160 920 21 8,500 1,800 7,700
9 1,170 190 1,080 22 10,500 2,500 9,500
10 1,370 210 1,270 23 13,500 3,500 12,000
11 1,600 240 1,480 24 19,500 15,500
12 1,850 280 1,720
7.63
6.5

Quality factor (Q)
5

Figure6.19
Quality factor of critical bands.

Bark no.

numbered list of discrete critical bands is the bark scale. The bark scale encodes the center fre-
guency and bandwidth of each numbered critical band.

6.9.6 Quality Factor of Critical Bands

Table 6.1 showsthat the bandwidth of the critical bandsincreasesin relatively constant proportion
as the center frequency of the band increases. Theratio of the center frequency to the bandwidth
of abandpassfilter isits quality factor, often abbreviated Q. Figure 6.19 shows the Q for each of
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the critical bands. The narrower the bandwidth, the higher the Q, and the stronger will beitsres-
onance when stimulated by a signal whose frequency lieswithin the band (see section 8.9.6). Like
the critical bands, a constant Q filter varies its bandwidth as a function of the center frequency,
keeping a constant ratio between them. Note in figure 6.19 that the Q of most bands is fairly
constant intherangefrom 4 to 6, especially in the center range of hearing. Thus, the critical bands
can be viewed as similar to constant Q bandpassfilters.

The center frequencies and bandwidths in table 6.1 are only samples of the continuous
frequency response of the ear. In reality, the auditory effects of critical bands are formed around
the frequencies of the signalsthe ear hearsand are not associ ated with a specific fixed filter bank
in the ear.

The bark number for afrequency in Hz can be obtained with the following equation (Zwicker and
Fastl 1990):

f

2
z(f) = 13atan(0.00076f ) + 3.5atan(ﬁ) : Bark Number (6.9)

Figure 6.20 shows (6.9) plotted for the range of 20 Hz to 20 kHz.
6.9.7 Critical Bandwidth and Pitch IND

The curve of critical bandwidth vs. center frequency in figure 6.18 is very close to the same shape
over thesamerange asthe curvefor pitch IND infigure 6.4. While the pitch IND spreadsfrom about
3t0 30 Hzin 5 kHz, critical bandwidth goes from about 100 to 900 Hz over the same range. Thus,
critical bands are proportional ly about 30 times wider than the pitch IND at the same frequency.

6.10 Duration

How long doesit takefor usto identify the pitch of atone? How long doesit take to determine the
loudness of a sound?
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6.10.1 Effect of Duration on Pitch

Toneswith quick onset times (such asvibraphone or marimba) haveaclicking or percussive attack
that is essentially a broadband noise. Very brief tones (under 10 ms) sound like clicks no matter
what timbre the tone has. As the tone lengthens beyond about 15 ms, and if the tone’s onset
becomes more gradual, pitch perception solidifies up to about 30 ms. Pitch perception becomes
stronger as the tone continues growing in length regardless of onset time.

Tones of greater complexity do not necessarily take longer to recognize. The ear can identify
many pitchessimultaneously in nearly constant ratetime. Whileit can be shown that pitch depends
on duration, this dependenceisfor extremely short tonesonly. Thisallows us, for instance, to fol-
low extremely rapid polyphonic musical passageswith sufficient accuracy to enjoy the experience.
Music asweknow it would beradically different if pitch were substantially dependent on duration.

Under optimal conditions we establish a sensation of pitch about 4-8 cycles after tone onset. The
conventiona wisdom isthat theattack noise masksthe underlying periodic vibration of theinstrument
and that this masking delays our pitch recognition. However, | have adifferent experience to report.

| once developed a pitch-tracking computer system for an electronic violin built by Max
Mathews. While developing the system, | spent many hours listening to, and analyzing, violin
tones. | observed that | was generally able to identify the correct pitch well before any significant
periodic information was available in the signal. This suggested that my ear was using the
characteristic broadband noise in the violin's attack transient to help identify the pitch. Spectral
and tempora qualities of the attack noise may provide additional early cluesto the correct pitch,
perhaps through a cognitive learned response.

6.10.2 Critical Bandsand Acoustical Uncertainty

Generally, the more precise we wish to be about the exact frequency of a sound we are hearing,
thelonger wemust listentoit. Let’ssay that the smallest frequency difference we can discriminate
is Af=f —f, and that the required duration over which we must listen in order to resolve this
frequency differenceis At =t —t,. Then we can say that the acoustical uncertainty is

AfAt =K, Acoustical Uncertainty (6.10)

where k isa constant that rel ates achievable frequency resolution to required temporal resolution,
and vice versa.

Under optimum conditionsk = 0.1 for the auditory system (Majernick and Kaluzny 1979). This
means that to achieve frequency resolution of 0.1 Hz, our ears require about 1 second of the stim-
ulus under optimum conditions. If all we haveis 0.1 second of stimulus, our ears can achieve fre-
guency resolution of about 1 Hz under optimum conditions. To achieve finer frequency resolution
(smaller Af) requiresacorrespondingly larger timeinterval (larger At). Thus, k represents the fun-
damental limit on our ahility to know the precisefrequency of asignal within aprecisetimeinterval.

Uncertainty plays many important roles in the mathematics of music (see section 9.15, equa-
tion (9.19); and volume 2, chapters 3 and 10).
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Clearly, we want our ears to have the finest frequency precision possible (small Af) with the
shortest response time possible (small At). But the basilar membrane is governed by (6.10). So
increasing its frequency precision would necessarily require us to lessen its temporal precision.
However, our hearing neatly sidesteps the limitations of (6.10) by using critical bands. The ear
dividesup the audio spectruminto frequency bands each of which hasarelatively broad Af. Hence,
within each band, At can berelatively small. That way we get good frequency resolution without
suffering poor temporal resolution.

The trade-off is that the critical bands provide relatively poor pitch discrimination by them-
selves. That the pitch IND is about 30 times finer than the width of a critical band suggests just
how greatly aided we are by critical bands and the dynamic feedback processes, described in the
section on frequency sharpening, that refine our sense of pitch within acritical band.

6.10.3 Loudnessand Duration

The acoustical uncertainty principle appliesfor loudnessaswell. The ear averagesover aduration
of about 200 msto determine the loudness of asound. Because of thisfact, soundsthat are shorter
than 200 ms must be proportionately more intense to appear to have the same loudness as sounds
that arelonger than thisthreshold. Put another way, loudnessis proportional to duration up to about
200 ms. More precisely, loudness grows by 10 dB as duration grows by a factor of 10, up to
200 ms. Thiscorrelation is even stronger for broadband sounds and extends up to about 1 second.
An important consequence of these facts is that our ears lack a means to protect themselves nat-
urally against impulsive high-intensity sounds, such as gunfire (see the section on acoustic reflex
and temporary threshold shift).

6.11 Consonance and Dissonance

Consonance was defined in chapter 3 astones that sound well together. But what process governs
our perception of consonance? Thereare many theories of consonance. They generally fall into one
or more of the following categories:

= Cultural theories examine social, cultural, and stylistic norms.
= Acoustictheorieslook at the physical propertiesof acoustical signals, such asproperties of musical
instruments and scale systems.

= Psychophysical theories look at how the neurophysical structure of the ear may affect
consonance.

= Cognitive theories examine learning, expectation, and categorical perception.

As an example of a cognitive theory, a dissonant sound may be heard as consonant if it
is preceded by many sounds that are even more dissonant. While learning how to write
sixteenth-century chorale harmonizations in the style of J. S. Bach, | experienced a shift in my
expectation of consonance as my ear acclimated to this antique style. | came to appreciate why
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his contemporariesfound some of Bach'’s choral e settings shocking, whereasto amodern listener
they can seem bland.

Theories of consonance stretch back at least to Galileo Galilei. Plomp and Levelt (1965) quote
Galileo (1638) as follows: “Agreeable consonances are pairs of tones which strike the ear with a
certain regularity; this regularity consistsin the fact that the pulses delivered by the two tones, in
the sameinterval of time, shall be commensurableinnumber, so asnot to keep the ear drumin per-
petual torment.” The relatively large number of extant theories of consonance goes far beyond
what can be summarized here. Instead, | develop asimple psychophysical model based on critical
bands to give an idea of the subject.

If two sinetonesof 1000 Hz and 1015 Hz are played, we do not hear two distinct tones. I nstead,
wetend to hear one fused pitch with a15 Hz beat frequency and attendant roughness (see sec-
tion 6.7). Thisis because the critical bandwidth for 1000 Hz is about 160 Hz, and the two tones
lie close within the same critical band. If welet “ dissonance” define this roughness, then “ conso-
nance” definesits absence. In terms of figure 6.14,

= Frequencies differing by lessthan a JND of pitch form a perfect consonance, or unison.
= Frequencies differing by more than acritical band form a consonance.

= Frequencies differing by between 5 percent and 50 percent of a critical band are the most
dissonant.

Greenwood (1961b) was the first to observe a relation between critical bandwidth and judg-
ments of consonance and dissonance. He analyzed data collected by Mayer in 1894 and compared
it to the estimated size of critical bands. Sounding intervals with tuning forks, Mayer had asked
listenersto identify the smallest interval for which no dissonance was perceived. Greenwood' splot
of Mayer’s data suggested that the dissonance disappears when the distance between pure tones
isgreater than or equal to the size of acritical band. Linking dissonanceto position within critical
bands s called tonotopic dissonance.

We can expand this observation into a simple psychophysical metric for the consonance or
dissonance of any two complex tones by counting how many of their partials land together in
critical bands (and discounting any that lie within a IND or do not share a common critical
band). The hypothesis is that the more the partials of the two tones fall within the 5 percent
to 50 percent critical band range, the more dissonant the two tones should be (Plomp and
Levelt 1965).

Thefollowing is an illustration of this approach.

1. Start with two complex tones that form amusical interval, say, a perfect fourth.

2. Count thenumber of dissonant partialsd. For each partial of thelower tone p; , count how many
partialsof the upper tone p,, formaninterval that iswithin acritical band of p, . Useequation (6.8)
to compute the critical bandwidth for each harmonic. If the interval is small enough to fall within
the same pitch JIND, exclude it from the count of dissonances becauseit is perceived as a unison
and hence is consonant.
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3. Aswe go up in frequency, at some point the successive harmonics of each tone will begin to fal
within the same critical band because the critical bands widen with increasing frequency but the har-
monicsdo not. Stop counting whentheharmonicsof either tone by themselvesbegintofal withinone
critical band, becauseif the ear usesamethod likethis, we presumeit would have to stop here aswell.

Figure 6.21 shows the count of dissonances for p; = 220 Hz with p, set in turn to the 12
equal-tempered semitone intervals from unison to one octave above p;, based on the critical band
function given in equation (6.8).

If welist theintervals from figure 6.21 in order of increasing dissonance, the results are as shown
in table 6.2. The order of the shaded intervals agrees with the ones in table 3.5, which is ordered
according to standard Western cultural norms of musical consonance. So this approach isfine up to
apoint. Therest of the orderingsin table 6.2 are arguable. The minor seventh and major second are
predicted to be more consonant than the mgjor third, for example. Also, it does not seem right that
the tritone should have the same consonance as the major third. This result agrees with Terhardt
(1974), who wrote that consonanceis*only dightly and indirectly correlated with musical intervals.
Thus, psychoacoustic consonance cannot be considered asthebasis of the sense of musical intervals.”

While better computational estimates of consonance are available (e.g., Kameoka and Kuriya-
gawa 1969a; 1969b), the sheer number of competing theories of consonance extant in the world
today suggests that the only way forward is to perform (sigh) more research.
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Dissonance metric of equal-tempered intervals based on critical bands.

Table 6.2
Intervalsin Increasing Order of Dissonance
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Dissonance 0 0 4 6 6 6 7 7 8 8 8 11 15
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6.12 Localization

How isit that we can so easily tell which direction asound is coming from? In placingasoundin
space, we extract psychophysical cues from arriving sounds based on

= The geometry of the outer ear and the placement, size, and shape of the pinnae and ear canal

= The geometry and orientation of the head, chest, and shoulders

= The distance of the ears above the ground

We add to these psychophysical cues a cognitive framework that includes

= Understandings about the acoustical properties of the sound source

= Basic acoustical facts about sound transmission in air

= Information about the known acoustical environment

= Information about our orientation in spacein six degrees (up/down, left/right, forward/backward,
pitch, yaw, and roll)

Incredibly, for each sound source in the environment, our hearing automatically and instanta-
neously creates apsychological image of the sound with itsdirection and distance encoded so that
weregister it subjectively asan object in space/time, together with the nature of the acoustical envi-
ronment that it lies within. Pretty amazing. But that’s not all. We can also tell

= Whether the sound is coming from above or below

= |tsrate of relative motion
= |ltsrate of relative acceleration

and much, much more.
6.12.1 Angular Cues

Angular cues tell the direction of a sound on the horizontal plane. John Strutt (1907), the third
Lord Rayleigh, apioneer in spatial hearing research, theorized about the cuesthe ear usesto deter-
mine the angle of an incident sound. He began by noting that if a sound sourceis located to one
side of the receiver, the sound energy received at the closer (ipsilateral) ear will be more intense
than at the further (contralateral) ear because sound must travel alonger distance to reach the
contralateral ear, and intensity decreases as the square of distance.

6.12.2 Interaural Level Difference

He also noted that sound traveling to the contralateral ear must navigate around the head. He knew
that high frequencies are attenuated relatively more than low frequencies when they diffract
around an object (see section 7.11). The sound heard at the ipsilateral ear will be brighter than at
the contralateral ear because the head shadows the contralateral ear.



188 Chapter 6

Rayleigh reasoned that by comparing thedifferenceinintensity level, especially of high-frequency
sounds received by the ears, our hearing should be able to tell the direction of the sound. Rayleigh
grouped theintensity cue and the diffraction cue together and called them jointly theinteraural level
difference (ILD).

Interaural level difference is small for wavelengths less than about four times the diameter of
the human head (averaging approximately 17 cm). So this cue shouldn’t work for frequencies
below about 500 Hz. But diffraction by the head increases rapidly with increasing frequency, and
aboveabout 3000 Hz, Rayleigh figured that head shadowing should causea20-30 dB dropinlevel
at the contralateral ear, making this a very effective angular cuein this frequency range.

Rayleigh realized that his theory implied that directional sensitivity should vanish for sounds
that contain no energy above about 500 Hz. But when he experimented on this, he was surprised
to discover that he could determine the direction of pure tones even aslow as 128 Hz. So he went
back to the old drawing board.

6.12.3 Interaural Time Difference

Rayleigh then considered the possihbility that hearing issensitiveto the differencein phase between
signals arriving at each ear because of the greater time that must elapse for the signal to arrive at
the contralateral ear. Rayleigh called this the interaural time difference (ITD) (Strutt 1907). He
used a simplified trigonometric approximation of head shape to calculate the different lengths of
the sound paths to the two ears. His first ssmplification was to model the head as a sphere with
radiusr. Next, he considered only plane waves, whose rays arrive at the earsin parallel. He char-
acterized the direction of sound arrival, the angle of azimuth, as follows. He drew a radius from
the center of the head forward through the nose as the zero-degree reference (figure 6.22a). He
drew another radius at the angle of theincident plane wave. The angle of thesetwo radii isthe azi-
muth angle z. With this smplified model the difference in the length of the straight-line path to the
two earsin terms of azimuth is 2r sinz. For example, if z=0°, sin0 = 0 and there is no delay dif-
ferencefor sounds arriving directly from the front (or back). If, however, z= 90°, then sin90° = 1,

/S

a) Incident sound rays b) Inmdent sound rays

ITD A\ _
-<—— |Ipsilateral ear ——»
Azimuth
z 0°

/4— Contralateral ear ———

dy

Figure 6.22
ITD, spherical head.
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and the sound (which is now coming at the head directly from the left side) experiences a delay
of approximately the head diameter to reach the other ear. If we assume sound travels at speed c,
this correspondsto an ITD of 2r sin (2)/c.

There are obvious difficulties with this analysis, including the fact that it cal cul ates the sound
astraveling through the head. Figure 6.22a, showsanincident sound ray traveling through the head
to arrive at the contralateral ear. Still, for small angles of azimuth, thisis not abad approximation.
We canimproveit sightly asin figure 6.22b by calculating the delay to the far ear along aray that
arrives at atangent point on the side of the head (line length d,), then arcs around by diffraction to
theear (arclength d,). With equation (5.2) for arclength, thepathlengthwill bed, + d, =rsinz+rz
Converting path length to ITD, we have

ITD =302+ T2 15 < 90e. Interaural Time Difference (ITD) (6.11)

Equation (6.11) only works for azimuth angles whose magnitude is less than 90° because
beyond 90° the rays arriving from behind the head would be closer to the source, and asthe angle
approached 180°, the arriving sound rays would be time-aligned again from behind the head.

While (6.11) isanimprovement, itisstill not agood estimate for the large class of people whose
heads are not precisely spherical. Also, most peopl€’searsare not on adiameter through the center
of the head but are somewhat back fromiit.

Hearing is also sensitive to the onset of sounds, and we also use the onset time difference
between the ears, the lateral onset cue, to help establish direction of arrival.

6.12.4 Problemswith ITD

Theear isonly sensitiveto ITD for frequencies whose wavelength isless than half the distance
between the ears because above this frequency the effect becomes ambiguous. To seewhy, let’s
assume the diameter of the average head to be d = 0.175 m. When exactly half a wavelength
spans the distance between the ears (A = 2d), the ear registers the same pressure differences at
both ears regardless of which direction the sound is coming from. If our ears were sensitive to
ITD for wavesintherange d < A < 2d, wewould hear an apparent sourcelocation on the opposite
sidefrom thetruedirection of arrival. Perhaps anticipating the potential for adaptive catastrophe
here, our evolutionary intelligence wisely bred this capability out of us. Taking the speed of
sound at standard temperature and pressureto be 340 m/s, thefrequency correspondingto A = 2d
is(340/0.175)/2 = 971 Hz, which, not surprisingly, isabout where our ears stop paying attention
to ITD cues. Our hearingismost sensitiveto I TD around 500 Hz. At that frequency, experiments
show we have aIND of azimuth Az near the forward direction of between 1° and 2°. Using (6.11)
tocalculatethel TD for Az = 2° yieldsthe astonishingly small figure of 18 microseconds. Given
the comparatively sluggish synaptic delay time of about 1 millisecond for average neurons, it
seemsincredible that our ears are capable of measuring such small delays with such precision,
but they do.
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6.125 Duplex Theory

ILD and ITD together are known as the duplex theory because these two effects are complemen-
tary. Our hearing isresponsive to ILD cues from 500 Hz upward becoming reliably strong above
about 3000 Hz, so ILD cuesarebest for high frequencies. Ontheother hand, I TD cuesare strongest
below about 1000 Hz. For frequencies around 2 kHz, where neither cue works well, our localiza-
tion is not very good (Stevens and Newman 1936).

6.12.6 Anatomical Transfer Function

A major difficulty of the duplex theory of ILD and ITD cuesisthat it impliesthere should be regions
where we experience front/back and top/bottom source direction ambiguity. The most obvious case
wherethetheory predictsthis should occur isfor sounds on the median plane (seefigure 6.24). Sounds
arriving from any position on the median plane have ITD and ILD of 0 because they are equally cen-
tered between the ears. Therefore, we should have no clue asto the elevation of asound. But we can
clearly distinguish sounds from above and below. Furthermore, identical ILD and ITD cues are sup-
posed to be produced by soundsat positionsa, b, ¢, and d in figure 6.23. The duplex theory impliesthat
the region of ambiguity forms the surface of acone of confusion whose apex isthe ear. There should
be asmany conesof confusion asthere are I TD/ILD cues. But the ear, being ignorant of thisscientific
difficulty, is quite able to distinguish these cues. So something is missing from the duplex theory.
Researchers eventually noticed the large flaps of skin (pinnag) that stick out from the sides of our
heads. They discovered that our hearing isvery sensitive to the way the spectrum of arriving sounds
ismodified by the sound shadowing and scattering eff ects of the pinnae aswell asthehead, shoulders,
andtorso. All these parts of the body cause sounds coming from different directionsto befiltered dif-
ferently on their way to the eardrum in amanner that is highly predictable by our hearing (after all,
the shape of our bodiesis well known to us). These direction-dependent cues, variousdly called the
anatomical transfer function (ATF) or the head-related transfer function (HRTF), are the essentia
cues for discriminating front/back and elevation of sound sources and aso play arole in discrimi-
nating lateral cues. Think about it. Why are our pinnae always behind our ear canals? So that we can

Figure6.23
Cone of confusion.
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tell soundsin front from sounds in back. Sounds arriving from behind the head are subject to more
diffraction than sounds coming from in front because the pinnae block the direct path for signals
behind the head. Similarly, we can tell up from down by diffraction effects caused by our anatomy.
Thus, spectral modifications caused by ATF are important cues to locate sounds in space.

6.13 Externalization

ATF aso solves another problem. If | play you astereo signal through loudspeakers, you hear the
sound coming from the general direction of the speakers, that is, outside your head. But if | play
you the same sound over headphones, you generally experience the sound inside your head.
What's the difference between these two presentation modes? Your ATF. Headphones bypass the
filtering applied by your head, pinnae, shoulders, and torso to incoming signals, depriving you of
asense of direction for arriving sounds, and your hearing seems to conclude that the sound there-
fore must be coming from inside your head. If | smulated your ATF cues by filtering the sounds
| send to your headphones based on measurements of your ATF, you would hear the sounds outside
your head again.

6.13.1 Measuring ATF

| could determine your own particular ATF experimentally as follows. First, | ask youto sitina
stablepositionand (very carefully) insert tiny microphonesinto your ear canals. Whileyou sit till,
| beam aclick or short noise burst from asmall loudspeaker at your head from a constant distance
and from all angles of azimuth z and elevation ¢ around you. | record the signals received by
the microphonesin your ear canals, which show how the shape of the waveform is changed by the
scattering/shadowing properties of your body on its way to your ears. | then apply well-known
signal -processing techniquesto therecordings (seevolume 2, chapter 3), resultingin aset of spectra
describing your ATF for all measured angles of azimuth and elevation.

With thisinformation, | can give you theillusion that you are hearing a sound coming from any
azimuth z and elevation ¢ of my choice. All | have to do is select the spectrum corresponding to
the direction | want, and filter arecorded sound with that spectrum and play it for you over head-
phones. Theillusion even works with loudspeakers under favorable conditions.

The illusion even works pretty well if | substitute someone else’'s ATF for yours. These ideas
are the technological foundation for better-quality 3-D audio surround systems. They are ableto
skip thetedious part of having to measure each individual’s ATF by using the ATFs of people who
are good ATF “donors;” that is, whose own response patterns are characteristic of those of many
other individuals.

6.13.2 Head Movement and Spectral Context

There are till unresolved issues, even with ATF theory. | said that we use spectral modifications
caused by ATF to help locate sounds. But how can we know a priori whether the spectral features
of asignal wehear aredueto ATF-induced filtering or arejust built-in aspects of thesourcesignal’s
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Frontal plane

Median plane

Horizontal plan

Figure 6.24
Three-dimensional coordinates.

original spectrum? In fact, studies show we really can't tell the difference, that is, unless we can
turn our heads, which immediately clarifies whether a sound is really coming from that direction
or whether it just happens to match a positional spectral cue. If the source also moves, our dis-
crimination improves even more.

The effectiveness of 3-D audio surround systems is greatly improved if the system can com-
pensate for head movement. The listener wears a head-tracking system that allows the experi-
menter to monitor all six degrees of freedom: pitch, roll, and yaw plus the standard {x, y, Z}
Cartesian coordinates of positionin space (figure 6.24). Additionaly, if the sound spectrumiswell
known to us, or we can observe the position of the sound source visually, we can discern whether
spectral features are due to the sound source or to our own ATF.

6.13.3 The Precedence Effect

When we hear a sound in anatural environment, we hear not only the signal that travels through
the air directly to our ears but also its many echoes reflected off nearby surfaces. These echoes
superimpose an incoherent jumble of delayed and scaled copies on top of the direct signal, which
isthen delivered to our earsto sort out.

Performance of the ITD cue degrades in highly reverberant environments because it depends
upon receiving coherent phase information between the two ears. The ILD cue fares somewhat
better with reverberation because it only looksfor level differences. But it is still subject to con-
fusionin roomswith strong standing wave patternswhere intensities of sound are subject to local
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minima and maxima determined by room geometry. For example, if | play a 500 Hz continuous
sinusoid over aloudspeaker inaroom and have you walk aroundinit, you'll get different impres-
sions of the location of the speaker at different positions in the room because of the standing
waves.

The saving grace in al thisis that, generally, the direct path to our ears from the source is
shorter than any of thereflected paths; thuswe hear soundstraveling on the direct path first. Our
hearing iskeenly aware of thisfact and gleans as much directional information as possible from
the onset of the sound before the reflections begin to arrive. This is the precedence effect
(Wallach, Newman, and Rosenzweig 1949; Haas 1951). In general, sound location is perceived
to be in the direction from which the first signal arrives, so long as the strongest echoes arrive
within about 35 ms, they are spectrally and temporally similar, and they are not much louder than
the direct signal.

Under these circumstances, echoes are suppressed by the precedence effect. The precedence
effect can be demonstrated with a stereo audio system with loudspeakers separated by a few
meters. Set the controlsto monophonic reproduction so that the same signal is sent to both speak-
ers. Firgt, stand in front of the speakers exactly on the midline between them while playing some
music or speech. You will hear the signal in front of you, somewhere between the speakers. If you
then move toward one of the speakers by a meter or so, suddenly you will believe that only the
nearby speaker ismaking any sound—it’sasthough the distant one was switched off. But the other
speaker is clearly still contributing loudness and spaciousness to what you hear, which you can
demonstrateif you have an accomplice unplug the far loudspeaker. You will notice areductionin
overall loudness and a reduction in spaciousness. But if it is plugged back in, you still can't hear
the sound as arriving from it, and your sense of the direction stays with the local speaker.

6.13.4 The Trade-off between Time and I ntensity

ITD and ILD seem to be processed by the brain separately before being combined at ahigher level
with other cuesto model lateral position of sound. This can be exploited within a certain rangeto
play off ITD and ILD cues against each other.

If you stand in the median plane between two loudspeakers (called the sweet spot in the audio
literature) fed with astereo sound signal, you will hear the stereophonic sound field in front of you.
If you movetoo far to one side, the sound field collapses and the precedence effect reinforces the
percept that the nearby speaker is the location of the sound source. However, to a certain extent,
this can be compensated for by boosting theintensity of thefar speaker until it overcomesthe | TD
cue, and you can restore again the sensation of being in the sweet spot. The ear apparently weighs
theratio of ITD and ILD cues to determine lateralization.

6.13.5 Distance Cues

How do we know how far away a sound sourceis? Suppose | set up two loudspeakersin aroom
behind an acoustically transparent but visually opaque screen. The first speaker is 3 metersin
front of you and | play asound at intensity |. Suppose | then switch to a second speaker at twice
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the distance and play the same sound with the same intensity I. You'd have no trouble telling
which wasthe closer sound source: because of the inverse square law, the intensity of the direct
signal arriving from the far speakeris I = J1'; therefore you hear the second speaker as farther
away.

But suppose we do asecond experiment where | secretly increasetheintensity of thefar speaker
to 12, sothat now I, = J12, and repeat the procedure. Though the inverse square law cue is now
gone, youwill still correctly tell mewhich speaker isthefar one and will perhapsal so mention that
| appear to have made the far one louder. How did you figure that out?

For every sound, your hearing judgesnot just theintensity of thedirect signal |14 but also theratio
of the direct signal intensity to the attendant reverberant signal intensity R as a cue for distance.
In the first experiment, we're pumping the same intensity | into the room from either speaker;
therefore the average reverberant intensity in the roomis R no matter which speaker plays. Rever-
berant energy isdistributed uniformly throughout the room quickly after asound starts. But mean-
while the direct signal intensity went from | in the close speaker to /I in the far one. Thus, your
ear judged that

I I

kR
and reasoned that if the reverberation intensity stayed the same but the direct signal intensity went
down, then the second speaker must be farther away.

However, in the second experiment, the intensity in the room goes from | to 12. Therefore the
amount of reverberation in the room likewise goes from R to R2. But meanwhile the intensity of
the direct signal that you heard remained the same. (Because | squared the intensity of the distant
speaker, the direct signal strength you experience from either speaker isidentical.) Thus, your ear
judged that

||

R R
and reasoned that if the direct signal intensity remains the same but the reverberant intensity
increases, the sound must be both farther away and louder.

We can confirm that your hearing isfactoring reverberation into its cuefor distance by repeat-
ing this experiment in an anechoic chamber. Asthe nameimplies, itisaroom that is so padded
that it produces no echoes, depriving you of the reverberation cue. This time you would expe-
rience the second experiment as ambiguous and wouldn’t be able to tell which speaker was
farther away.

Another distance cue is based on the fact that high frequencies are absorbed more quickly by
air than low frequencies. The greater the distance, the more the high frequenciesin asignal are
attenuated. The effect ismore exaggerated with greater humidity. So even in alarge space without
echoes—like aflat desert—you can still tell relative distance because your hearing has a built-in
sense of how much air absorbs high frequencies.
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6.14 Timbre

“Timbre,” aword borrowed from French, is sometimes defined as* sound color.” Here'sthe ANSI
(1999) definition: “Timbre is that attribute of auditory sensation in terms of which a listener
can judge that two sounds similarly presented and having the same loudness and pitch are
dissimilar. . . . Timbre depends primarily upon the spectrum of the stimulus, but it aso depends
upon the waveform, the sound pressure, the frequency location of the spectrum, and the temporal
characteristics of the stimulus”

Thefirst sentence of the ANSI definition isan exampl e of the common but not very helpful ten-
dency to define timbre by what it is not. According to such negative definitions, timbreiswhat’s
left over after pitch, loudness, and duration are accounted for. Let’s call this approach the residue
theory of timbre. The second sentence is abit more helpful.

Musicians have a highly devel oped, though informal, description of timbre. Musically, timbre
canrefer tothefeatures of atonethat serveto identify theinstrumental source, such asoboeor vio-
lin, or theinstrumental family, such aswoodwinds or strings. Alternatively, timbre can denote the
semantic quality of amusical tone, such as dark, dull, bright, or shrill. The most useful terms are
those that relate to measurable phenomena, such as shar pness, the ratio of high frequency energy
to total energy. Sharpness can be thought of as the “center of gravity” of the spectral envelope of
asound (Bismarck 1974). Roughnesscharacterizestones or noisesthat contain frequency or ampli-
tude modulations between about 20 and 200 Hz (see section 6.7; and volume 2, chapter 9).

Positive theories of timbre have only recently begun to arise. The theoretical difficulties stem
partly from the multidimensional complexity of timbre (Licklider 1951; Plomp 1970) and partly
from the bias toward viewing timbre as the residue of pitch, loudness, and duration.

Modern psychoacoustical research into timbre has sought to understand

= What are the principal perceptual structures the auditory system uses to determine timbre? In
other words, what timbral effects are we sensitive to, and in what order of precedence?

= How does the auditory system categorize and order timbre? | n other words, does the ear have a
natural taxonomy of sounds?

Research has shown that the two most significant perceptual structures of timbre are spectral
energy distribution and evolution of spectral energy distribution over time. Thus, timbre consists
primarily of the static and dynamic properties of asound’s spectrum, leaving aside pitch, loudness,
and duration. Timbre identification has been shown to depend a great deal on spectral evolution.

Althoughthisdefinitionisstill basically aresidual definition of timbre, at least it suggestsaway
totakeasmall step forward. Suppose we take a collection of instrument tones and normalizethem
so that they all have the same perceived pitch, loudness, and duration. Then any remaining differ-
ences between the tones would be, by definition, their timbre. We could then do experiments on
the normalized collection to study how subjects experience the differences between the tones and
try to understand from this how the auditory system organizes and categorizes timbre.



196 Chapter 6

Such research was carried out by John Grey (1975).13 Although his entire experiment goes
beyond the scope of thisbook, in brief, he recorded a collection of standard orchestral instrument
tones and performed a set of experiments to normalize them for pitch, loudness, and duration.
Therefore, by definition, the normalized instrument tones differed only in timbre. Subjects were
then played each possible pairing of thesetones at random and asked after each pair how dissimilar
they were on a scale of 1 to 10. The experiment generated thousands of perceptua dissimilarity
judgments from a multitude of subjects. These judgments allowed Grey to construct a multidi-
mensional constellation of the orchestral instruments where the distance between al the instru-
mentsis proportional to how dissimilar each tone isfelt to be from all the others. It isimportant
to note that the experiment included no hypothesisapriori; all Grey started with werethe dissim-
ilarity judgments of his subjects.

The next step wasto determinewhat features of the sound stimuli might best account for thedif-
ferences his subjects heard. He used multidimensional scaling (MDS) techniques (Kruskal 1964)
to reduce the number of dimensions of the dissimilarity judgments into a set of distancesin
three-dimensional space. Figure 6.25 showsaview of thedissimilarity judgmentsexpressed asdis-
tancesinthreedimensions. Abbreviationsfor theinstrument tonesare 01, O2, oboes; C1, C2, clar-
inets; X1, X2, X3, saxophones; EH, English horn; FH, French horn; S1, S2, S3, strings; TP,
trumpet; TM, trombone; FL, flute; BN, bassoon.

It is important to note that the data specify only relative distances between data points. Grey
examined the datain one, two, and three dimensionsin all possible rotations and decided that the
three-dimensional orientation shownin figure 6.25 offered the best possibilitiesfor explanation of
timbre differences.

In this rotation, Grey noted the y-axis relates to the spectral energy distribution. On the one
extreme, the french horn (FH) and strings (S3) have relatively narrow spectral bandwidth (fewer
harmonics) with most energy concentrated in the lowest harmonics. At the other extreme, the
trombone (TM) has a very wide spectral bandwidth (many harmonics) with energy more evenly
distributed among them all.

The x-axis relates to temporal energy distribution, specifically to how partials align during
attack and decay. At one extreme, higher harmonics of the woodwinds enter and exit simulta-
neously with the low ones at onset and termination of a note. At the other extreme, the higher
harmonicsof strings, brass, flute, and bassoon tend to enter after thelower harmonicsand exit more
quickly than the lower ones.

Thex-axisalso expresses musical instrument family partitioning. Thewoodwinds appear onthe
far left, the brass in the middle, and the strings on the far right. The exceptions to this pattern are
the clustering of bassoon with the brass, and flute with the strings.

Grey asointerpreted the z-axisin terms of temporal patterns. At one extreme, the strings, flute,
clarinets, saxophone (X1, X2), and oboe (O1) display initial high-frequency low-amplitude
energy, most often inharmonic, during the attack segment. Thetones at the other extreme, includ-
ing brass, bassoon, and English horn, either have low-frequency inharmonicity or at least no
high-frequency initial energy in the attack.
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Figure 6.25
Three-dimensional hierarchical clustering analysis of timbre similarities. (Adapted from Grey 1975.)

Grey also performed a clustering analysis of the data. The solid linesin figure 6.25 indicate the
strongest clustering, followed by dashed and then dotted lines. For instance, string S1ismost like
theflute, and string S2ismost like string S3. Also, thegroup { S1, FL} ismorelikethegroup { S2, S3}
thanthegroup{ FH, BN, TP} . Last, thegroup{ S1, FL} ismorelikegroup{ FH, BN, TP} thananything
except group { S2, S3}.

The composer Henry Cowell (1930) wrote,

If tone-qualities were arranged in order, and a notation found for them, it would be of assistance to com-
poser and performer alike. . . . Tone-quality thus becomes one of the elements in the composition itself
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and ceasesto be only amatter of performance. . . . Progressin thefield of new or graduated tone-qualities
incomposition hasbeen greatly hindered by lack of notation, asit hasbeenjustly felt that if music demand-
ing new tonal values were set down in present notation, the desired effect would be likely to be entirely
lost in the performance. (34)

Figure 6.25 provides composers with interesting information on the use of timbre as an orga-
nizing principle in composition. For instance, to reinforce the independence of two melodic lines,
composers could choose timbres that are far apart in the figure. One can entertain such ideas as
transposable timbre by moving gradually from mellow to bright instruments. Timbres with more
bite tend to stand out in an ensemble because their onset transients tend to contain a higher
percentage of total energy.

Grey’sresearch is but one study with avery narrow focus: it covers only 16 specific sounds at
onepitch, oneduration, and oneloudnesslevel. Weknow little about the spaces between thesetim-
bres, |et alone the possible maps of timbre space that would arise using other control parameters.
Theorchestral instrumentsthemselvesarenot constant intimbre at different pitches, durations, and
loudnesses. For example, the timbre of the clarinet demonstrates awide range of effectsacrossits
pitch range. Nonetheless, Grey has provided a tempting glimpse.

6.15 Summary

Themost salient aspectsof musical sound are pitch, loudness, duration, sound location, and timbre.
Psychometric scales such as decibels and phons were developed to give some objectivity to sub-
jective judgments. While such units provide a common language for discussing the auditory abil-
ities of apopulation of listeners, they should not be considered to bein the sameleague as physical
measurements. Nonethel ess, subj ective judgments can hel p to expose a coherent subjective struc-
tureif collected over a sufficient number of data points, and this structure can in turn be related
to various acoustical parameters such as amplitude and frequency.
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7 Introduction to Acoustics

A physicist who looks back over the history of hissubject isstruck by the prominent placethat was originally
occupied by musical acoustics. In fact it was one of the important sources of information about the nature of
the physical world and a prime source of intellectua stimulation.

—Arthur H. Benade, Trumpet Acoustics

7.1 Sound and Signal

Having focused on the listener in the previous chapter, | now focus on the medium and consider
how sound travels.

The sounds we hear correspond to pressure disturbancesin the medium we areimmersed in—air
or water. In chapter 6 | mentioned that sound implies asource, amedium, and areceiver. Thisraises
the age-old question: If atreefallsin the forest and there’s no one to hear it, did it make a sound?

Onecould arguethat pressuredisturbancesin air are not sound until asubject experiencesthem,
but thisseemsacademic. A way out of thedifficulty isto differentiate between asound and asignal:
A sound hasmeaning by theinformationit conveysfromasourceto thereceiver; asigna isasound
that conveys such information. Therefore, an unheard sound is not asignal, but it is still asound.
Practically speaking, just asthereis no harm in talking about a sunset (even though it’s the Earth
that turns), it's okay to discuss the propagation of sounds and signals without regard to a source
or receiver so long as we're aware of the potential for contradiction.

7.2 A Simple Transmission Model
One simple model of the transmission of signals that takes into account the receiver, source, and
medium is

Receiver Source Medium
Observed sound = Original sound — Transmission 10ss,

where the transmission losses are spreading, absorption, and scattering of sound on the path from
source to receiver.
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For sound transmission to carry information (for it to be asignal), it must be detectable at the
receiver, whether the ear or a microphone. Ordinarily, this requires that

= The sound must be above the receiver’s threshold of sensitivity and within its frequency range.
= The sound must be greater in strength than the ambient noise, that is, the signal to noiseratio
must be greater than 1.

Otherwisethe signal is considered to be buried in the background noise. For signalsmeeting these
detection criteria, we can get arough prediction of whether a signal can be heard by relating the
ambient noise level to the sound intensity level:

Observed intensity level
Ambient noise intensity level ’

Signal to noiseratio =

If theresult is greater than 1, it’'sarelatively safe assumption that it can be detected (although this
must remain arough estimate because for hearing, detectability is potentially affected by masking).

7.3 How Vibrations Travel in Air

The speed of sound isafunction of how quickly amedium can transport energy by wave motion.
This in turn depends upon the physical properties of the medium.

When energy isinjected into amedium, it seeksto return to itslowest energy level by radiating
the energy away. In an elastic medium such asair, energy can beradiated either by heat convection
(heat exchange between adjacent molecules) or by wave motion, or both. When asound wavetrav-
e sthrough a gas, the regions that are compressed become slightly warmer, and the regions that
are expanded become dlightly cooler. But thewavel ength for most audible sound isrelatively large
in comparison to the rate that heat flows through air, so no appreciable heat flows from a conden-
sation to an adjacent rarefaction. So most of the work in sound transmission happens because of
pressure changes rather than thermal convection.

A system that performs work without heat flowing into or out of it is adiabatic. Under normal
atmospheric conditions, and for most audio frequencies of interest to humans, energy propagation
by convection is much slower than energy propagation by sound wave, so air is considered an adi-
abatic medium.

Inthemedium’ sundisturbed state, molecul esof fluid mediasuch asair colliderandomly inthree
dimensions under the forces of thermally induced motion. Average particle speed is proportional
to temperature.

We can usefully think of air asan ideal gas, representing its molecules as a collection of per-
fectly hard spheres that collide but otherwise have no interaction with each other. An ideal gas
stores all its energy in the trandational velocity of the particles (that is, the particle speed). The
random motion of themoleculesistheair’sinternal energy or microscopic energy, asdistinct from
the air'smacroscopic energy, which characterizesthe large-scale motion of an air massasawhole.
Sound and wind are forms of macroscopic energy.



Introduction to Acoustics 201

Figure7.1
Idealized one-dimensional representation of air.

Imagine a packet of air such asthat enclosed by your lungs.

= |f you movetheair packet (by breathing in or out), energy istransferred from your lung muscles
to the air and stored in the momentum of the air particles—an inertial property of air.

= |f youcompresstheair packet (by holding your breath and squeezing your chest and diaphragm),
energy is stored as heat—an elastic property of air.

In either case the energy is stored in the air’s momentum or compression because all the energy
(except that lost to friction) will be released again when the air packet decel erates or the air packet
decompresses. Understanding wave propagation depends on understanding how the medium’s
inertial and elastic properties interact.

Figure 7.1 presents an idealized one-dimensional representation of air, in which small packets
of air moleculesarerepresented asballs{v, w, x, y, zZ} between springs{h, i, j, k} . Inthe beginning,
the springsareall pressing with even force upon the balls, theforcesbalance, and thereisno move-
ment, corresponding to the ambient background air pressure.1

If | give ball x an instantaneous shove right, it further compresses spring j and expandsi. The
force from x to y grows while the force from x to w shrinks. Therefore, first w and y are drawn to
theright, then v and z, and so on. The movement of segment {X, y, Z} isacompression wave, and
the movement of {x, w, v} is an expansion wave.

If stiffer springs are used, or if the springs are more compressed, the force displacing x would
be conducted to'y and w faster. Therefore, speed of wave propagation goes up with increasing stiff-
ness. Just as the stiffness of aspring is raised as the pressure on it grows, so the stiffness of agas
isincreased by raising the pressure P it undergoes.

Gases are compressible to the extent that they can easily convert pressure into internal energy,
and different gases have different energy-storing capacities. A gaswith ahigher heat capacity ratio
vislike aspring with greater inherent stiffness: it compresses less easily, that is, it requires more
force to compress, and therefore it can store more energy per unit of volume than a more com-
pressible gaswith lower y. So the el astic properties of agasareitspressure P anditsability to store
heat . Increasing either P or v (or both) increases wave propagation speed.

Now for theinertial properties. If the mass of the ballsin figure 7.1 were increased (and the
springs were left unchanged), the balls would have more inertia, and the force displacing x
would be conducted to y and w more slowly. The inertial property of a gasis its density p,
defined asits mass mper unit of volumeV, or p = m/V. Increasing p decreases wave propagation
Speed.
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The phase of matter has ahuge impact on theinertial and elastic properties of different media. In
generd, solidshavegreater stiffnessthan liquids, which havegreater stiffnessthan gases. For thisrea
son, longitudinal sound waves travel faster in solids than in liquids or gases. One might think that
because of gases' relatively small mass per unit volume, the speed of sound would befaster in gases.
But the stiffness is so much greater in liquids and solids that, in general, for speed of sound c,

Cslid > Cliquid > Cgas -
7.4 Speed of Sound

To summarize the foregoing,

= Increasing elastic properties P or y (or both) increases wave propagation speed.
= Increasing the inertia property p decreases wave propagation speed.

Combining these observations, we can say that the speed of sound c;in agasis proportional to the
ratio of its elastic and inertia properties:

¢ o Salicity  yP (7.1)
density p

Since energy is proportional to the square of velocity, we can rewrite (7.1) as a proper equality:

P
=L,

and thus the speed of sound is

C.= ﬁ Speed of Sound (7.2)

All we need now isto find appropriate valuesfor P, y, and p for air in order to determine the speed
of sound in air, but to find them requires afew additional discoveries.

7.4.1 Heat Capacity

Heat isenergy that flowsfrom ahigher-temperature object to alower-temperature object. Because
itisakind of energy, itsunit isthejoule (J), the same unit used for work, kinetic energy, and poten-
tial energy.

Heat that flows originates in the internal energy of the hotter substance. Internal energy isthe
sum of the molecular kinetic energy (the random kinetic motion of the molecules), molecular
potential energy (forces acting within and between molecules), and other forms of energy. The
internal energy of a substance is not called heat unlessit is flowing.

Theamount of heat needed to rai se the temperature of asubstance by acertain amount—itsheat
capacity—depends upon the kind of substance and upon the mass of the substance. The heat
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capacity Q of materials can be shown to be directly proportional to the change in temperature AT
and the amount of mass m, so that Q « mAT. Adding aconstant of proportionality c, the specific
heat capacity, allows usto determinethe heat capacity of aspecific material, Q =cmAT. Thevalue
of ¢ must be determined experimentally for each specific material. Solving for ¢, we have away
to determine the heat capacity of specific materias:

c= % . Foecific Heat Capacity (7.3)
From (7.3), the Sl unit for specific heat capacity isJ/(kg - C°). For example, the specific heat capac-
ity of copper is387 J(kg - C°), andthespecific heat capacity of water (at 15°C) is4186 J/(kg - C°).

The specific heat capacity of gasesisdifferent depending upon whether the gasismeasured with
constant pressure or constant volume. This distinction isusually not important for solids and lig-
uids but can be significant for gases, such asair. The specific heat capacity measured holding pres-
sureconstant iscalled ¢, and the specific heat capacity measured holding volume constantiscalled
¢, For example, the constant pressure specific heat capacity ¢, of oxygen is 912 J/(kg - C°), and
the constant volume specific heat capacity ¢, of oxygen is 651 J(kg - C°).

The importance of this distinction may not at first be obvious, but it turns out to be crucial for
correctly calculating the speed of sound. Newton first analyzed the speed of sound in The Prin-
cipia. Hisanalysiswascorrect, but the predicted result wasfar smaller than measured values. This
problem dogged theoristsfor the better part of acentury and set back the progress of acoustics until
the difference between ¢, and ¢, was discovered, and the mystery was solved.

7.4.2 Heat Capacity Ratio

The ratio of cy/c,, the heat capacity ratio, characterizes the inherent molecular springiness of
agas:

(@]
yeol

Y= Heat Capacity Ratio (7.4)

(9]
<

Itistheratio of the specific heat capacity of agasat constant pressure to the specific heat capacity
at constant volume.

If we compress a gas, we add to itsinternal energy, causing its temperature to rise. The com-
pressibility of agas depends on how its particles accommodate change of heat energy. Thisinturn
determines the ratio of the change in heat energy to the change in temperature.

For an ideal gas, ¢, exactly equals ¢, so that y= cy/c, = 1.0. This means that the specific heat
capacity is the same whether we hold pressure or velocity constant. If we double the pressure on
an ideal gas, the volumeis halved.

If yisgreater than 1.0 (because ¢, > ¢, ), thegasisnot ideal. Nonideal gases store energy in the
translational vel ocity aswell astherotational velocity and vibrational velocity of the particles. For
nearly diatomic gases such asair, yis 7/5 = 1.40.
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7.4.3 Mass Density

Having considered the elastic properties of air, we must next ook at itsinertial properties before
we can establish the physical basis of the speed of sound. Wave propagation is slower in more
dense mediabecause denser particles accelerate less quickly for the same applied force, therefore
they communicate their force to their neighbors less quickly.

The mass density p of an undisturbed gasisits mass m per unit of volume V:

p= v’ Mass Density (7.5)
wheremassisthequantity of matter containedin an object, and matter isanything that occupies space
and exhibitsinertia. The Sl unit of mass density is kg/m3. For example, the mass density of helium
i50.179 kg/m3, and the mass density of air is1.29 kg/m3 (Beranek 1986). To determine the speed of
sound, we must determine the mass density of air, which is composed of numerous different gases.

Air is composed of about 78 percent nitrogen (N,), 21 percent oxygen (O,), 0.9 percent argon
(Ar), and 0.03 percent carbon dioxide (CO,) by mass, and its average molecular massis the sum
of the products of the various atomic masses times their percentages. So to determine the average
massof air, wemust first determinethe atomic mass of theindividual gases, whichwedo asfollows.

The mole isthe Sl base unit for expressing the amount of a substance measured in molecules.
Amedeo Avogadro (1776-1856) discovered that 12 grams of carbon-12 contains 6.022 x 1023
atoms. This number is known as Avogadro’s number N,. One mole (abbreviated mol) of a sub-
stance contains as many particles (atoms or molecules) as Ny.

Since 1 mol has the same number of atoms regardless of what the substance is, the difference
in mass between substances is due to the difference in their molecular weights. For example,
6.022 x 10% atoms of carbon-12 weigh 12 g, and the same number of nitrogen atoms weigh
28.013 g. Table 7.1 shows cal cul ations of average molecular massfor air. If 6.022 x 1023 particles
of air weigh 28.87 g, one particle weighs

= 28879 1 mol _479x1028 g

= : Average Mass, Atomof Air (7.6
mol  6.022 x 10% particles particle ageMass (7.6)

or 4.79 x 10-%6 kg per air particle.

Table7.1

Average Molecular Mass of Air

Element Percent Atomic Mass g/mol
N, 78.08 x  28.013 = 21.87
0, 20.95 x  31.998 = 6.70
Ar 0.934 X 29.948 = 0.27
CO, 0.031 X 44,010 = 0.01

28.87
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7.4.4 Pressure, Volume, and Temperature

Pressure P isforce per unit area, measured in atmospheres. An atmosphere (atm) is defined asthe
average atmospheric pressure at sealevel, with astandardized value of 101,325 Pa(pascal), alittle
over 105 N/m2, or about 14.7 pounds per square inch (see section 4.21). Measurements of air
density are made by reference to standard temperature and pressure (STP), defined as 1 atm of
pressure at 0°C, or 273.15 Kelvin.

The pressure fluctuations of sound waves are very small in comparison to standard atmospheric
pressure. Sound pressure level (SPL) ranges from about 0.1 Pa at the threshold of hearing up to
about 1 Pa at the limit of hearing. This corresponds to a fluctuation of between 10-7 N/atm and
10-5 N/atm.

If we have avolume of afixed size, and we add more molecules of gasto it (for example, by
pumping moreair into atire), the pressureincreases. When the volume and temperature of anideal
gas are kept constant, doubling the number of molecules of air doubles the pressure. So pressure
is proportional to the number of molecules, or equivalently, to the number of molesn of the gas,
So we can write P o< n.

If we have avolume of variable size, and we add more molecules of gasto it (for example, by
pumping more air into a balloon), the volume increases. When the pressure and temperature of
an ideal gas are kept constant, doubling the number of molecules of air doubles the volume. So
volume is also proportional to the number of moles n, and we can write V «< n.

If we have a fixed number of molecules of air in a certain volume and we reduce the volume,
the pressure increases, as happens when pressing down on the plunger of a bicycle pump with the
outlet closed. When the number of moleculesand thetemperature of anideal gasarekept constant,
halving the volume doubles the pressure because the same number of molecules now occupy half
the space. So for an ideal gas, pressure and volume are reciprocal:

Pl o PVeel.
v

The final factor we must consider istemperature T. When volume is kept constant, raising the
temperature of an ideal gasraisesthe pressure. And when the pressureiskept constant, raising the
temperature of anideal gasincreasesthevolume. So temperature affectsboth pressure and volume
directly, and we can write PV o< T.

Combining these four proportionalities, we can write PV « nT. We can rewritethisasan equa-
tion by inserting a proportionality constant R, called the universal gas constant. The result isthe
ideal gaslaw:

PV =nRT, Ideal Gas Law (7.7)

wherenisthe number of molesof gaspresent, T isabsolutetemperaturein Kelvin, and Risamagic
number worked out experimentally in the late 1700s and codified in Boyle's law, Charles's law,
and Avogadro’s hypothesis. A good value for it is 8.314351 J(moal - K).
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Equation (7.7) expresses the ideal gas law in terms of moles n, but using Avogadro’s number,
it is easy to expressthisin terms of the total number of particles N. The total number of particles
N is just the number of moles n times the number of particles per mole, N,, in other words,
nN, = N. Substituting into (7.7), we have

PV = nRT = nNA(B)T - N(B)T.
NA NA

The constant term R/N, is Boltzmann’s constant,2 usually represented by the symbol k:

- R___831Jmol K) _ 435,102 yK. Boltzmann's Constant (7.8)

N, 6.022 x 1023 atoms/mol

Substituting k into the ideal gas law, we have
PV = NKT. Ideal Gas Law using Boltzmann’s Constant (7.9)

Notice that the values of (7.7) and (7.9) are expressed only in units of pressure, volume, quantity
of gas, and temperature. From these we can calcul ate the speed of sound in air.

7.4.5 Calculating the Speed of Sound
Solving (7.9) for pressure, we get

_N
P= KT (7.10)

This can be rewritten in terms of mass density p and molar mass m because N/V = p/m (a conse-
quence of eguation (7.5)). Substituting this equality into (7.10), we get

_P
P=5KT. (7.11)
A rearrangement of (7.11) yields

P_KT

- (7.12)

Now, recall equation (7.2) for the speed of sound:

P

Substituting (7.12) into (7.2) yields

c,= (1< (7.13)
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We have an equation for the speed of sound based only on easily measurable quantities: temper-
ature, compressibility, and mass. Plugging in the values y = 7/5, m= 4.79 x 10-% kg/m3, and
k = 1.38 x 102 JK yields

KT _ |7 1.38x1023.T
C= |y == [z =—=————— =20.0833/T. eed of Sound (7.14
s «/Y m «/5 479% 102 AT * (-14)
Temperature (in Kelvin) is the only nonconstant term for the speed of sound in air at standard
atmospheric pressure. To use the more familiar Celsius scale, substitute T = 273.15 = 0°C. For
example, the speed of sound at standard temperature and pressure is

20.0833,/T = 20.0833 - 16.52725 = 331.9 m/s, Fpeed of Sound at STP (7.15)

or alittle over 1000 ft/s or about 1 ft/ms.
Air is nondispersive, meaning that ¢, does not change with frequency, aslight doesin glass, for
example.

7.4.6 Universal Wave Equation

Now that we have an analytic means to determine the speed of sound, we can use it to relate the
period of awave directly to its frequency. The speed of sound cis

c=fAms, Universal Wave Equation (7.16)
wherefisfrequency in cycles per second, and A iswavel ength in meters. Knowing any two of these
properties allows us to find the third:

c=fA, f= x:%.

c
7\’!
For example by (7.15), the frequency of awavelength of 10 misf = 33.19 Hz. The wavelength of
1000 Hz inair a STPisA =0.3319 m, or about 1 ft.

7.5 Pressure Waves

Sound is propagated through a medium such as air by longitudinal waves, where particle motion,
wave mation, and energy flow are all in the same direction. Longitudinal waves are also called
pressure waves (or P-waves) because wave propagation is carried by pressure differencesin the
medium. A two-dimensional representation of alongitudinal pressurewaveisshowninfigure7.2.
The figure can be thought of as a density contour map of the medium where the darker areas, or
compressions C, havegreater density than thelighter areas, or rarefactions R. The ordering of den-
sitiesisaways R< p, < C, where p, isdensity of air at STP.

Asprevioudly discussed, when a packet of air is compressed, the molecules store the energy as
heat. When apacket of air isaccelerated, the moleculesstorethe energy asinertia. If wethink about



208 Chapter 7

sA

-
-

Maximum
velocity
Minimum
velocity
Rarefaction

P ;
<
>Compressi
yd
\ 1Y

Pressure

-

A ANE AR
£9 R :
&g \/ <
Maximum
negative velocity
Figure7.2

Longitudina pressure wave.

figure 7.2 as a snapshot of a sound waveform in time, we see that the wave travels by alternating
inertia storage and heat storage through time. At any moment, the most compressed/rarefied air
packets (hencethe oneswith the most/l east heat) have no momentum, whereasthe air packetswith
the most velocity (hence the ones with the most momentum) have no compression.

7.6 Sound Radiation Models

Sound propagateswith aspherical radiation patternin free space of uniform density,3 and theinten-
sity of asignal at some distance will generally be inversely proportiona to the square of the dis-
tance. But the actual distribution of transmitted sound energy depends upon other factors,
including the radiation pattern of its source, which is afunction of the efficiency of sound prop-
agation in three dimensions. For instance, we experience the loudest signal from aviolin if we
directly faceitstop; it sounds quieter if we faceits side.

Additionally, sound can bereflected, refracted, or absorbed onitsway fromasourceto areceiver
by objects encountered along the way. For instance, we experience an even quieter signal from a
violin by standing directly behind the violinist, in the player’s acoustical shadow. What arrives at
our earsis determined by these factors (among others) in combination.
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Graphical models of the transmission of sound.

Thetransmission of sound can bemodel ed aseither wavesor rays. Figures7.3aand 7.3b show how
these models represent two-dimensional waves in close proximity of a point source radiating
inall directions. Near the source, weseegreat curvature of thewavefronts. Inthreedimensions, wave
fronts emerge in layers of pressure areas from the source in a spherical pattern. In figures 7.3c and
7.3d, we are viewing sound at intermediate proximity fromits source, in the near field or the Fresnel
zone. Equivalently, we are viewing amagnified portion of the sound through asmall aperture nearby
its source. Though the total 2-D signal pathis till circular, our view of it is so limited that what we
seebeginstolook morelikeparalle raysor parallel wavefronts. Figures7.3eand 7.3f show the sound
at great distance from its source, in the far field, or Fraunhofer region. Equivalently, we are viewing
a extreme magnification through avery small aperture nearby the source. We see so little curvature
that for all intents and purposestheraysand wavefrontsare parallel. In thisregion, theradiation pat-
ternisindependent of distance. Theseare called planewaves, although strictly speaking they areonly
geometrically planar in the limit at an infinite distance from the source. In three dimensions, plane
waves pass by like sheets of pressure areas from the direction of the source.

Portraying transmission of sound as rays helps us visualize the direction and strength of sound
propagation, and portraying them as waves helps us visualize wavelength. Both approaches are
just models of the underlying physical phenomena, which we use to help make sense of what we
experience. We can adopt whichever perspective helps us understand, and switch back and forth
between models at will.

At what point do we go from near field to far field, from effectively spherical to effectively
planar transmission? Three factors are significant: the distance from the source s, the area of
the aperture a through which we observe the waveform pass, and the wavelength A of the wave-
form (see section 4.24.4). An observation is termed far field if the distance from the source
is much greater than double the area a of the aperture divided by the wavelength A, called the
Rayleigh distance:

5 > 27"" Rayleigh Distance (7.17)
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7.7 Superposition and I nterference

Wave interference occurs when two or more waves act simultaneously on a medium. When such
waves pass through each other in an ideal medium, the resulting disturbance at any point in the
medium can be found simply by adding the individual displacements that each wave would have
caused by itself. Thisisthe principle of superposition.

Where the interfering waves have the same sign, the sum of their displacements will be larger
than either wave by itself, resulting in constructiveinterference. Thus, for example, when the crest
of onewave is superposed upon the crest of another, they interfere constructively. The same goes
for atrough superposed upon atrough.

Where theinterfering waves have opposite sign, the sum of their displacementswill be smaller
than either wave by itself, resulting in destructive interference. This occurs, for example, when a
crest issuperposed upon atrough, or viceversa. For examplesof constructive and destructiveinter-
ference, seefigure 6.13.

Where two waves of opposite sign and equal magnitude coincide, they cancel, resulting in no
displacement of the medium. A listener at that position would hear silence. Thisis essentialy the
principle behind noise-canceling headphones. A microphone mounted near the ear detectsan inci-
dent sound wave, and an electronic circuit creates an inverse waveform matching the incident
sound wave, and plays it through the loudspeaker in the headphones so that the incident sound is
canceled by the inverse waveform when it reaches the ear.

7.8 Reflection

Interpreted as rays, sound obeys Newton's laws of mation because sound rays continue in a state
of motion “at a constant speed along a straight line, unless compelled to change that state by anet
force” Reflection acts as a net force upon awave to deflect its direction.

Reflection of sound waves occurs only where the speed of sound changes, which, according to
(7.2), happens only wherethe density or elasticity of the medium changes. Reflection occursat the
boundaries between media with different densities and elasticities, for instance, where sound
strikesawall. But reflections can al so occur within the samemedium whereitsdensity or elasticity
changes. For example, the enormous impulsive sound wave created by a bolt of lightening in the
clouds would be heard as a single clap, like a sonic boom, except for the numerous reflections
caused by theturbulent differencesin pressure and temperaturewithin the storm. We hear the effect
of these reflections as rolling thunder.

Sound reflection isjust like light reflection: the angle of the incident ray and the reflected ray
lie on the same plane, and the angles of incidence 6; and reflection 6, are equal (figure 7.4a),

6, =0, Law of Reflection (7.18)

Soecular reflection, which is reflection from smooth, relatively plane surfaces, creates a phan-
tom source equidistant to the perpendicular of the reflecting surface (figure 7.4b). Nonspecular
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Phantom reflection source.

reflection (figure 7.4c) creates dispersion, scattering, or diffuse reflection. If the reflecting
surface is sufficiently diffuse, no phantom source is created.

L ooking at reflection from the wave perspective, we'd say that each local point on thereflecting
surface emits a new spherically spreading wave front in response to the incident wave. The direc-
tion in which this new reflected wave front is propagated is constrained by

= Thelocal geometry of the surface it strikes
= The pressure it experiences from other local wave fronts

This characterizes any reflection, specular or not. For aplane wave striking a plane surface, the
hemispheresradiated by each point form acoherent wave front that resemblestheimpinging wave
front but traveling in a new direction. For nonspecular reflection, we must examine the way each
hemisphereisconstrained by itslocal surfaceand theinfluencesof nearby hemispheresin response
to their own local conditions.

A wave front will experience scattering if the dimensions of the object it encounters are
small in comparison to its wavelength. A wave front will experience reflection if the dimen-
sions of the object it encounters are large in comparison to its wavelength. For example,
atable top 1 min diameter will tend to scatter wavelengths larger than 1 m and reflect smaller
wavelengths.

Assuming that the direct path between source and receiver is not blocked, the first sound we
hear from a source is always the direct signal because it travels the shortest distance between
source and receiver. Since there is strong evolutionary survival value in knowing the direction
from which a sound originates, our hearing suppresses reflected copies arriving after the direct
signal from other directions (see section 6.13.3). But the precedence effect only works for about
35 ms after the arrival of the direct signal. Reflections arriving after that are experienced asdis-
tinct echoes. Reflectionswithin the precedenceinterval are experienced aslending spaciousness
to the sound. If there are so many reflections that we cannot distinguish them, we hear them as
reverberation.
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7.8.1 Determining Distance from Reflections

Reflected energy can be used to measure distance to areflective object because some energy usu-
aly returnsto the source. Thisistheway radar works. The same technique also works for sound:
for example, some cameras are equipped with a distance-finding device consisting of an element
that makes ahighly directional clicking sound, and amicrophone. The click emitted by the device
reflects off the object the cameraisaimed at, and some of the energy returnsto the device'smicro-
phone. The device measures the elapsed time and uses equation (7.16), the universal wave equa-
tion, to calculate the distance to the object.

Since sound can penetrate opaque objects, sound reflection can be used to map underground
rock strata. Using acoustic pulse reflectometry, geologists track the reflections of a shock wave
transmitted through the earth by setting off asmall explosion and recording the echoes (figure 7.5).
By examining the delay and amplitude of the most prominent reflections at various microphones,
and knowing the average speed of sound in the earth, geologists can infer the depth and location
of strata of different densities.

The same principle has been applied to deriving the bore profile of tubular musical instruments
such aswinds and brass, and the tracheal tubes of humans and animals, using a noninvasive tech-
nigue (Ware and Aki 1969). Though these instruments can in principle be measured with calipers,
in practice complications such as side holes and theinaccessibility of interior tubeslimit the accu-
racy of thisapproach. For the voice, anoninvasive approach to measuring the tracheal tubes of live
subjectsisinvaluable. With acoustic pulse reflectometry, an impulse of sound isinjected into the
instrument. Reflections arise in response to the impulse where the bore diameter changes. The
more rapid the change in bore diameter, the larger the reflection it causes. The resulting impulse
response function is measured by a microphone. The impulse response is converted into a
cross-sectional areaasafunction of axial distance from theimpulse source, providing the desired
bore profile.4

Explosion

Microphone 1 Microphone 2
=) -

Figure7.5
Acoustic pulse reflectometry.
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7.8.2 TheOld Rope Trick

We can model sound reflection in transverse waves by attaching aropeto awall. Holding the free
end, if you snap the rope, an impulsive wave travels down its length. When the wave reaches the
wall, some of the wave energy reflects back towards your hand while someistransmitted into the
wall. The returning wave experiences phase reversal, meaning that the returning pulse travels on
the opposite side of the rope: if the outgoing pulse travel s above the rope, the reflection returns
below the rope (figure 7.6a). Thisis how sound travelsin strings with rigid terminations.

Attaching the end of theropeto alightweight thread and the thread to awall makesthe rope act
asthough it were free at the wall end (figure 7.6b). The reflected wave remains on the same side
of the rope both coming and going, so there is no phase reversal.

When therope'send isfixed, asinfigure 7.6a, we can think of therope’sreflected wave ascom-
ing from an imaginary inverted source on the other side of thewall (figure 7.7). If theropeisfixed
to the wall, the wave's displacement clearly must be zero when it reaches the wall (assuming the
wall isinflexible). We would achieve the same effect if we had an identical rope on the other side
of thewall that was shaken the opposite (inverted) direction. Theimaginary inverted wave arriving
from theimaginary source would exactly cancel the real source when the two motions meet at the
wall, also providing zero displacement.

a) Fixed end Wall
a
R
Outgoing wave |M
Phase reversal
Returning wave L
- L
b) Free end Wall
> wa.
Outgoing wave #ﬁ
¢ Thread
Returning wave L L |
No phase reversal
Figure 7.6
Reflection of an impulsive wave on arope.
Waves cancel
Real N, > | - Imaginary

source | source
Wall

Figure7.7
Rope with fixed end.
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Shive wave machine.

However, when therope’'sendisfree, asinfigure 7.6b, theend snapslike awhip, momentarily
doubling its displacement. We can model this as an uninverted imaginary wave arriving from
the imaginary source, so the waves add when they meet, providing twice the displacement
(figure 7.8).

7.8.3 Shive Wave Machine

Most natural wave motion occurstoo fast or is otherwise too subtle to follow easily with the eye. In
the 1950s, John N. Shive developed a wave machine at Bell Telephone Laboratories that clearly
reveal stransversewave motion. Anarray of stiff steel rodsare attached crosswise at regular intervals
toawire (figure 7.9). Because of therelatively large inertia of the rods compared to the elasticity of
the wire, a wave takes several secondsto travel from one end of the array to the other. If the tips
are painted with phosphorescent paint and the apparatusisviewed under black light, only thetipsare
visible, and one sees an array of dots moving up and down in transverse wave motion. This can
be used to replicate the experiments with the ropes. With the far end free, asin figure 7.9, apositive
impul se sent down the wave machine resultsin a positive reflected wave, asin figure 7.6b. With the
rod at thefar end clamped so it can’t move up or down, anegativewaveisreflected, asinfigure 7.6a

7.8.4 Réeflection and Transmission at M edia Boundaries

The Shive wave machine can also be used to examine what happens when waves cross the bound-
ary between two mediawith different speeds of sound. The crossbars at the right end of the wave
machine shown in figure 7.10 have been shortened so that the speed of wave propagation along
this section of the machineisdoubled.> Call the slower speed of wave propagationinthelong bars
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Reflection and transmission at a boundary.

C; and the faster speed in the short bars ¢;. The figure shows a wave crossing over the boundary,
one half till in the slow section, one half in the fast section.

We can compare what happens when a wave crosses from a slower to a faster medium (send
an impulse from (@) in figure 7.10) and from afaster to a slower medium (send an impulse from
(b) inthefigure).

= If, asin figure 7.9, the bars of the Shive machine do not change length, then c /c; = 1 and the
speed of propagation remains unchanged. All energy is transmitted along its entire length, none
isreflected until it reaches the end.

= If, asinfigure 7.10, the bars change length, then c//c; # 1. Because there is a difference in the
speed of propagation, some energy is transmitted and someis reflected.

= Theinitial disturbance that moves toward the barrier is the incident wave, the reflected waveis
returned from the boundary, and the transmitted wave passes through the boundary.

= The sum of the reflected and transmitted energy always equals the total original energy (apart
from that lost to friction or sound).

= Where wave maotion goesfrom the slower medium into the faster medium, asin figure 7.10a, the
returning wave does not experience a phase reversal, like the rope attached to a string.

= Wherewave motion goesfrom thefaster mediuminto the slower medium, asin figure 7.10b, the
returning wave experiences a phase reversal, like the rope attached to awall.

= In no case isthe phase of the transmitted wave reversed.

= The frequency of the wave is preserved across the boundary.

We can account for these phenomena as follows. Suppose there is aboundary where medium 1
has speed of propagation ¢c; on one side and medium 2 has speed of propagation c, on the other.
Assume that the incident wave always starts in medium 1. Then the amplitude coefficient of the
reflected wave A, will be

C—C

A =—-=. Reflection (7.19)
C,+Cy
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The amplitude coefficient of the transmitted wave A, will be

2¢c,

. Transmission (7.20)
C,+C,

A =
For example, if the speed in medium 1 istwice that of medium 2, so that ¢,/c, = 2/1, and theinci-
dent amplitude is equal to 1, then by (7.19) the amplitude of the reflected wave will be —1/3 and
by (7.20) the amplitude of the transmitted wave will be 2/3. Thisis equivaent to starting the inci-
dent wave from (b) in figure 7.10.

If we reverse this so that c,/c, = 1/2, then reflected amplitude is 1/3 and transmitted amplitude
is4/3. Thisiseguivalent to starting the incident wave from (@) in figure 7.10.

If c,/c, = 11, reflected amplitudeis0 and transmitted amplitudeis 1. We can usethese equations
to determine the behavior of the rope described in section 7.8.2:

= In the limit, if the second medium’s speed of propagation is zero, c,/c, = 1/0, then reflected
amplitudeis—1 and transmitted amplitudeisO. Thisisthe case for the rope with fixed end and the
Shivewave machineinfigure 7.9 withitsend clamped—all the energy isreflected and comes back
inverted.

= |If the second medium’sspeed of propagationisinfinite, thereflected amplitudeis 1 (not inverted)
and transmitted amplitude is 2. This corresponds to the rope with free end and the Shive wave
machine with its end unclamped.

Remember, total energy is conserved in the system, but amplitude adjusts according to the mass
and elasticity of each medium at the boundary.

Reflection of longitudinal waves, such assoundwavesinair, can bevisualized asfollows. Consider
along pipewithadrumhead at theleft end (figure 7.11a). We can create animpul svewaveby striking

a) Closed-ended b) Open-ended

Figure7.11
Closed-ended and open-ended reflections in a tube.
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Figure7.12
Parabola focusing sound on a microphone.

the drum head, which sends a sharp positive pressure wave down the tube. If the tubeis closed at its
right end, the positive pressure doubles when the impul sive wave strikes it, and the wave is reflected
back as a positive pressure wave—the same as described for a free-end rope reflection.

However, if thetubeisopen at itsright end, thewaveinteractswith theair surrounding themouth
of the tube. When the positive pressure wave exits the tube, it displacesthe air, whichis at normal
atmospheric pressurearound the mouth. Thisdisplacement isthen propagated away fromthe open-
ing asahigh-pressurewave. A new low-pressure areasurrounding themouthiscreated initswake.
Air from outside and inside the tube is drawn to this new low-pressure zone. The air outside the
tubethat is drawn back then propagates away from thetube asalow-pressurewave, andtheair that
isdrawn from inside the tubethen propagatesback up the tube asalow-pressurewave (figure 7.11b).
Thisisthe same as described for afixed-end rope reflection.

When sound reflectsfrom aconcave surface, wave intensity isfocused exactly aslight intensity
isfocused inareflecting telescope. If amicrophoneis placed at thefocus of aparabolic dish, sound
wavesarriving from the samedirection asthedirectrix (the line bisecting thereflector) arefocused
onit because each point on the parabol aisequidistant from thefocusand thedirectrix (figure 7.12).

7.85 Acoustical Coupling

There are situations where it would be good to have as much energy as possible travel from one
medium into another while reducing or eliminating reflections due to the discontinuity at the bar-
rier between thetwo media. For instance, the boundary at the oval window intheear hasair outside
and denser perilymph inside (see section 6.2.3). If sound waves struck the oval window directly,
most energy woul d reflect back out of the ear and littlewould get insideto enable hearing. Thetym-
panum and the bones of the middle ear providetheinner ear with amechanical coupling that passes
amost all energy intotheinner ear for arange of frequenciesof greatest biological interest, thereby
providing theinner ear with amoreintense signal at these frequencies. Such coupling devices are
called transformers.

Figure 7.13 shows the Shive wave machine adapted to couple energy across a boundary with
minimal reflection. The average speed of sound in the central region isthe geometric mean of the
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Figure7.13
Transformer at a boundary.

speed in the two surrounding media. The transformer couples most efficiently for frequencies
whosewavel engthsare closeto four timesthelength of thetransformer. It works progressively less
well for other frequencies.

7.9 Refraction

That part of asound’senergy that istransmitted through aboundary between two mediaentersinto
the new medium and is subject to refraction. Suppose a plane wave strikes a plane surface with
adifferent speed of sound c. If the angle of incidence o of the waveisnot perpendicular to the new
medium, the wave is bent upon entering it and goes off at a different angle p.

There are three cases to consider:

= The speed of sound is the same in the two media: ¢, = ¢,. Then a sound that strikes the surface
of the second medium at an angle of incidence o will enter the new medium at angle 3, and o. =
(figure 7.144).

* Thespeed of soundisfaster inthefirstmedium: ¢, > c, . Theangleof incidence . > B, resulting
in a focusing effect (figure 7.14b). The energy is focused because relatively wide angles of inci-
dence result in relatively narrower angles of refraction.

* Thespeed of soundisfaster inthesecond medium: ¢, < ¢,. Then a. < B, resultingin adispersive
effect (figure 7.14c). The energy is dispersed because relatively narrow angles of incidence result
in relatively wider angles of refraction.

Ingeneral, for some angle of incidence o, the sound will berefractedinto areaQ if ¢, < ¢, andinto
areaPif ¢, > ¢, (figure 7.14d). We see that the angle of incidence a. is related to angle of entry
B by B= Ko, whereK o c,/c;.

The exact relation, known as Snell’s law, is

sna _ snf . Refraction (7.21)
C1 C2
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Solving for B, we have

B = sin_l(si nocc—z) .
Cy

For example, if ¢, = 1.0, ¢, = 1.25, and the angle of incidence s o. = 45°, the angle of entry is
B=62.1°.

Where an incident sound wave moves from aslower to afaster medium (¢, < ¢,), thereisacrit-
ical angle oy, that causestheangleof entry to equal 90°. When o = a.;;, theenergy of therefracted
wave (called a creep wave) travels along the boundary, and is rapidly attenuated. When o > o,
al incident wave energy is reflected. The value of the critical angleis

. -1(Cq
Oeig = SIN ("') .
G2

7.9.1 Gradient Refraction

Figure 7.14 shows refraction at sharply defined boundaries between media of different densities,
but refraction takes place wherever any parameter affecting the speed of sound changes for any
reason. Refraction can occur continuously over a gradient, for example.

a) c1=0Cy b) c1>co

Medium 1 Medium 1

Medium 2
Medium 2

Sound

C) €1 <Cy d)

<
Sound 1<C2

C1>Cy
Medium 1 Medium 1

Medium 2 Medium 2

Figure7.14
Refraction at abarrier.
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a) Cooling with elevation b) Warming with elevation

\_/’/_\

Surface of the earth

Increasing elevation

Figure7.15
Refraction of sound in the atmosphere.

On astill evening with no clouds, the atmosphere near the ground remains warm because of the
ground’s lingering heat, and the air generally is colder with increasing elevation. As the density
increases over a gradient, the speed of sound correspondingly decreases. Figure 7.15a shows a
sound source at some elevation above the surface of the earth. Thewarm air bel ow causesthewave
front to speed up, the cool air above causesit to slow down, and the result is that the wave front
bends upward with increasing distance from the source.

On atill morning with no clouds, air in the upper atmosphere is warmed by the sun faster than
air near the ground, so the atmosphere generally getswarmer with increasing elevation. Figure 7.15b
showsthe wave front bent downward with increasing distance from the source by the early morning
refraction gradient. Sound can often be heard on the surface of the earth at afarther distance when
refraction isdownward under theseweather conditionsbecausethewavefrontstravel around thetops
of surrounding obstacles. | once lived ahalf mile from the ocean. During the day, the surf sound was
blocked by tdll cliffs. But on calm nights a temperature gradient would form, refracting the sound.
Every night (reliably within 5 minutes of midnight, for some reason), suddenly, I’d hear the surf.

7.9.2 Land Speed of Sound

Consider what happens when one shoutsinto the wind to alistener. Theland speed of sound must
be measured with respect to the averagewind speed. Thus, if ¢ = 331 m/sbut theair itself ismoving
at 10 m/s, the land speed of sound ¢, is actualy 341 m/sin the direction of the wind.

When wind flows smoothly without vorticesor other turbulence, it travel sslower at ground level
than higher up. The speed of air molecules in contact with the earth must be effectively zero
because the earth is stationary with respect to the wind and these air molecules are bound to earth



Introduction to Acoustics 221

Figure7.16
Refraction due to wind speed.

Figure7.17
Sound absorption panel.

by strong molecular forces. Air molecules above them are progressively less subject to thisresis-
tance, with increasing elevation causing the air to move in horizontal sheets, an effect called lam+
inar flow. Thusthe speed of wind—and hence the land speed of sound—shows agradient increase
with elevation in the direction of the wind. Figure 7.16 shows this effect on two listeners at equal
distancesdownwind (a) and upwind (b) of asound source. Thelistener upwind receives|essinten-
sity than the downwind listener because upwind sound is refracted up into the sky.

7.10 Absorption

When sound energy is transformed into another kind of energy, such as heat, we say the sound is
absorbed. Different materia sabsorb sound to varying degrees: acement wall absorbslittleand reflects
most sound energy; awood wal | absorbs someand refl ectssome; carpet absorbsmost and reflectslittle.

Airitself absorbs sound energy, depending upon itstemperature and rel ative humidity. Cold, dry
conditions favor sound transmission, whereas hot, moist conditions absorb sound, with high fre-
guencies being most subject to attenuation. This means that the intensity of asignal being trans-
mitted through air will actually be less than would be predicted by the inverse square law of
distance because the air itself dissipates energy from the sound.

An anechoic chamber is one whose walls absorb all sound, providing no detectable echo or
reverberation. Usually thewallsare constructed of largewedges of soft, fibrousmaterial onall sur-
faces. If we envision a sound wave incident upon awedge as aray (figure 7.17), we can see that
reflection causestheray to strike the wedge many times, each time transferring some of itsenergy
as heat into the wedge until it is completely absorbed.
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Table7.2
Absorption Coefficients of Various Materials at Various Frequencies
Frequency (Hz)

Material 125 250 500 1000 2000 4000
Concrete block 0.36 0.44 0.31 0.29 0.39 0.25
Wood 0.15 0.11 0.10 0.07 0.06 0.07
Carpet 0.08 0.24 0.57 0.69 0.71 0.73
Air - - - - 0.01 0.02

The best absorber of al isan open window: 100 percent of the energy that goesthroughiitislost
tolistenersin the room. Thusthe absorption of al other materialsis compared to that of awindow
of equal area, and the absorption coefficient of an open window is defined as a= 1. If asquare
meter of carpet absorbs half as much sound as awindow of equal size, then the absorption coef-
ficient of the carpet material would be a=0.5.

A surface having an area Sand an absorption coefficient a can be said to have total absorption
A= 33, equal to an open window of area A. Materias vary as to how much sound they absorb in
different frequency bands. Theabsorption coefficients of concrete, wood, carpet, and air are shown
intable 7.2. The entry for air assumes atemperature of 20°C, 30 percent relative humidity.

Our ears use attenuation due to air absorption and surface reflection to help identify objectsin
space in a number of ways:

= Inthe open, if we hear a sound we recognize, but it sounds muffled, we assumeit isfar away.
The muffling isaconsequence of the attenuation of high frequencieswith distance through air.

= Inahall thedirect signal from asource not only arrivesfirst but isalso spectrally the brightest that
we hear from that source becauseit is least subject to attenuation due to air absorption at the walls
or intheair. Our ears compare the spectral brightness of the direct signal to the reflected signals as
acueto thelocation of the sound source (along with other cues such asintensity and time of arrival).

7.11 Diffraction

Since sound waves emanate spherically from a sound source, one might think that if an object
blocked the sound, the size of the sound shadow would grow with distance beyond the blocking
object (figure 7.18a). Instead, the sound shadow shrinkswith distance (especially for low frequen-
cies) and even disappears (figure 7.18b). Thisis pretty good news if your seat at the concert hall
isdirectly behind alarge pole: you'll still be able to hear the music—at least the low frequencies.
This tendency of sound to spread out into sound shadows is called diffraction.

Diffraction arisesin two common situations; apparent bending of wavesaround small obstacles
or past sharp edges, and spreading out of waves past small apertures. Small inthiscase meanssmall
in proportion to the wavelength of the passing waveform.



Introduction to Acoustics 223

b)

Figure7.18
Naive expectation vs. actual behavior of sound shadows.
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Figure7.19
Diffraction through an aperture.

Itisalot easier to study diffraction of light than of sound because we can seelight. Solet’smake
some simplifying assumptions and consider diffraction of light through an aperture (figure 7.19a).
Diffraction of sound works exactly the same way. Assumethat the light arrives from such adistance
that thewave frontsarevirtualy parallel, so we can ignore the spherical complexities of waveforms.
Now imaginethat thiswavefront impingeson abarrier with asmall circular aperture. Thelight pass-
ing through the aperture strikes a screen behind it. Figure 7.19b showsthe diffraction pattern of light
intensity striking the screen for someaperturediameter d, wavelength A, and distanceto screen z The
whiter the areg, the more energy it isreceiving. Figure 7.19¢ shows a cross-section of the diffraction
pattern with intensity on the y-axis. It is understandabl e that the light should be most intense on the
screen directly opposite the aperture. But what about the fringe areas that also get light energy?

Tounderstand thediffraction pattern, consider how the plane wavefront passesthrough the aper-
ture. According to Huygens's principle,6 the sound wave in the aperture behaves asif all the points
of the wave surface within the aperture were separate radiating sources of sound with the same
phase. This means that every point on the wave surface within the aperture emits vibrations not
only directly toward the screen but also in al other directions, hemispherically. Thusall the points
onthewavesurfacewithinthe apertureradiatetheir energy in such away that it spreadsout uniformly
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Figure7.20
Behavior of two pointsin the aperture according to Huygens.

' Centerline

Figure7.21
Constructive interference.

A Reinforcing

\ B Canceling

Centerline

Figure7.22
Destructive interference.

and hemispherically intotheareabeyond thebarrier. Figure 7.20 showsthisbehavior for two points
withintheaperture. (Weare assuming the phases of all these separately radiating pointsarealigned
by the plane wave that is driving them from behind.)

Figure7.21 showsthat vibrationsemanating from al pointson thewave surfacereach the center point
A inphaseand reinforce each other in congtructiveinterference. (Only two pointsare shown to keep the
figuresimple, but Huygens' principle holdsfor aninfinite multitude of pointsinteracting thisway.) Fig-
ure 7.22 shows how the same vibrations at a different angle cancel at point B, resulting in destructive
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interference. Waves with the same wavel ength will sometimes add, sometimes cancel, depending
upon 6, the angle of incidence. The same destructive interference shown in figure 7.22 woul d happen
if point B were on the other side of the x-axis at the same distance from the center of the aperture.

If we consider the whole screen, there would be adark ring with aradius B —A. Now imagine
apoint C at twice the distance B isfrom A. The phase of the vibrations would once again be con-
structive asthey were at point A, and there would be awhite ring on the diffraction pattern. How-
ever, it would be fainter because the distance to the screen from the aperture is greater, and light
intensity drops with the square of the distance, according to the inverse square law. Thus consec-
utive concentric rings receive less and less energy until they are insignificant.

The cross-section of the diffraction pattern (figure 7.19c) looks rather sinusoidal, although the
valuesareall positiveand it diesaway quickly at the edges. In fact, thisisasquared sine wave that
is scaled so itsintensity dies away quickly off-axis.

The approach to diffraction presented here, which considers only plane waves, is due to Joseph
Fraunhofer (1787-1826). Fraunhofer diffraction involves coherent plane waves incident upon an
obstruction. Themoregeneral case, Fresnd diffraction, isthe same except that the curvature of thewave
frontsistakeninto account. Thiswasfirst worked out by Augustin-Jean Fresnd (1788-1827). Thedif-
fraction pattern showninfigure 7.19b, historically called the Airy disc,” correspondsto Fraunhofer
diffraction through acircular aperture. Diffraction through other aperture shapesrequires different
equations.

Before we can construct an equation for diffraction, let’s first isolate the factors involved:

= Intensity diminishesaspoint pismoved further fromthe axisby increasing r (figure7.19a). This
issimply the inverse square law at work.

= Diffraction grows asthe aperture becomes smaller. Asthesize of the aperture d shrinks, thetotal
amount of energy passed through decreases, and the energy that still gets past is diffracted more
strongly. Figure7.23 showsacross-section of the Airy disc diffraction pattern asafunction of aper-
turesize. Thelarger the aperture, the morethe energy tendsto beam (and the more energy gets past

Aperture size d grows larger.
Energy tends to beam
and more energy gets through.

Aperture size d grows smaller.
Energy tends to diffract
and less energy gets through

Aperture size increases

Figure7.23
Diffraction pattern as a function of aperture size.
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Figure7.24
Diffraction pattern as a function of wavelength.

Image on the screen
gets larger and fainter.
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Figure 7.25
Diffraction pattern as a function of distance to screen.

the aperturebecauseitisbigger); thesmaller it is, themorethe energy spreads out acrossthe screen
uniformly (and the less energy gets past the aperture because it is smaller).

= Diffraction isgreater, the longer the wavelength. Low frequencies (large A) tend to diffract, and
high frequencies (small A) tend to beam. Figure 7.24 shows a cross-section of the Airy disc dif-
fraction pattern as a function of wavelength/frequency. As frequency goes from low to high, the
energy tendsto beam.

= Asthedistancetothe screenzgrows, theimage onthe screen getslarger and fainter (figure 7.25).
= The diffraction pattern changes with the shape of the aperture. Figure 7.26 shows a diffraction
pattern made by arectangular aperture.

Fraunhofer diffraction by an aperture is mathematically equivalent to the Fourier transform of the
aperture shape (see volume 2, chapter 3).
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Figure7.26
Diffraction pattern of arectangular aperture.

We can engineer an equation for diffraction by putting all these facts together. Referring to the
geometry of figure 7.19a, we know that

= Overdl intensity and the amount of diffraction are both proportional to diameter d of aperture.

= Thediffraction effect is magnified as the distance z from the aperture to the screen grows, while
overal intensity simultaneously goes down.

= The amount of diffraction is proportional to wavelength A.
= Aswe move away from the axis by aradius distance r, the intensity at point p goes down.
= Overdl, theintensity |, isdirectly proportiond to the amount of sound energy entering the aperture.

Thentheintensity I, of energy at point p on ascreen that is distance r from the screen’s axisis

e |a(g )2(%3)2 , Diffraction (7.22)
where § = dr/Az.

Thetermsd, A, and z control the distance between the peaks of the diffraction pattern. The peaks
will becomewider apart if the apertured ismade smaller, if thewavelength A grows, or if thedistance
to the screen z grows. Terms d and z also have an effect on the overall intensity: if the aperture dis
madelarger, moreenergy islet through; if the distance to the screen zgrows, theintensity diminishes.

Why does music played through aloudspeaker sound so different depending upon where one
is listening from? On-axis, in front of the speaker, we hear arich mixture of low and high fre-
quencies; off-axis, the sound getsincreasingly muffled until, standing directly behind the speaker,
al we hear islow frequencies. Of course, the answer isdiffraction. A loudspeaker in an enclosure
is subject to exactly the same Fraunhofer diffraction as plane waves passing through an aperture
(figure7.27). Wewould expect to hear these same diffraction effects, and we do. Figure 7.28 shows
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Loudspeaker as a Fraunhofer diffractor.
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Figure7.28
Equal-energy contours.

equal-energy contour graphsfor high-frequency energy (7.28a) and low-frequency energy (7.28b)
from aloudspeaker into aroom.

7.12 Doppler Effect

If atrain moves past very quickly, we hear the pitch rise asit approaches and then fall asit moves
away. Why?

All waves travel at the same speed in a uniform medium, but if the distance between receiver
and sound source is shrinking, the more recently emitted waves do not have as far to go to reach
the receiver. In the time it takes to produce one wavelength, the source has moved toward the
receiver thereby foreshortening the wavelength being emitted in that direction. We hear the fore-
shortened wavelengths as a higher pitch. The same reasoning can be used to show why the pitch
drops for a sound source moving away.
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7.12.1 Doppler Shift with Stationary Listener

Figure 7.29 shows how a sound source Smoving to the right compresses the wavelengths emitted in
itsdirection of travel and lengthensthose emitted inthe opposite direction. Thus, astationary listener
a point A hears ahigher pitch than alistener at point B as a consegquence of the movement of S

Assuming the listener is stationary, the equation describing Doppler frequency shift f, for a
moving sound source at frequency f and velocity uis

S, Doppler Shift (7.23)

When the velocity of the source u = Otheratio v/(v;—u) = 1 and f, = f, so thereis no pitch shift.
But for u > 0 (corresponding to the source moving toward the listener) the denominator is smaller
whilethe numerator remains constant; thereforetheratio v/ (v — u) > 1, causing the Doppler-shifted
frequency f4to go up. If the sourceismoving away, u < G, and theratio becomes v/[v,— (-u)] < 1,
causing the Doppler-shifted frequency f, to go down. For example, if the source is moving toward
usat half the speed of sound, then fy = f [v/ (v;—0.5v,)] = 2f , and we hear the frequency f shifted
up exactly one octave (figure 7.30).

B A
Figure7.29
Doppler shift.

2/3f
Down Up an
a fifth octave

1f

Figure 7.30

Frequency shift heard at half the speed of sound.
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We might expect that if the sound sourcewereto moveaway at half the speed of sound, wewould
hear a one-octave shift down in frequency, but since fy = f[vJ/(vs— (—0.5v,))] = f2/3, the pitch
drops only by afifth.

If the sourceis traveling away from the listener at the speed of sound, then

fevg

f: :I
AT vty 2

adrop of an octave (figure 7.31). If the sourceistraveling toward thelistener at the speed of sound,
then

so waves emitted exactly in the direction of travel at the speed of sound stack up on top of each
other and form asingle pulsewithinfinitefrequency (seefigure7.31). A listener standing nearby
would first hear a sonic boom, then the sound source shifted down an octave asit flashed past.8

What happensif velocity exceeds the speed of sound, that is, u > v,? Theoretically, the listener
would hear the sound backward, and only after it had passed by (figure 7.32).

1/2f o0
-

Down an
octave

Q O

Figure7.31
Frequency shift heard at the speed of sound.

Figure7.32
Supersonic Doppler shift.
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7.12.2 Doppler Shift with Stationary Sound Source

Another possibility for Doppler shift is when the sound source is stationary and the receiver is
approaching it. The equation for thiscaseis
Vi + U

fy="1- — Doppler Shift, Receiver Moves (7.24)
S

If the receiver moves away from the source at the speed of sound, then fy = f[(v,—V,)/v] =0
because the receiver is traveling at the same speed of the sound; all frequencies are shifted to 0.
If the receiver approaches the source at the speed of sound, then f, = f[(v, + v,)/v] = 2f, for a
shift up by an octave.

7.12.3 Doppler Shift with Source and Receiver Moving

If the source and receiver are moving with velocities ug and u,, respectively, the equation becomes

fy="1- Doppler Shift, Both Move (7.25)

_u'

V. s

S

7.12.4 Two-Dimensional Doppler Shift

Equation (7.25) and all the other Doppler equationsin the preceding sections are only accuratein
onedimension, that is, wherethe sourceand listener are headed either directly away from or toward
each other. However, most listeners prefer to stand to one side of speeding trains when observing
their Doppler effect. A listener closeto thetrain tracks experiences a sharper swing in pitch asthe
train passes by than alistener some distance away. What accounts for the difference?

I’ll only consider the case where the source travelsin astraight line past alistener in two dimen-
sions, aswhen atrain goes past someone standing beside thetracks. However, since paths can usualy
be broken down into asequence of linear segments, thisapproach canbegenerdized withlittleeffort.

Inthiscase, wecannolonger rely on absolutevel ocity; wemust look at therel ative vel ocity between
source and receiver. How the distance between source and receiver changes through time determines
Doppler shift. Figure 7.33 shows a sound source moving on astraight line at some absolute velocity u

1 2 4

3
—a—n—n B

T
&

Figure7.33
Trajectory of amoving sound source.
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past astationary listener at distanced. Clearly, positive Doppler shiftisgreatest at position 1, lessat 2.
Thereis no Doppler shift at position 3 because there is no relative velocity between source and
receiver—for amoment they are neither moving closer nor further apart. After position 3, Doppler
shift starts going negative, and the negative Doppler shift at position 4 matches the positive Doppler
shift at 1. Doppler shift will be maximum at both horizons, and zero at the point of closest approach.
Geometrically, Doppler shift isproportional to theratio of the arctangent of the lengths of sides
xand d, asshownin figure 7.33. Therelative velocity z from the sourceto listener in terms of the
source velocity u and the distance of the listener from the source’'s path d can be expressed as

y—u 2atanng—x/d2 -1

where x is the location of the source along its trajectory (with respect to the point of nearest
approach). Setting u = z inthe Doppler shift equation for amoving source givenin (7.23), we have

Vs

fg="1- . Doppler Shift in Two Dimensions (7.26)
VS_(UZatanng—x/d) _ 1)

We can test (7.26) by setting the distance d to 0, so the source heads directly at the listener,
and we should get the same Doppler shift results as before. And, indeed, when d = 0,
[(2 atan(—x/d))/n] —1 =1 nomatter what X is, so that term drops out of (7.26), and we have just
(7.23) again. Figure 7.34 plots the Doppler shift that the listener will hear if a sound source pro-
ducing apure tone at 440 Hz goes past at half the speed of sound. The curves show the listener at
1 m,5m, 50 m,and 100 mfrom theclosest approach, and the curveisplotted for the span of 100 m
on either side of the listener’s position. The closer the listener gets to the path, the closer the
Doppler shift approaches the one-dimensional case; for instance, at 1 m the frequency is nearly
doubled on approach, then drops nearly afifth (to 293 Hz) when departing.

300

/

—100 —50 0

Figure7.34
Doppler shift curves.
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7.13 Room Acoustics

Suppose we pop a balloon in a concert hall and record the result. The sound the room makesin
response to this brief impulse of sound isitsimpulse response.

Thefirst few sound paths from source Sto receiver Rare shownin figure 7.35. Thedirect signal D
travel stheline-of-sight path from the sound source to the microphone, arriving at timet,. Thenext
few impulses, early reflections, arrive at the microphone after reflecting from nearby surfaces.
Theseinclude thefirst-order (one bounce) reflectionslabeled 1, 2, 3, and 4, and the second-order
(two-bounce) reflections labeled 5 and 6. Many other possible paths from source to receiver are
not shown. In addition to these paths, there are also reflections from the sidewalls, from the stairs,
and from the stage. Over time, there are so many reflection paths that the sound field in the room
ends up composed of plane waves distributed with uniform randomnessin all directions.

Figure 7.36 shows an idealized impul se response of a hypothetical room. The original impulse
occursat timet,. Thedirect signal arrivesat the microphone at timet,. Depending upon the geom-
etry of theroom, the early reflectionsmay occupy thefirst 10to 100 msof theroom’sreverberation

Balloon
RL ™1

Microphone

Figure 7.35
Direct sound path and early reflectionsin a concert hall.

Direct signal received at microphone
4" First reflection received at microphone
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Figure 7.36

Idealized impul se response of a hypothetical room.
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Figure7.37
Impulse response of a cathedral (0.5 seconds).

time. Thetimedelay of eachreflectionisproportional tothetimeit takestheimpulsetotravel from
the sound source to the walls and then to the microphone. The amplitude of each reflection is
inversely proportional tothedistancetraveled, directly proportional to the size of thereflecting sur-
face, and inversely proportional to the material the surface is made of (among other factors).

The remaining reflections, late echoes or the reverberation tail, are the result of the combina
toric explosion of multiple reflections over time. The sound energy in a good-sounding hall
declines approximately in an exponential curve after the source has stopped emitting sound. The
shape of the curveisinfluenced by the position, orientation, and characteristics of the sound source
and listener as well as their placement in the room. The notion that the room response can be
idealized into distinct sections does not necessarily bear out well in practice.

In addition to reflection, sound distribution is also influenced by spreading, absorption, refrac-
tion, and diffraction. Figure 7.37 showsthefirst hal f-second of theimpul se response of acathedral.
While some early reflections stand out, it is remarkable how quickly and uniformly the density of
reflections builds up. The room response shows a uniform, gradual buildup until about 180 ms,
then a gradual decline, providing arich reverberant background. The long reverberation tail (not
shown) isaudible for about 10 s after the impulse.

7.13.1 Musical Character of Rooms

Music of aparticular styleisgenerally designed for acharacteristic listening environment and may
not sound good if reproduced in an uncharacteristic setting. For example, plainchant (amonopho-
nic vocal style of the Middle Agesin Europe that is made up mostly of long sustained tones and
slow tempos) was designed for highly reverberant cathedral spaces where sound lingersfor 10 s
or longer. Highly intricate and rhythmically active polyphonic music of the Barogque era was
designed for halls with reverberation times of about 2-3 s. Plainchant in a Barogue concert hall
sounds thin and exposed, and when polyphonic Baroque music is performed in cathedrals, the
sound lingering from previous notesinterferes with subsegquent notes, making it difficult to follow
the intricate lines of the music. Architectural taste and musical taste go through cycles of fashion
and convenience. A late-romantic symphony by Gustav Mahler, with its focus on sonority, calls
for longer reverberation time; a string quartet from any era sounds best in a more modest room;
organ music usualy callsfor cathedral-length reverberation.
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Figure 7.38
Impul se response of a bad sounding room.

For speech, the primary objectiveisintelligibility rather than agraceful reverberation. Figure 7.38
showsthefirst half-second of theimpul se response of aconcrete tunnel with severe acoustical prob-
lems. Its evenly spaced early reflections at 10 ms intervals produce a flutter echo caused by the
parallel walls of the tunnel, which gives an unpleasant shuddering quality to the room response. At
100 ms, ad ap-back echo from another section of thetunnel reachesthemicrophone. Sincethisisout-
side of theinterval masked by the precedence effect (section 6.13.3), it is heard as a separate acous-
tical event, competing with the direct signal for audition and severely degrading intdlligibility.

7.13.2 Reverberation Time

Inthe 1890s, Wallace Sabine (1868-1919) was presented by Harvard University withthe challenge
of taming the bad acoustics of alecturehall. Theroom was unusable becauseitsreverberationtime
was excessive, and it also had other problems similar to those shown in figure 7.38. His elegant
solution created the foundations of thefield of architectural acoustics. Sabine (1921) described the
problem with his characteristic lucid prose:

Inthelectureroom of Harvard University, . . . aword spoken in an ordinary tone of voice was audiblefor five
and a half seconds afterwards. During this time even a very deliberate speaker would have uttered 12 or 15
succeeding syllables. Thus, the successive enunciations blended into aloud sound, through which and above
which it was necessary to hear and distinguish the orderly progression of the speech.

Sabine reasoned that two principal factors competed to determine the reverberation time of a
room: its boundary surface area and its internal volume.

= Qurfacearea. When sound isreflected from asurface, agreat ded of itsenergy islost. Someiscon-
verted into heat inthewall, and someistransmitted through thewall to the outside. In either case, the
soundisabsorbed becauseit isremoved from theroom (see section 7.10). Increasi ng the boundary sur-
face areareducesthe reverberation time because then the sound has more opportunity to be absorbed.

= Volume. The larger the volume of air in ahall, the less opportunity sound has to reflect off the
walls and be absorbed. In comparison to the walls, air itself absorbs relatively little energy when
transmitting sound (seetable 7.2). Increasing the internal volume decreases the rate of sound dis-
sipation and therefore increases reverberation time.
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From these considerations, we can see that reverberation time T is proportional to the ratio of
volume to area:

o __Internal volume
Boundary surface area’

R

Suppose we have abare room with internal volume V, with hard walls that absorb very little sound
energy, and onewall contains an open window of areaS. All sound that passes through the window
totheoutside can besaid to be absorbed by thewindow inthe sensethat it leaves and does not return.
The reverberation time Ty is equal to theratio of the volume V to the area S of the open window:

Y

T.o—k-Y 7.27
R Sl ( )

related by aconstant k. When Visin m3 and Sisin m2, Sabine found that the constant kis0.161 /m

(see appendix A).

Absorption Not al surfacesabsorb sound at the samerate. Roomslined with carpeting and cur-
tains absorb sound much more readily than do bare walls of brick or concrete.

Sabine modeled the absorption of particular surface materials by comparing them to the ideal
absorption of an open window of the same area. Since the open window absorbs all energy that
reaches it, he assigned it an absorption coefficient of o= 1. A surface material that absorbs half of
theincident sound energy has an absorption coefficient of o. = 0.5. Two square meters of this mate-
rial would be needed to replace the absorption provided by awindow of 1 square meter. From this
example, we seethat in general, a surface of area Sand absorption coefficient o has an absorption

A=o0S (7.28)

that is equivalent to the absorption of an open window of area A.
Real rooms have avariety of surfaces with different materials. The average absorption & of all
surfacesis simply the sum of contributions from each surface that reflects sound in the room:

oS, (7.29)
i=1

nir
M=z

&:é-(a151+a252+"'+(xNSN):

wherethe § aretheindividual surface areas, the o; are the corresponding absorption coefficients,
N is the number of surfaces, and Sis the total boundary surface area of the room. Absorption is
sometimes expressed in units of metric sabine, the absorption of 1 square meter of open window,
named in honor of Wallace Sabine.

Combining volume, surface area and absorption, Sabine’s formula for reverberation timeis

V .
Z%S

Tr=0.161 -

(7.30)
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Air Absorption Thoughtheeffectissmall in comparison tothe absorption of surfaces, inalarge
enough hall the absorption of sound by the air itself must be taken into account. The absorption
of air m depends upon temperature and relative humidity and is equal to about 0.012 at 20°C,
30 percent relative humidity. The absorption of air a so dependsupon thevolumeV of air the sound
must travel through. So we must add aterm mV to the denominator of (7.30):

Tr=0.161- Sabine's Equation for Reverberation Time (7.31)

Vv
mv+ Y 0§

Frequency Response Most surface materials and the air itself tend to absorb high frequencies
more readily than low frequencies. Each time the sound strikes awall, and the farther the sound
travelsin air, some high-frequency energy is removed from the reflections, providing alow-pass
filter effect. The late reflections progressively darken the tone of the reverberation because each
reflection absorbs a little more of the remaining high-frequency energy. Our ears use this cue to
help us distinguish the sound source from the decaying reverberant sound field and to distinguish
newly arriving sound from lingering sound.

L ow-frequency sound tends not to be reflected by the walls but passes through them to the out-
side. Each time the sound strikes awall, some low-frequency energy istransmitted out of the hall
and lost, providing a high-passfilter effect. If too many bass frequencies are lost too quickly, the
hall reverberation soundstinny. Wall material must be quite dense, such as stoneor brick, toretard
the escape of the lowest frequencies.

7.13.3 Sound Quality of Halls

The combination of low-passfiltering of high frequencies and high-pass filtering of low frequen-
cies means that the reverberation tail contains mostly low-to-mid-range frequencies. The rate at
which frequencies in different ranges decay affects the quality of the hall’s reverberation. If
low-frequency energy lingers too long, the hall sounds “tubby.” If high-frequency energy lingers
too long, the hall lacks warmth.

Many factors contribute to a good-sounding hall. Studies by Manfred Schroeder (1979) have
shown the importance of having sufficient sound reflected to the listeners from the side. Lateral
reflectionswith relativetime delaysin therange of 25-80 msadd afeeling of pleasant spaciousness.

Beranek (1962) listed 18 subjective attributes that affect the quality of a concert hall. A few of
these are intimacy, liveness, warmth, loud-enough direct sound, evenness of reverberant sound
throughout the hall, good clarity or definition (the direct signal and early reflections should not be
lost in the reverberation), ensemble (players should be able to hear one another easily), and suf-
ficient quiet. To thislist can be added no strong echoes, no flutter echoes, no focusing of sound
by large concave surfaces, and no sound shadows underneath bal conies.

In spite of acentury of theory and experimentation, architectural acousticsisfar from ascience.
Major successes and catastrophic failures have been designed by architectural acousticians.
Sabine's acoustic design for the Boston Symphony Hall made it one of the premier concert halls
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intheworld. But it wasadmittedly acombinati on of good science and good luck. Beranek’sacoustic
design for Avery Fisher Hall, originally called Philharmonic Hall, in New York was an enormous
and costly failure in spite of his extensive research, which included direct measurements of the
world’sfinest concert halls. (Thefailurewas perhaps more aconsegquence of thefact that the archi-
tect fail ed to take hisrecommendationsfully into account.) Whereas|aboratory scientistsgenerally
can suffer their failuresin the privacy of their laboratories, not so acousticians, who succeed or fail
very publicly.®

7.14 Summary

Air is adiabatic, and as a consequence, sound travels through air in waves determined mostly by
the mass and elastic properties of air molecules. We derived the speed of sound from underlying
physical principles and considered types of waves and how sound radiates.

Wavesinteract in amedium additively through constructive and destructive interference. Sound
may be scattered or reflected depending upon the rel ation between the scal e of the object the sound
encounters and the frequency content of the sound. Reflections complicate the job our ears have
to determine sound location. We can use reflection to determine distance and other propertiesin
an acoustical environment without having to do direct measurements. Reflection occurs at bound-
aries between media, with or without phase reversal, depending upon whether the sound enters a
denser medium. Sound can be transmitted more efficiently by matching the impedance of the two
media using transformers.

Sound is also subject to refraction at the boundary between media, depending upon the angle
of incidence. If the boundary is continuous, the sound undergoes gradient refraction. When sound
energy istransformed into another kind of energy, such as heat, we say the sound is absorbed. The
tendency of sound to spread out into sound shadows is called diffraction. Doppler effect is
the apparent change in frequency of a sound as a source and areceiver pass each other at relative
velocities.

Finally, we examined the acoustics of halls. Wallace Sabine showed that reverberation time
depends upon the ratio of its boundary surface area and its internal volume.
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8 Vibrating Systems

Philosophy iswritten in thisgrand book—I mean the universe—which stands continuously open to our gaze,
but which cannot be understood unless one first learns to comprehend the language and to interpret the
charactersin which it iswritten. It iswritten in the language of mathematics, and its characters are triangles,
circles and other geometric figures, without which it is humanly impossible to understand a single word of
it; without these, one wanders about asin a dark labyrinth.

—Galileo Galilei, The Assayer

8.1 Simple Harmonic Mation Revisited

The basis for the production of music and sound liesin the principles of mechanical physics. The
physical lawsof vibration are highly applicableto music, becausethey determinenot only the sounds
instruments make but also how the basilar membrane vibrates in response (see section 6.2.4).

In section 1.2.2 | broached the subject of one-dimensional harmonic motion of a spring and
weight system. In chapter 5 | related it to circular motion. Now it's time for a still deeper view.
Vibration arisesfrom theinteraction of an elastic force and inertia. We saw, for example, that these
determine the speed of sound (see section 7.4).

8.1.1 Eladticity

Elasticity isthe property of amaterial that allowsit to restoreitself toitsoriginal shape after being
distorted (stretched, compressed, twisted). An elastic material isin equilibrium when all forces
applied to it sum to zero. If the sum of applied forcesis zero and does not change through time,
itisin static equilibrium.

Suppose | fix one end of a helical spring to a stationary object such as a ceiling, with its other
end dangling freely. As | displace the free end away from or toward the fixed end, | distort the
spring’s shape. The internal elastic force that pushes or pulls against my hand, seeking to return
ittoitsorigina shapeisitsrestoring force.

8.1.2 Eladticity, Stiffness, and Hooke's Law

Suppose | apply aforce to two elastic materials until they are displaced the same amount. If the
force needed to achieve the same displacement of the two materialsis different in each case, then
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one material is stiffer than the other. The stiffness of an elastic material istheratio of applied force
to the resulting displacement. We can equate the force F required to achieve a displacement x by
inventing a mediating constant of proportionality k, which represents the strength of the counter-
force applied by the elastic material:

Fo_x
X

The negative sign of k reminds usthat the direction of the counterforce seeksto restore the spring
to its undeformed state. Solving for F yields

F = —kx. Hooke'sLaw (8.1)

Thisequation? relates stiffness, force, and displacement. Stiffnessk is sometimescalled the spring
constant. The reciprocal of stiffnessis called compliance.

Hooke's law is not a fundamental physical law like Newton's laws of motion; it is simply an
observation about a common physical phenomenon related to the properties of elastic materials.
In particular, the constant k is not afundamental constant of nature but a val ue determined exper-
imentally for each material, based on the molecular structure of the material.

8.1.3 Linear and Nonlinear Elasticity

Hooke'slaw describesalinear relation between force, displacement, and spring constant because,
when plotted, the spring constant is a straight line with slope F/x = —k (figure 8.1a).

Smple harmonic motion is the term used to describe the vibration of instruments that are gov-
erned by linear elasticity because their partials are (for the most part) in harmonic relation, that is,
they are integer multiples of the fundamental. These instruments include violins, woodwinds,
brass, and tuned percussion instruments.

a)
g

Linear region
Nonlinear region

Figure8.1
Linear and nonlinear elasticity.
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A great advantage and agreat limitation of Hooke's law isthat it does not take into account the
extent of a material’s elasticity. No material is elastic over an infinite range. Although it may
respond in arelatively uniform way within a central range, beyond some point it requires much
greater force to be deformed further, and eventually many materials bend permanently or break if
forced too far. Beyond this central range, we can’t speak of a simple spring constant because the
force that must be applied to achieve greater displacement does not increase in astraight line: this
isanonlinear relation. Beyond this central range, we must construct a curve describing the mate-
ria’s tiffness as a function of displacement: F/x=-K(x) (figure 8.1b). In this case, the amount of
restoring force isanonlinear function of the amount of displacement. All physical materialsareto
some degree nonlinearly elastic.

Theadvantage of Hooke'slaw isthat it shedsagreat deal of light on the nature of harmonic vibrat-
ing systems, which account for agreat deal of our acoustical environment. Harmonic systemsarealso
typically easier to understand, mathematically. But it isimportant to remember that if we study only
linear systems, we overlook some of the signature characteristics of musical instruments that result
fromtheir nonlinear el asticity, and wewon't be ableto make sense of highly nonlinear vibrating sys-
temsat al. That being said, let’s take the easier path and study linear systemsfirst.

8.2 Frequency of Vibrating Systems

Notice that Hooke's law in (8.1) does not include mass but deals only with the elastic properties
of objects. Suppose | have atethered lightweight spring with spring constant k, and | suspend a
mass m from its free end. | let the spring stretch to its point of static equilibrium. After it comes
torest, | then displace the spring adistance r by pulling down onit. (I pull it only asmall distance
sothatitremainsinitsrelatively linear elasticrange.) Movingit by distancer required meto supply
aforce F = kr to overcomethe spring’s stiffness, and the spring now exertsarestoring force of —kr.
If | releasethemass, it will begin torise, seeking the spring’s point of equilibrium. By Newton’s
laws of motion, acceleration of the massis proportional to F/m, so the acceleration will be
kr
a= E . (82)
We now have two equations for acceleration: (8.2) for linear acceleration of amass on aspring
and (5.12) for centripetal acceleration. These can beviewed asequivalent motions (seesection5.1).
Therefore we can also equate their accelerations. Doing so, we have

vz_g

r m’

Note that we have introduced velocity v into the equation. Solving for v yields

_ o fkr® [k
V_«/%_r«/; (8.3
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Now, we have two equations for the velocity of vibrating systems: (8.3) and (5.9). Equating
them, we have

v=@=rﬁ.
T m

Note that we have introduced periodic time T into the equation. Solving for T yields
2nr _ [5

T m
2n _ ﬁ

T m

1_1 |k
T 2rAm
Recalling that frequency f = 1/T, we can write

f= 1 JE . Vibrating Frequency (8.4)
2rAm

Equation (8.4) relates the frequency of avibrating spring/mass system to its linear spring constant k

and its mass m. The equation predicts that the frequency of avibrating system will doubleif the

spring constant quadruples, and will halve if the mass quadruples.

For apractical example, consider the spring and weight system shown in figures 1.4 and 8.7. To
determine its frequency of vibration, we must determine its spring constant, and the amount of
mass. We can determine the spring constant by measuring the degree of stretch induced by gravity.
Suppose the spring stretches by 0.025 m when loaded with 1 kg. At this point, the elastic force bal-
ancestheforce of gravity, which meanskl = mg. Solving for k and substitutingm= 1 and | = 0.025,
we have

k=m9_1-98_ 395 \ym.
I~ 0025 m

With amass of 1 kg the vibrational frequency would be

f:iﬁ:;/QZﬂMAHz.
2nlm_ 2-3144 1

Doubling the mass to 2 kg drops the frequency to 87.9 Hz.

The method of tuning stringed instruments consists of changing the tension of the strings by
stretching them around tuning pegs (rather than adjusting their mass). An increase of tension on
the string lowersits elasticity, thereby increasing its vibrating frequency. Since there are practical
limits to the elasticity of all materials, it is necessary to trade off mass against elasticity in order
to achieve a desired frequency. This is why instrument makers use smaller-diameter strings for
higher pitch, because they carry less mass per unit distance.
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8.2.1 Radian Frequency and Angular Velocity
We can simplify (8.4) by multiplying both sides by 2n:

o= 2nf= JE . Angular Freguency (8.5)

What does o signify here? Since o containsf, it still represents frequency, but by letting w also
include the term 2r, we get afrequency parameter that only involves k and m.

Think of o as frequency expressed in units of 2rt radians. Thusinteger values of f measure whole
periodsof acircular or sinusoidal motion. Parameter m iscalled angular velocity or radian frequency,
depending onthe circumstances, and f isjust frequency. For example, if awhed rotates once per sec-
ond, it passesthrough 2r radians each second; thereforeitsfrequency f=1 Hzanditsangular velocity
o = 2af = 2x rad/s. If aspring/mass system vibrates in harmonic motion once per second, f= 1 and
radian frequency o = 2rnf = 2r. The term angular velocity is usually used for circular systems, and
the term radian frequency is usually used for vibrating systems, but they amount to the same thing.

8.3 Some SimpleVibrating Systems

A simple spring/mass system vibrates in one dimension with one degree of freedom. Below are
some other examples of simple vibrating systems. For simplicity, none of these examples takes
friction into account.

8.3.1 Pendulum

A simple pendulum (figure 8.2), consisting of a mass m attached to a string of length I, vibrates
with circular harmonic motion so long asthe displacement x << 1.2 If the mass of the string ismuch
less than m, the frequency of vibration will be

1

=5l Pendulum Frequency (8.6)

m

Figure8.2
Pendulum.
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Figure8.3
Piston.

or, expressed inradian frequency, o = ./g/I. Noticethat massdoesnot appear inthisequation. The
frequency of a pendulumis strictly a function of length | and gravitational force g.

8.3.2 Piston

Air capturedinsideacylindrical tube by apiston of massmwill tend to vibrate at afrequency deter-
mined by the mass and the elasticity (otherwise known as compressibility or compliance) of the
air (figure 8.3). The compressibility of the air depends upon a number of factors, including the
cross-sectional areaof the cylinder A, thelength of the air column 1, the pressure of the gas P, and
the heat capacity ratio y of the gas, which has avalue of about 1.4 for air (see section 7.4.2). The
spring constant of air isk = yPA/I, and the frequency is

-1 PA . Piston Frequency (8.7)
2nN ml

Perhapsit is not surprising that frequency should be proportional to inherent molecular elasticity

and gas pressure, but the A and | terms may seem alittle counterintuitive at first glance. Why does

frequency go up asthe areaincreases?

To seethis, imaginethat wereplace theair with many very slender springsgoing from the piston
to the bottom of the cylinder. If we increase the length | of the air column, it’s as though we add
more springs end to end in series (figure 8.4b). Many springs in series are more elastic than one
spring by itself. Thus, increasing the length is like adding more springsin series: the compliance
goes up, so the frequency goes down.

If weincreasetheareaA of the piston, it'sasthough we add more springsside by sidein parallel
(figure8.4c). Many springsin parallel arestiffer than one spring by itself. Thus, increasingthearea
islike adding more springsin parallel: the compliance goes down, so the frequency goes up.

8.3.3 Hemholtz Resonator

If air isblown acrossthe mouth of abottle, theair stream contains many frequencies, but the bottle
stealsenergy (mainly) fromjust onefrequency suppliedintheair stream and convertsitinto simple
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Figure8.4
Springsin series and parallel.
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Figure8.5
Helmholtz resonator.

harmonic motion, which is heard as abreathy tone. Resonance isthe tendency of asystem to steal
energy from, and vibrate sympathetically at, a particular frequency in response to energy supplied
at that frequency.

The bottle acts as a Helmholtz resonator,3 which is a variation on the piston. The air captured
in the neck of the bottle constitutes the mass, and the air in the chamber of the bottle constitutes
the spring. The frequency of vibration depends upon the compliance of the air in the chamber and
the mass of the air in the neck (figure 8.5).

The resonant frequency is approximately

-L£ A , Helmholtz Resonator (8.8)
2N IV

where cis speed of sound, A isthe cross-sectional area of the neck, visbottle volume, and | isthe

length of theneck. | say “ approximately” becausethe effectivelength of the neck must beincreased

alittle (an end correction) to account for how theair inthetube* recruits’ nearby moleculesoutside

the bottle to increase the mass of the air plug. Some end correction must be applied to wind



246 Chapter 8

instruments to properly calculate their resonant frequency. Unfortunately, the choice of the end
correction scaling term can berather complicated because the amount of correction required varies
depending upon the geometry and proportions of the flange (Benade and Murday 1967; Dalmont,
Nederveen, and Joly 2001).

For example, | took a standard Cabernet 750 ml wine bottle with average neck diameter of
19 mm and neck length of 8 cm, drank its contents,4 then calculated (with somewhat greater dif-
ficulty than usual) asfollows:

c=331.6 m/s.
2
A=nr2=rx (&219) m2.

V=754ms,
Using an end correction of 1.5 times the radius of the neck’s opening yielded

|=008+15- 0'—219m,

for which (8.8) givesaresonant frequency of 105.7 Hz. Experimentally, theresonant frequency was
closer to 110 Hz, two octaves bel ow A440, indicating that the end correction of 1.5wasslightly off.
It is perhaps counterintuitive that the frequency of a Helmholtz resonator rises as the area A
grows, but the reason is the same as for the piston.
The ducted port loudspeaker enclosure design shown in figure 8.6ais a practical example of
aHelmholtz resonator. The port consists of an opening in the side of the loudspeaker enclosure.

b) 4
a : Loudspeaker frequency response
a) : » f
20Hz « 80Hz
@ c) 4 : Loudspeaker enclosure’s
:l a ' frequency response
: by itself

» f

20 Hz 80 Hz

port

AL
N

Enclosure of loudspeaker

/\/\in loudspeaker enclosure

d) a“ : Freguency response

» f

20Hz © 80Hz

Figure 8.6
Ducted port loudspeaker enclosure.
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The duct is atube inserted into the port, which performs the same function as the tube at the top
of a Helmholtz resonator. The loudspeaker enclosure is a cavity that acts like the volume of a
Helmholtz resonator.

Ideally, loudspeakers are supposed to be col orless reproducers of other sounds, but since they
arethemselves essentially aspring/mass system, they have anatural vibrating frequency of their
own. Loudspeakersthereforetend to exaggerate the strength of signalsthat are near their natural
vibrating frequency. For high-fidelity speakers, the natural vibrating frequency is often below
100 Hz, resulting in an objectionable “boomy” coloration to bass notes, shown as the peak in
the magnitude spectrum plot (figure 8.6b). The purpose of the ducted port enclosure isto com-
pensate for the natural vibrating frequency of the loudspeaker, to even out its response to low
frequencies.

The size of the enclosure and the size of the duct are designed so that the air inside the enclosure
vibrates at the same frequency as the loudspeaker. When the loudspeaker is sounding at its natural
frequency, it causestheair inthe enclosureto resonate (figure 8.6¢). But, asmentioned, aresonator
steals energy at its resonant frequency, thereby bleeding away the excess and providing the loud-
speaker system with relatively colorless reproduction at low frequencies (figure 8.6d). Precisely
how this stealing of energy takes place is discussed in volume 2, chapter 6.

8.4 TheHarmonic Oscillator

The vibrating systems shown in previous sections all arise from the interaction of an elastic force
and aninertial force. The elasticity providesarestoring force whiletheinertia causesthe restoring
force to overshoot its equilibrium point, thereby extending the vibration. Such systems are called
harmonic oscillators.

To understand mathematically how vibration arises, let’s return to the simplest harmonic
oscillator consisting of a mass attached to the end of a lightweight spring, suspended from a
crosshar (figure 8.7). We can characterize the vibration by analyzing the forces at work on the
harmonic oscillator through time. We combine Hooke's law, which characterizes the spring's
restoring force, with Newton's second law of motion, which characterizes the mass'sinertial
force, and observe how these forces interact to cause a sinusoidal displacement of the mass
through time.

Figure8.7
Simple spring/mass system.
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For a continued discussion of resonance, skip to section 8.9. However, that treatment depends
upon the intervening material.

8.4.1 Hookevs. Newton

When discussing equation (8.1), Hooke's law of linear elasticity, | talked about the static force F
reguired to achieve aspring displacement x if the spring has stiffness k. But now we want to exam-
ine how the spring force would change if we varied the spring displacement through time, so let’s
consider x as afunction of time, x(t). Therefore, we want to study the force

Fie=—k- x(t), (8.9)

where F, istheforce required to overcome to the spring’s stiffness to achieve a displacement x at
timet.

By Newton's second law of motion we know that the force required to set amassin motion is
proportional to the mass mtimesits acceleration a. But here again we want to examine how such
aforce would change if we varied the mass's accel eration through time. So if we consider aasa
function of time, a(t), then we want to study the force

Fm=m-at), (8.10)

where F,,, is the force reguired to overcome the mass's inertia m to achieve an acceleration a at
timet.

If we apply no external forceto adangling spring/mass system, it will eventually cometo rest
with the spring displaced downward slightly by theforce of gravity on the mass. Whereit comes
torest isits point of static equilibrium. A system isin equilibrium when the sum of the forces
operating on it is zero. At the static equilibrium point, the force of gravity is exactly opposed
by the spring’s restoring force. The massis at rest relative to the spring.

In what follows it will be convenient to eliminate the effects of gravity and friction, which we
can do by imagining the spring/mass system vibrating in outer space.> Because thereis no gravity
nearby, we must use abipolar spring—that is, aspring that provides both a pull when stretched and
a push when compressed. Imagine one end of this spring attached to the mass and the other end
attached to avery massive abject, such as a space station. Let’s suppose that the massis at rest rel-
ativeto the spring and exerts no force (F,,, = 0) and the spring exerts no counterforce (F, = 0). Then
F = F\ because both are zero. This system is in static equilibrium because the sum of the forces
equals zero.

But wecan show that F,, = F, evenif themassisvibrating, that is, if the system exhibitsdynamic
equilibrium. A dynamical systemis one whose state depends upon its previous state (in addition
to any other forces acting upon it). For example, suppose| pull down on the weight, stretching the
spring an initial displacement x. The restoring force of the spring tugs on the mass with a force
proportional to its displacement. In the first infinitesimal moment after | release it, the restoring
force attemptsto accel erate the mass upward, but theinertia of the massreactswith acounterforce
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proportional toitsmass. Thetendency of amasstoresist changeinvelocity isitsinertial reactance.
If there were no inertial reactance, the spring would just snap back to its equilibrium point. But
instead, during thisfirst infinitesimal moment after release, the elastic force and the inertial reac-
tance still balance, and F, = Fy.

Astheinertial reactance givesway, the mass accel erates toward the static equilibrium point. But
asit does so, the force applied by the spring diminishes, since thereis now |ess displacement, and
the spring tugs on the mass with proportionately less force.

When the mass reaches the static equilibrium point, the restoring force of the spring vanishes.
Sincethismeanstherestoring forceisno longer accel erating the mass, theinertial reactance of the
mass al so vanishesat thispoint. Thushereaswell, F,, = F,. However, though the mass stops accel -
erating, its momentum continues to carry it upward, past the static equilibrium point. Now the
restoring force begins to oppose the upward movement, causing the mass to decel erate by a pro-
portional amount, and F,,= F, here aswell.

In summary, the restoring force F, grows with increasing displacement from the equilibrium
point. The farther the spring is from equilibrium, the more strenuous is the force it appliesto the
massin order to return to equilibrium; but because the mass'sinertial reactance opposesit, thetwo
forces always balance and are in dynamic equilibrium at al timesand in al positions.

8.4.2 Equation of Vibratory Motion

Starting with F,= F, and substituting appropriate terms from (8.9) and (8.10) produces
m- a(t) = —k - x(t). Expressing this as a dynamic equilibrium yields

m- a(t) + k- x(t) =0, Equation of Motion (8.11)

wheremismass, a(t) isacceleration at timet, k isthe spring constant, and x(t) is displacement of
the mass at timet. Recall that equilibrium means that the sum of applied forces equals zero.

Notwithstanding this intuitive presentation, it would be good to understand how (8.11) can
cause an oscillatory vibration because it’s not immediately obvious just from looking at it. What
wearetrying to discover ishow displacement x changesast varies, that is, wewant tofind an alge-
braic expression for x(t). Intuition suggeststhat (8.11) should describe a sinusoidal motion. Actu-
ally, to be more precise, it should describe every possible sinusoidal motion, because even such
asimple spring/weight system is theoretically capable of creating an infinite variety sinusoidal
motions with different initial phases, amplitudes, and frequencies. They should all be embodied
in (8.11). That all possible sinusoidal motions are indeed embodied in (8.11) is the subject of
volume 2, chapter 6.

8.5 Modesof Vibration

The degrees of freedom of a vibrating system are determined by how many independent motions
the system can make. There are two kinds of motions: trandational, which is backward/forward,
left/right, and up/down, and rotational, which involves pitch, yaw, and roll.6
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Figure 8.8
System with two degrees of freedom.

A subway has one trandational degree of freedom (backward/forward), a car has two (adding
|eft/right), an airplane, three (adding up/down). Adding the rotational motions, an airplane has six
degrees of freedom (all three trandlational and all three rotational motions).

All the vibrating systems described in previous sections have only one degree of freedom. The
system shown infigure 8.8, having two weights coupled with springs, hastwo degrees of freedom.
The system infigure 8.8aisjust avariation on the simple system in figure 8.7 and exhibits similar
harmonic motion. If thetotal of the massand spring stiffness of the 8.8asystem isthe same asthat
of the 8.7 system, both will vibrate at the same frequency. But even if the massand spring stiffness
of the systems in figures 8.8b and 8.8a are the same, the vibrating frequency of the 8.8b system
will be higher becausetherestoring forcefromthe springsisthreetimesgreater. Thus, if theradian
frequency for the 8.8a system is w; = Jk/m, the radian frequency for the 8.8b system is
®, = +/3k/m. This method of analysis of vibration was introduced about 1727 by Johann
Bernoulli (1667-1748).

Theseindependent vibrational modesare sometimes called normal modes or natural modes. For
each mode, each element of the vibrating system reaches its position of maximum displacement
from equilibrium at the same moment. Though the vibrating modes of the 8.8a and 8.8b systems
arevirtually independent, it isdifficult to get asystemto vibratein just one or the other mode with-
out very carefully positioning the balls before releasing them. Ordinarily, the vibration will be a
combination of the two modes.

The system shown in figure 8.8 has only two normal modes because it has only two degrees
of freedom. A system with N degrees of freedom will have N normal modes. We could add more
weightsand springsin order to study systemswith N degrees of freedom and therefore N modes.
Or, we could just increase the number of dimensions of the system from one to two by alowing
transverse vibration. The vibrating system in figure 8.9 has four degrees of freedom—the two
for the figure 8.8 system plus two more—because now each ball can movein two directions. In
general, if the number of massesin avibrating system is a, and they can each movein b direc-
tions, then the number of degrees of freedom N = ab.

Each normal mode has its own characteristic frequency made up of some combination of
the average contributions of all the masses in the system and the average contributions of the
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Figure8.9
Transverse and longitudinal vibration.
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Figure8.10
Superposition of normal modes.

stiffness in the springs. The resulting motion of the entire system can be characterized as a
superposition of all the separate vibrational modes. Figure 8.10 shows the superposition of the
normal modes of the systemsin figures 8.8a and 8.9b. Since the modes are virtually indepen-
dent, and each hasits own vibrational frequency, the spectrum of frequencies of the entire sys-
temisthe linear combination (the sum, or mixture) of each mode. If sound radiates from such
avibrating system, we hear the sum total of all frequencies of each of the vibrating modes.
The strengths of these frequencies is proportional to the amount of energy in each mode,
separately.

8.6 A Taxonomy of Vibrating Systems

There are many classification systems of musical instruments, such asthe traditional categories
of brass, strings, woodwinds, and percussion. Another classification system organizes them as
idiophones (chimes, cymbals, xylophone, vibraphone, marimba, gongs), membranophones
(drums), aerophones (flutes, oboes, clarinets, trumpets, tubas, whistles, sirens), and chordo-
phones (violin, piano, guitar, harpsichord). If we group instruments by the similarity of
the fundamental equations governing their vibration, we obtain the simple taxonomy shown in
table 8.1.

Tensionisthe primary restoring forcefor strings and membranes, and frequency is proportional
to tension. Stiffnessisthe restoring force for bars, air columns, and plates, and frequency is pro-
portional to stiffness.

There are many subgenres for these examples. Bars can be free at both ends or free at only
one end. Plates can be clamped at the edge, supported at the edge, supported at the center, or
totally free.
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Table8.1

Simple Taxonomy of Musical Instruments
Restoring Vibrating

Dimension Force Element Taxonomy

1-D Tension Strings Chordophones
Stiffness Bars 1-D idiophones

Air columns (brass, woodwinds, flutes) Aerophones

2-D Tension Membranes (drums) Membranophones

Stiffness Plates (gongs, cymbals) 2-D idiophones

Bars, plates, and strings can vibrate unhindered or slap against asurface. The saxophonereed
isabar fixed at one end, which slaps against a mouthpiece. Sitar strings slap against a sloping
plate attached to the bridge in order to create the characteristic “sizzle” sound. The bottom
membrane of asnare drum slaps against an array of coiled wireslaid acrossit to lend it achar-
acteristic “crunch” sound. In all cases, the resulting spectrum contains much more energy
in higher partials because of the discontinuity in simple harmonic motion that the slap
introduces.

Traditional musical instruments are made from collections of these elements. For example, the
essential elements of a saxophone are a bar and an air column; the essential elements of a piano
are strings and a plate (the sounding board).

All taxonomies are necessarily reductionist; thisoneis, too. For example, the strings of aviolin
actually vibratein at least four dimensions: up/down, front/back, longitudinal (end to end), and tor-
sional (twisting) vibration. These motions of the strings all affect each other. Also, an important
distinction between instruments is whether they are continuously driven (e.g., violins, voice,
woodwinds, brass) or impulsively driven (e.g., piano, harpsichord, guitar, percussion). The advan-
tage of thistaxonomy issimply that it allows usto group similar instrumentstogether by the basic
physical equations that govern their vibration.

8.7 One-Dimensional Vibrating Systems

According to the taxonomy of instrumentsin table 8.1, the vibration formulas for stringed instru-
ments and bar percussion instruments are closaly related. This seems counterintuitive. If they are
related mathematically, why do they sound so different? For example, few would mistake the
sound of axylophonefor that of apiano, even though the piano’sstrings are al so struck. The piano
and other stringed instruments made from long thin wires have largely harmonic spectra, whereas
percussion instruments generally have inharmonic spectra.

If theformulasfor their vibration are to mean anything, they must account for thevast difference
in timbre. The aim of this section isto demonstrate the underlying symmetry of one-dimensional
vibrating systems.
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8.7.1 Strings
Stringed instruments can be classified by

= How they are sounded:
Bowed: the vialin family
Plucked: guitar, mandolin, harp, harpsichord
Struck: piano, hammered dulcimer

= How they sdlect pitch:
Unstopped strings. harp, piano, harpsichord
Stopped fretted: guitar, mandolin, lute
Stopped unfretted: violin family

= Whether their sound can be continuously produced:
Continuoudly driven: al bowed strings
Impulsively driven: all plucked and struck strings

The piano and harpsichord provide an array of strings tuned to consecutive scale degrees, and music
isplayed by sdlecting the appropriate string. Theguitar, lute, violin, and mandolin haveasmaller array
of stringstuned to nonconsecutive scal e degrees, and they provideafingerboard underneath thestrings
so the player can sound the pitchesin between adjacent strings by stopping off different lengths.

The fingerboard on the violin family (violin, viola, cello, and bass viol) is a smooth surface so
that any pitch in the continuous pitch space covered by the string may be selected. Guitar, lute,
banjo, and mandolin have frets—transverse bars across the fingerboard under the strings—so that
when stopped by thefinger, thelength of the stopped string is determined by thefret. Fretsprovide
an improved ability to stop multiple strings with correct intonation.

Continuous pitches may be produced by dliding the finger along the string of aviolin, an effect
called glissando. Sliding thefinger along the string of afretted instrument producesaseriesof dis-
crete pitches, an effect called portamento.

Strings are stretched between rigid supportswith ameans of adjusting their tension. Invirtually
every stringed instrument, energy is injected into the string transversely—perpendicular to the
string—and transverse motion carries the magjority of the energy. Because strings are typically of
very low mass and do not displace much air, they are almost always coupled to the air through a
sounding board, such as the wooden back of a piano or the body of aviolin, mandolin, or guitar.
The sounding board allows the energy in the string to be transmitted efficiently into the surround-
ing air by matching the impedance of the string to the air. Without the sounding board, we would
hear very little from a stringed instrument. For example, a strummed unamplified electric guitar
isvirtually inaudible afew feet away, whereas the sound from an acoustic guitar can fill an audi-
torium.” The differenceisthat the acoustic guitar matches string impedance to air, and the electric
guitar does not (see volume 2, chapter 8).
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Bowed instruments produce acontinuoustone by replacing energy inthestring asit isdissi pated.
A skilled player can sustain continuity by instantaneously reversing the direction of the bow when
the end isreached. Players of impulsively driven instruments, such asthe mandolin, can create the
illusion of asustained tone by rapidly replucking the string, an effect called tremol 0. Bowed instru-
ments can also be plucked, an effect called pizzcato.

Unlessthey are being played with tremolo, all impulsively driven stringed instruments decay gradu-
aly toslencefromnoteonset. Therate a which they decay to silencevariesenormoudy. Theefficiency
with which an instrument radiates energy determinesitsrate of decay (see section 4.19.2). Thebanjois
perhapsthemost efficient stringed instrument, radiating away all itsenergy inafew seconds. At the other
extreme, the bottom notes of a piano can sustain for several minutes (with the damper pedal down).

Inthefollowing subsections| present thevibration of ideal stringsthat areperfectly flexible, have
constant mass per unit length, and are connected to massive, nonyielding supports. At first, | will
ignore the effects of dissipation on the vibration of strings. However, all stringed instruments
depend upon dissipation to carry sound energy into their surroundings whereit can be heard. Ten-
sion, not stiffness, istherestoring force of theideal string. Of course, all real strings have some tiff-
ness, and stiffnessisthe hidden link that relates stringed instruments to bar percussion instruments.

String Modes  Strings can be usefully studied as many tiny spring/mass systems concatenated
together, similar to those shown in figure 8.9. Since the number of possible vibrating modesis
large, for simplicity we consider just the first five modes available when the number of degrees
of freedomN = 5 (figure 8.114). Figure 8.11b showsthe corresponding first five modes of theinfi-
nite number of degrees of freedom of an ideal string (N = ).

For each mode, the points where the string crosses the equilibrium are called zero-crossings,
pointsof inflection, or nodes of that mode. Sincethestringsarefixed at the ends, the endsare nodes
aswell. Nodes are pivot points around which the string vibrates. For each mode, the points where
thestringisfarthest from equilibrium are called maxima, points of maximumexcursion, or antinodes
of that mode.

a) N=5

b) N= o

= O A A
Mode: 1 2 3 4 5
Figure8.11

Modes of transverse vibration.
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Standing Waves and Traveling Waves In an ordinary medium such as air, sound propagates
astraveling waves. But the rigid boundaries at the edges of a string cause most energy to be
reflected back into the string, and prevent it from radiating away (see section 7.8.4).

The shapes of the modes shown in figure 8.11b are called standing waves because the shape of
the string remains the same at all moments and only its amplitude changes. (More precisely, the
height of the wave is scaled through time in the direction perpendicular to its length.)

The behavior of a standing wave can best be described as the sum of two waves traveling in
oppositedirections. | maginetwo waves, y; andy,, moving through each other from oppositedirec-
tions along a string. Their combined displacement, y =y, + V,, creates a standing wave.

To demonstrate this requires some trigonometry. L et the traveling wave moving to the right be
represented as the sinusoid y; (X, t) = Asin(kx + ot) and the one traveling to the left as y,(x, t) =
Asin(kx — wt), wheret istime, w is radian frequency, x is displacement of the wave from its
origin along the direction of travel, k is the rate at which the displacement grows, and A is
amplitude.

To see how thisrepresents atraveling wave, wereason asfollows. If we set k equal to zero, then
Asin(kx+ wt) reducesto Asin wt, which plotsan ordinary sinewavewith azero-crossing at the ori-
gin. But if k is nonzero, then as x grows (because the wave is traveling), the zero-crossing at the
origin moves away from the origin with velocity k.

Now let’s return to the standing wave on astring. To see how two oppositely moving traveling
waves combine into one standing wave, consider the following trigonometric identities (see
volume 2, appendix):

sin(a+ b) = sin(a)cos(b) + cos(a)sin(b)

sin(a— b) = sin(a)cos(b) — cos(a)sin(b).

Suppose we let a = kx and b = wt; then we can represent the two sinusoids as follows:
Yy, = sin(a) cos(b) + cos(a)sin(b)

Yy, = sin(a) cos(b) — cos(a)sin(b).

Summing the two sinusoids, we have

y=Yi+Y,=2Asin(a) cos(b) 612)
= 2Asin(kx) cos(wt).

Equation (8.12) shows the product of two sinusoids. Its plot is a standing wave that is
the point-by-point sum of the two signals, y; and y,, as they pass through each other. Figure 8.12
shows string mode 4 at several phases and the location of the nodes and antinodes of the string.

Mode Wavelengths Consider the wavelength of thefirst mode, the fundamental (figure 8.11b).
Since this mode outlines half of asine wave, if the string lengthis L, then one full period of its
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Node Antinode "

Figure8.12
String mode 4 as a standing wave.

wavelength A, = 2L. Onefull period of mode 2 fitsexactly inlength L, sowecanwrite), = L. And,
in general, we can write

Ap==, Mode Length (8.13)

wheren=1,2,3,....

Mode Frequencies For an ideal string, the velocity of atransverse wave is the same for all
modes because the stiffness doesn’t increase with the mode number. (This is not true for real
strings.) If the velocity of transverse waveson anideal stringisv;, then we can expresstherelation
between frequency f, wavelength A, and velocity v, asA = vi/f, or f = v,/A. Using the definition for A,
from (8.13), we can express the frequency of mode n as

_nv

LY 8.14
nT oL (8.14)

Because the ideal string has no stiffness, v, depends only on the string’s mass per unit length m
and itstension T, so that

:
e [T

Inastring, tension T takes therole of elasticity in aharmonic oscillator. Putting it all together, we
can express the frequency of string mode n as

_ n T .

n =50 J% , Sring Mode Frequency (8.15)
wheren=1,2,3,... .8

8.7.2 Longitudinal Bars

In the preceding section, we considered the case of the ideal string, which contains tension but
no stiffness. The bar vibrating longitudinally, by stretching and shrinking its length, is the other
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limiting case because it is under no tension; its restoring force is entirely due to its stiffness. Its
vibrating frequency equation is very similar to that of the string. The frequency f of modenis

= 2—”L [:-: , Longitudinal Bar (8.16)
where Yis Young's modulus of elasticity, p isthe mass density of the material, L is the length of
thebar,andn=1,2,3,....

According to (8.16) the modes of the longitudinal bar are in a harmonic frequency series, like
strings. The longitudinal vibration modes of abar are usually very much higher in frequency than
the corresponding transverse vibration modes of the same bar. Historically, longitudinally vibrat-
ing barshave been used astuning forksfor frequenciesabove 5000 Hz, wherethetraditional tuning
fork design is no longer satisfactory. Some modern instruments use this vibration mode, for
instance, by stroking a steel rod with arosin-coated cloth to excite longitudinal vibration modes.

Figure 8.13 shows the direction and magnitude of movement of the first three modes of a
longitudinal bar.

Young'sModulus Theforcesneeded to stretch asolid object depend upon the following factors
(figure 8.14):

= Amount of stretch  For two identical rods (figure 8.144), proportionately moreforceisrequired
to stretch one rod further than the other.

N = Node
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Figure8.13
Modes of alongitudinal bar. (Adapted from Olson 1952.)
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a) Amount of stretch b) Cross-sectional area c) Length of the rod
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Figure8.14
Stretching solid rods.

Table 8.2

Young's Modulus for Selected Materials

Polyethylene 0.2-0.7 x 1010 Brass 103-124 x 1010
Wood 0.6-1.0 x 1010 Titanium 110 x 1010
Nylon 2.0-4.0 x 1010 Cast iron 83-190 x 1010
Aluminum 69-79 x 1010 Steel 190-210 x 1010

= Cross-sectional area  For rods of identical material and length but different cross-section, the
amount of force required to stretch the thicker rod will be proportionately greater (figure 8.14b).

= Lengthof rod For rods of identical material and cross-section but different length, the amount of
force required to stretch the shorter rod will be proportionately greater (figure 8.14c).

These observations can be combined as follows:

F=AY (é'—-) , (8.17)
I-0
where L, isthe original length of the object, AL istheincreasein length, A isthe cross-sectional
area, and Yisaconstant of proportionality called Young's modulus.® Young's modulusistheratio
of stress to strain of a material. 1ts value depends upon the nature of the material. Solving for Y
in terms of the unitsinvolved shows it is measured in pascals (force per unit area, N/m2).
Note that equation (8.17) isvalid only if the amount of stretching isrelatively small compared
to the original length of the object because it only appliesto linear elasticity (see section 8.1.3).
Table 8.2 isashort list of Young's modulus for various materials. Young's modulus varies agreat
deal from one sampl eto thenext, depending onthe purity of the sampleand itsmanufacturing process.

8.7.3 TransverseBars

Transverse vibration can occur where abar is clamped at one end or isfree at both ends. Barsfree
a both ends are used in instruments such as the xylophone, marimba, vibraphone, glockenspiel,
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Figure8.15
Modes of atuning fork.

and celeste. Barsfixed at one end, also called cantilever beams, are the key vibrating elementsin
the harmonium, accordion, jaw harp, and some organ reed stops.

Thevibrating frequency of alongitudinal bar dependsuponitslength, density, and el asticity, but
in transverse vibration frequency also depends on the thickness and cross-sectional shape of
the bar because this has adirect effect on the transverse flexibility of the bar. Additionally, trans-
verse bars can twist, creating torsional modes.

Cantilever Beam To study vibration of transverse bars, suppose we take a springy steel wire
with relatively little mass, and stick its base into arigid surface, then attach amassto the freeend
(figure 8.15a). When pulled to the side and released, a coherent vibrating movement occurs over
theentirelength of the spring; hencethisismode 1 vibration, which producesthe fundamental fre-
guency. Given a stiffness k and mass m, equation (8.4) determines the vibrating frequency.

Now attach half of the mass at the end and half in the middle of the spring (so that, overal, the
mass is the same). Some energy will vibrate mode 1 (figure 8.15b), but some will vibrate mode 2
(figure 8.15c¢). Because mode 2 flexes the spring much more than mode 1, the spring constant k
for mode 2 is higher, making the vibrating frequency of mode 2 a noninteger multiple of the fre-
guency of mode 1, producing a nonharmonic partial. Mode 2 vibration can be about six times
higher in frequency than mode 1, corresponding to an increase in the spring constant by a factor
of about 18 (since mass is the same overal).

Now we distributethe massin thirds (figure 8.15d), allowing usto energize mode 3. Theamount
of flexing that the spring undergoes for mode 3 vibration is even greater, so the spring constant k
for mode 3 is even larger. Mode 3's frequency is approximately 18 times higher than mode 1's,
corresponding to an increase in k by afactor of about 186.

For every additional mass added to the wire, we more closely approximate an actua bar. Olson
(1952) givesthe equation for the fundamental frequency of a cantilever beam as

2
f, = 05_5296 /%_ , Cantilever Beam (8.18)
L
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Table 8.3
Modes and Frequencies of Fixed/Free Bar

Example
Partial No. of Nodes Node Distance from Free End Partials Frequency
1 0 f 33.83
2 1 0.2261 6.267f; 212.00
3 2 0.1321, 0.4999 17.55f; 593.69
4 3 0.0944, 0.3558, 0.6439 34.39f; 1163.36

where L is the length of the bar in meters, p isits mass density in g/cm3, Y is Young's modulus,
and K isthe radius of gyration.

For abar of rectangular cross-section, Olson gives the radius of gyration as K = a/,/12, where
aisthethickness of the bar in the direction of vibration. (Width doesn’t matter because we are not
considering vibration acrossthethick side of therectangle.) For circular cross-section, Olson gives
K = a/2, where aiisthe radius of the bar. If the cross-section is hollow, Olson gives

2
wherea, istheoutsideradiusof the pipeand g; istheinsideradius. Hethen givespartial frequencies
(table 8.3).

For exampl e, suppose we have abar 0.5 m long, rectangular in cross-section, made from alumi-
num that is 10 mm thick. Young's modulus Y = 74 x 10° Pa for aluminum,0 the mass density
p = 2.7 x 103 kg/m3, thickness a = 0.01 m, length L = 0.5 m, and because the bar is rectangular,
K = 0.01//12. Plugging thesevaluesinto (8.18) for n = 1, 2, 3, 4, 5yieldsafundamental and partials
shown in the last column of table 8.3.

Bar with FreeEnds Rossing (1983) supplies the following function for a bar with free ends:

fo= mzn—K2 JY , Bar with Free Ends (8.19)
8L°NP
whereK, L, Y, and p arethe same as defined in (8.18). The parameter mneedsabit of explaining.
Rossing writes, “The frequencies of the modes are in proportion to the squares of the odd
integers—almost. The number m begins with 3.0112 and then continues with the simple values
57,9 ...,2n+1)”
We can describe the values for m as follows:

m:{3.0112,n=1 for n={1,23,...}.

2n+1,n>1

For exampl e, using the aluminum bar described in the subsection on cantilever beam and plugging
those valuesinto (8.19) for n=1, 2, 3, 4, 5 yields the frequencies shown in table 8.4.
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Table 8.4

Bar Free at Both Ends

Partial Frequency Ratio
1 215.25 1.00
2 593.48 2.75
3 1163.21 5.40
4 1922.86 8.93
5 2872.42 13.34

Theratios of the partialsin tables 8.3 and 8.4 are strongly inharmonic. Nonetheless, bars such
as these are used for pitched instruments like glockenspiel, chimes, and orchestral bells. Thisis
possi ble because the higher partialsdie out quickly (during theinitial clang tone), leaving thefirst
partial by itself as arelatively pure tone. Also, the inharmonic higher partials of some of these
instruments are well beyond the range of human hearing.

Making Transverse BarsHave More Harmonic Spectra Themarimba, xylophone, and vibra-
phone are made from bars free at both ends, suspended over resonating tubes. The bars are thinned
in the middle so asto bring the first two partials into a harmonic relation. Here’s how it works.

Thinning the middle of abar hasthe effect of reducing the stiffness of just itsmode 1 vibration.
(It dso dightly decreases the mass of the bar, which dightly raises its pitch, but the decrease in
stiffnessisthe moreimportant effect.) The result isthat the frequency of the first modeis|owered
relative to the others, which are largely unchanged. Marimba bars are thinned enough so that the
relationf,/f, goesfromabout 2.75/1to 4/1. Xylophonebarsarethinned | ess, sotheratio f,/f; = 3/1.
Thus, f, is an octave and afifth above f;. The 3/1 ratio accounts for the prominence of the sound
of amusical fifth in the xylophone's timbre.

Each bar of the marimba, xylophone, and vibraphone is also equipped with a resonating tube
placed below it to amplify and draw out the fundamental pitch (at the expense of shortening the
bar’s vibration time because resonance steals energy from the bar at this frequency). The vibra-
phone also has an el ectric motor that rotates paddles within each tube. They look just like rotating
dampersin a stove pipe. The paddies cut off the energy supplying the resonator tubes, giving a
tremol o effect (periodic amplitude fluctuation plus a small periodic fluctuation in pitch) as they
rotate. The speed of rotation can be varied by a control on the motor, and the motor can aso be
switched off. Aninteresting additional consequenceof theflue arrangement onthevibraphoneres-
onatorsisthat toneslast longer, on average, when the paddl es rotate than when they are open: less
energy is radiated from the bars when the resonators are blocked. Therefore the energy lingers
longer on average in the bars when the paddles rotate.

8.7.4 Stiffnessof Stringsand I nhar monicity

We saw in the discussion of transverse barsthat stiffnessincreasesin higher modes, stretching the
upper partials of these instruments. The same is true for strings, especially thick strings that



262 Chapter 8

increasingly resemble transverse bars the thicker they become. Let’s return to the discussion of
strings and consider the effects of stiffness on nonideal strings.

Whiletheideal string vibratesin aseries of modesthat are perfectly harmonic, actua stringshave
someinterna stiffness, so they are not perfectly eastic. Thusthere are actually two restoring forces
in astring: tension and stiffness, and the vibrating frequency of each mode in astring is determined
by both. According to equation (8.15), tension affectsall modesequally. However, stiffnessprovides
proportionally greater restoring force for the higher modes because the higher the mode, the more
the string isbent. Therefore higher-numbered modes undergo progressively greater amounts of stiff-
ness. And since frequency of avibrating string is proportional to stiffness (and tension), an increase
in stiffness causes an increase in frequency. Thusthe frequencies of the modes of atiff string spread
out in frequency and are no longer exact multiples of the fundamental. The stiffer a string, the less
it actslike astring and the more it acts like a bar, according to the taxonomy in table 8.1.

Case Study: ThePiano Therange of frequencies a piano must reproduce is from about 27 Hz
t0 4000 Hz, aratio of morethan 1:100. If we used strings of the same tension and mass, and if the
highest-pitched string were only 4in. long, thelowest stringswould haveto bewell over 33ft long.
Clearly, real pianosaren’t that enormous.Why? Equation (8.15) suggeststhat the only parameters
affecting thefrequency of avibrating string arelength, tension, and massper unit length. If wewant
to shorten the bass strings, then we must either decrease their tension or increase their mass per
unit length, or some combination of both; or play some other tricks in combination with these.

We could shorten thebass stringsif welowered their tension. But piano strings sound best when
they are closeto their maximum tension so that they produce abright and long-lasting tone. Sowe
can make only minor adjustments in tension.

We could shorten the bass strings if we made them thicker. But then they would become more
like transverse bars: their overtones would become stretched and they no longer would have
strictly harmonic spectra

Actually, the problem isnot so much that bass strings would have inharmonic spectra. By itself,
astring with mildly stretched overtones sounds pretty good. In fact, studies have shown that musi-
ciansand nonmusicians seem to prefer stringswith slightly stretched overtones. Thereal problem
isthat the stretched overtones of bass strings do not line up with the fundamental s of strings tuned
to the higher octaves of these bass strings. Ideally, we'd like the overtones of the bass stringsto
line up exactly with the fundamental s of the higher-pitched strings, but they don’t because of their
stiffness.

Piano makers have employed avariety of strategiesto work around this problem. For instance,
since thinner strings have less stiffness, they use multiple thinner strings struck simultaneously
instead of one thick string. They also wrap wire around strings to increase their mass. Since the
string inside the wrapping is relatively thin, overtones are not stretched as much in these strings
aswould bethe casewith asolid string of the same thickness. But for compact pianos such as spin-
etts, where the bass strings must be very short, overtone stretching isaserious challenge to tuning
the instrument. In fact, harmonic stretching is a problem even for grand pianos with the longest,
thinnest strings. Thisisjust afact of life for piano tuners.
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The work-around employed by piano tuners isto tune the higher-pitched strings progressively
sharper so that the harmonics of the lower strings more or less line up with the fundamental s of
the higher strings. Spinets, which by design must have the shortest, thickest bass strings, require
the greatest progressive sharpening to blend away the significant overtone stretching of the bass
notes, whereas concert grand pianos require the least because they can have longer strings.

8.7.5 Air Columns

Anair column by itself can never be anything more than aHelmholtz resonator, vibrating in sym-
pathy to a sound caused by another source, so it must be coupled to a sound-producing source,
which can be anything that vibrates (table 8.5).

Modes of Vibration Vibration of anair column occurs because of longitudinal displacement of
air particles. There are two forms of air columns: those open at both ends, and those open at one
end only. Additionally, the profile of the pipe may be cylindrical or conical.

Recall that anodeisapoint where displacement dueto vibrationis zero, and an antinodeisapoint
where displacement due to vibration is greatest. At the open end of a pipe, there is a displacement
antinode becausetheair insideisfreeto movein and out of thetube. At the closed end of apipe, there
is adisplacement node because the air can’t move longitudinally (the closed end preventsit). The
vibration modes of air columns can be found quickly using the same approach we took for strings.

Pipe Open at Both Ends Clearly, air isfree to vibrate in and out of the ends of a pipe open at
both ends. That meansa pipe open at both ends can only support modesthat have di splacement anti-
nodesat both ends. Thefirst four displacement modesare showninfigure8.16. Thefigureindicates
how much particle displacement is possible at each position a ong thelength of the pipe. The actual
particlemotionin an air column isthe same as shown for longitudinal bar vibrationin figure 8.13.

Table 8.5
Air Column Instruments
Bar Xylophone, marimba, and vibraphone; some pipe organ ranks; many automobile
horns; some enclosed-reed mouth-blown instruments such as the crumhorn
Lipsand bar Woodwinds; jaw harp
L oudspeaker Ducted-port loudspeaker enclosure
Lips and mouthpiece Brass instruments
Fipple Recorder, pennywhistle, most pipe organ ranks
Lipsand fipple Flutes and fifes
Mode 1 Mode 2 Mode 3 Mode 4
— ~ - /\/ \ v 4
\ \_/
Figure8.16

Displacement modes of open-ended pipe.
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Mode 1 Mode 2 Mode 3 Mode 4
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Figure8.17
Displacement modes of closed-ended pipe.

Thewavelength of modenisi,,=2L/n, whereL isthelength of thetube. Thereforethefrequency
of mode n of a pipe open at both endsis

foV_n2v

T3, T n=1,23,.... Fregquency Maodes of a Pipe Open at Both Ends (8.20)

Equation (8.20) isadight simplification because the effective length of the tube is actually alittle
longer thanitsphysical length. Theair inthecolumnrecruitsair near theend of thetubeintoitsvibra-
tion pattern, and an end correction scaling must be applied to obtain a reasonable estimate of the
effective length. The end correction depends upon the geometry of the opening (see section 8.3.3).

Pipe Closed at OneEnd A pipe closed at one end can only support modes that have displace-
ment antinodes at the open end and displacement nodes at the closed end. Thefirst four are shown
infigure 8.17.

= Mode 1 is one quarter of asinewave, so A, = 4L.

* Mode 2 is three quarters of asine wave, so A, =4L/3.
* Mode 3isfive quarters of asine wave, so A= 4L/5.

* Mode 4 is seven quarters of asine wave, so A, = 4L/7.

Extracting the pattern, we see that the wavelength

=2 nodd.
n

Thus, the closed-ended pipe only exhibits odd harmonics, and it sounds an octave below an
open-ended pipe of the same length. The equation for the mode frequencies of the closed-ended
pipeis

n= Z—It n odd. Fregquency Modes of a Pipe Closed at One End (8.21)
Thisisalso adight simplification because of the need for an end correction.

From this we can explain why a clarinet sounds an octave lower than a flute in spite of being
approximately the same length: the flute functions as a pipe that is open at both ends, whereasthe
clarinet is closed at one end.1! The samefact explainswhy the spectrum of afluteincludesall har-
monics, whereas that of the clarinet contains only odd harmonics. Differences in their harmonic
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spectraal so account for what happenswhen they are overblown. Theflute overblowsat the octave:
it sounds eight diatonic steps above standard fingering. The clarinet overblows at the twelfth: it
sounds twelve diatonic steps (an octave plus afifth) above standard fingering.

Tubewith Conical Bore Theboresof fluteand clarinet are both approximately cylindrical and
areapproximately the samelength. The oboe, bassoon, and saxophone have approximately conical
bores and are all closed at one end.

Since the oboe is about as long as a flute but closed at one end, we might naively predict that
the oboe should, like the clarinet, be able to play an octave below the flute. But, in fact, the oboe
and flute have about the same bottom pitch. Why?

The simpleanswer hasto do with the physics of the conical bore of theoboe. In cylindrical tubes
sound propagatesasavirtually planewave. (The smaller the bore, the moreit islike aplanewave,
but as the diameter getslarge in comparison to the length, the waves start to become more spher-
ical.) If weignorethevery small effect of air absorption of the sound along the tube, the amplitude
of the signal is relatively constant along its length.

But because sound spreads out as it moves toward the open end of a cone, we must take into
account the effects of attenuation of the signal isit travelstoward the open end. Recall from equa-
tion (4.36) that intensity | falls off with the square of the distancer, so | = 1/r2. Recall also that
amplitude A is proportional to the square root of intensity, so A = ./l . Thereforeamplitudedimin-
ishes as 1/r along the inside of a cone.

Conical tubes, like cylindrical ones closed at one end, must have a displacement node at the
closed end and a displacement antinode at the open end. But the wavel engthsthat fit must takeinto
account the 1/r amplitude scaling (figure 8.18). For atube with conical bore of length L, thewave-
lengths that fit are the sinusoids
1‘ sin n_rn
r L
forn=1,2, 3,...becausethey all haveanode at r =0 and an antinode at r = L. (To understand
the node, think carefully about the value of thisexpression asr goesto zero; to understand the anti-
node, think about itsvalueasr goesto L.) Becauseall n sinusoidsfit, the spectrum containsall har-
monics. Because the wavelength of the conical bore'sfundamental is 2L, itsfundamental pitchis
the same asacylindrical bore of the same length. The silver flute and oboe are approximately the
same length; the bottom note of the silver flute is C4, and the oboe’s bottom note is a half-step
lower, B,3.

Mode 1 Mode 2 Mode 3 Mode 4

\- =

Figure8.18
Harmonic pressure waves of a conical bore.



266 Chapter 8

8.8 Two-Dimensional Vibrating Elements

Thereare many musically interesting vibrating surfaces, including stretched membranes and plates.

Stretched membranes such as drums are the two-dimensional equivalent of the stretched string,
wheretherestoring forcedependsupontension. Liketheideal string, theideal membraneisinfinitely
flexible, infinitely thin in cross-section, and uniformly stretched by aforce sufficiently massive not
to be affected by the motion of the membrane. The overtone series of stretched stringsis harmonic,
but stretched membranes have inharmonic spectra. Besides many percussion instruments, instru-
mentswith stretched membranesinclude the resonator for banjosand the Hindustani sarod and esrgj.

Plates are the two-dimensional equivalent of the transverse bar, where the restoring force
depends upon inner stiffness of the plate material. Whereas stretched membranes must always be
fastened at therim, platescan be clamped at the edge, supported at the edge, supported at the center,
or completely freeto vibrate. A piano sounding board can be thought of asaplate supported at the
edge. A cymbal is a plate supported at the center. Although analytic solutions for arbitrary
two-dimensional geometries can certainly be derived, this section focuses on circular shapes.

Both concentric and radial vibration modesare possiblefor circular vibrating elements. Circular
modal geometries are traditionally classified by two numbers, the first indicating the number of
radial nodes, and the second indi cating the number of concentric nodes (alwaysincluding thenode
at the rim). General membrane vibration modes are shown in order of increasing modal frequency
in figure 8.19. This classification applies to circular stretched membranes and also to circular
plates clamped or supported at the edge because these systems always have anode at the rim (they
are clamped). However, it does not apply to circular plates supported at the center or free because
these systems have an antinode at the rim.

Mode 03

¥

fy = 3.60f,
Mode 02 12

Q@@

f,=2.30f, f,=2092f, fg=35f f,=406f,

PO

f,=10  f,=159f, fy=2.14f, f;=2.65f, f,=3.16f, f,,=3.65f f,=4.15f

Mode 01 11

Figure8.19
Modes of two-dimensional vibration.
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Figure8.20
Bessel function of thefirst kind, order 0, Jo(X).

8.8.1 Bessd Functions

It can be demonstrated that the contour of the surface for each mode shown infigure 8.19 isgiven
by a Bessel function of the first kind. There are families of these Bessel functions (“of the
first kind,” “of the second kind,” etc.). Each family is made up of functions of integer orders.
Figure 8.20 shows a Bessel function of the first kind, order 0 in the range —15 < x < 15. Bessel
functions of thefirst kind are traditionally denoted by the letter J, with a subscript indicating the
order. Thus, the function shown in figure 8.20 would be written y = Jy(x). Bessel functions of
thefirst kind resemble damped sinusoids because their peak amplitudes gradually diminish as
the index x increases. They have the characteristic shape of a cross-section of a vibrating two-
dimensional object such as adrum head. We might imagine it could be a stop-action photograph
of awater wave emanating from where a drop of water fell into a pond.

8.8.2 Stretched Circular Membranes
The fundamental frequency f of avibrating membrane is conventionally given as

¢ 0765 [T
d No

wherec istheareadensity, disthediameter, and T isthetension. Hall (1980) specifiesareadensity
for aMylar tympani head (with 2 mm thickness) asc = 0.26 kg/m?2. Tympani drums comein many
sizes, and their tightness is frequently adjusted during performance. But assuming a tympani drum
withd=0.6mand T =2 x 103 N/m, the fundamental would bef = 112 Hz, around the pitch A2.

Bessel functions of the first kind J,(X) can be used to model the vibrating modes of a circular
stretched membrane. It is easiest to start with mode 01, the fundamental mode, shown in planin
figure 8.19 and in elevation in figure 8.20.

The roots of the Bessel function (the places where it crosses zero) indicate the location of the
nodes of the concentric modes. Circular stretched membranes must awayshave anode wherethey

Sretched Membrane (8.22)
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Figure8.21
Vibration modes of a drum head.

are clamped at the edge. For instance, figure 8.20 shows that the first roots of Jy(X) are x = +2.4.
Thus the shape of mode 01 vibration is defined as Jy(x) over the range of approximately
-2.4 < x< 2.4, |labeled z; in figure 8.20. If this section of the Bessel function is spun 360° around
its y-axisto create acircular surface, we get the shape for mode 01 shown in figure 8.21.

The location of the next roots of Jy(X) are at X = 5.5, labeled z, in figure 8.20. This section of
Jo(X) corresponds to mode 02 in figure 8.21. This mode has two circular nodes, one at the outer
edge and the other about halfway toward the center. If the radius of the outer node is 1.0 m, the
radius of the inner node would be about 2.4/5.5 = 0.436 m.

Following this pattern, the shape of mode 03 vibration is defined as Jy(x) over the range of
approximately -8.6 < x < 8.6, labeled z; in figure 8.20.

For circular membranes, the frequencies of the modes are given by

fon =T Brns Drum Head Mode Freguencies (8.23)

where f is the fundamental frequency of the membrane, and B, is the nth root of the nith-order
Bessel function of thefirst kind. (For convenience, | count the first root of the Bessel functions as
n=1.) Figure8.22 shows J,(X) for m=0, 1, 2, 3. Thefunction B, isjust thelist of all the places
where the Bessel functions are zero, sorted by Bessel function order.

Unfortunately, the roots of the Bessel functions are not evenly spaced, and no simple equation
isknown for finding them. However, we can approximate their values. For instance, we' ve already
observed that By, = 2.4, and By, = 5.5. Thus, by (8.23), if the frequency of fy, = 240 Hz, the fre-
quency of fy, would be about 550 Hz, and so on.

The equation used to plot the vibration pattern of the drum modes shown in figure 8.21 is

J(rx) cos(mé) cos(tx), Drum Vibration (8.24)
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Bessel orders 1 to 4.

where misthe number of circular nodesin the mode, r and ¢ are the polar coordinates of the point on
the surface of the drum being evaluated, and x isthe value of the nth root of the mth-order Bessel func-
tion. For example, the surface of mode 01 (figure 8.21) isdefined asm= 0, x= 2.4 (which isthefirst
root of J, referred to as ;). We can eval uate any point on the surface of the drum by specifying its
locationin polar coordinatesviaradiusr, which variesover theunit distanceOto 1, and ¢, which varies
from0to 2r. The parameter t specifiesthe phase of thedrum mode'svibration. If thisfunctionisplotted
suchthat t goesgradually from 0to 2rt/x, we seeone compl etevibration of thedrum head for that mode.

Equation (8.24) was used to plot the concentric and radial modes shown in figure 8.21, which
correspond to the modes shown in plan in figure 8.19. Mode 01 has only one concentric node at
the outer edge whereit is clamped. The On modes (consisting of the set of modes 01, 02, 03, . . .)
are strongly excited when energy isinjected into the center of the membrane. Mode 01 makesthe
surface move uniformly up and down and radiates energy into the surrounding air very efficiently
because it pushes air directly away from the membrane’s entire surface. Consequently, the energy
in this mode radiates into the surrounding air very quickly, and the sound dies away rapidly—so
rapidly that for most drums one simply hears a thump from this mode after the mallet strikesit.
Succeeding On modesradiate progressively | essefficiently than mode 01, so theenergy giventhem
by theinitial mallet strikeis conserved through time. Thusthey contribute slightly moretothering-
ing sound of the drum because they dissipate less quickly.

The lnmodes(modes 11, 12, .. .) arestrongly excited when the drumisstruck between the cen-
ter and outer edge. Mode 11 radiates sound | ess fficiently than mode 01 becauseit merely sloshes
the surrounding air laterally back and forth from one side of the membraneto the other asthe two
halves alternately rise and fall. Because little energy is dissipated, this mode strongly contributes
to the sound of the drum through time. Higher 1n modes contribute progressively less energy to
the overall sound.

Studies show that the modes that most strongly contribute to the ringing tone of atimpani drum
include the 11, 21, 31, 41, and 51 modes.

The frequencies of the stretched membrane partials can also be approximated with the formula
f . 1.2./n,wherefisthefundamental frequency givenin equation (8.22) and nisthe partial number.
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Stretched membrane mode frequencies.

Figure 8.23 shows aplot of the frequency coefficientsfor thefirst 12 modesin figure 8.19. The
solid line behind the coefficients in figure 8.23 is an approximate fitted curve.

Notice that the higher partials of a stretched membrane increasingly crowd together with
increasing mode number, in contrast to the transverse bar, where higher partials spread apart with
increasing mode number. Thisaccountsfor the dense sound of drumsin comparison to bar instru-
ments: drum partials tend to stack up closer and closer together as frequency rises.

8.9 Resonance (Continued)

Thissection continuesthediscussion of resonancethat began with the Helmholtz resonator (in sec-
tion 8.3.3). The aim here is to create a solid framework in preparation for a more detailed math-
ematical treatment in volume 2, chapter 6.

Resonance lies at the heart of virtually every kind of musical instrument.

Resonance is the tendency of a system to vibrate sympathetically at a particular frequency in
response to energy induced at that frequency.

Resonance requires two elements: a driving force, represented as a function of time, r(t), and a
driven vibrating system such as a spring/mass combination. A system that contains both these ele-
mentsiscalled adriven harmonic oscillator. Thedriving forceistheinput to the vibrating system,
and the forced motion isthe output. Thisisin contrast to the free motion of avibrating spring (see
figure 8.4), which receives no external force after initial excitation.

Whilethedrivingforcer(t) can beany function, weget aclearer view of resonance by observing
periodic inputs, and we get the clearest view from studying sinusoids, such as

r(t) = Acoswt, Driving Force (8.25)

where t istime, A is the driving amplitude, o = 2xf, and f is the driving frequency. Of course,
more complicated periodic and nonperiodic signals can be used, but here | limit the discussion to
sinusoids.
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Driven harmonic oscillator.

8.9.1 Driven Harmonic Oscillator

Many musical instruments can be broken down into a part that generates vibrating energy and a
part that modifies vibrating energy to create that instrument’s particular sound. For example, the
breath of aflute player is shaped by the resonance of the flute to produce the flute's characteristic
sound. In order to understand the vibrations of such instruments, we can study an equivalent but
simpler system consisting of aharmonic oscillator driven by avariable-speed motor (figure 8.24).

What happenswhen we vibrate aharmonic oscillator? How can we characterize its motion? We
want to understand how the natural vibrating frequency of the spring/mass system respondsto the
frequency of the driving force.

Thefirst thing we need isadriving forcethat will produce sinusoidal motion, asdefined in equa-
tion (8.25). In figure 8.24 the driving force is provided by a motion generator that consists of an
armature attached to a motor shaft. A wheel at the end of the armature is captured in the ot of a
horizontal bar that is attached to a vertical bar. Together, the two bars make a T shape. The
T-shaped bars can only move vertically between four guide wheels. The motor and guide wheels
are mounted on arigid framework, and the mass is restrained so it can only move up and down.
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Figure 8.25
Phases of the driven harmonic oscillator.

Asthe motor turns, and the T bar configuration rises and fallsin sinusoidal motion, the generator
raises and lowers the mass via the spring.

Figure 8.25 shows successive snapshots of the system for one rotation of the motor shaft. The
phase angle of the armatureis given for each position, together with its corresponding amplitude.
Comparing the displacement of the system to the sinusoidal line below them demonstratesthat the
motion of the system isindeed sinusoidal and isrelated directly to the phase of the motor shaft.

Thevertica distancetraveled by themotion generator isthe driving amplitude Ain equation (8.25).
If the length of the armature is s, then the peak-to-peak amplitude of the generator A= 2s. The rev-
olutions per second of the motor (and hence, complete sinusoidal periods of the motion generator)
corresponds to the driving frequency f in equation (8.25).

8.9.2 Response Amplitude

The displacement of a spring and mass from moment to moment depends upon the interplay of
Hooke'slaw and Newton’sfirst law of motion (see section 8.4). The spring/mass system has a nat-
ural resonant vibrating frequency f,, but now we must &l so takeinto account thefact that it isdriven
by r(t), theperiodic function of the motion generator. When the driving frequency equal sthe natural
vibrating frequency, f = f,, the spring/mass system will respond by vibrating strongly in sympathy
with the driving force. When f = f, the response of the spring/mass system will be less strong.



Vibrating Sysems 273

Figure 8.26
Response amplitude.

The response of the system is the amount of movement made by the mass. If the response of the
systemtothedriving forceisstrong, themassat the end of the springwill moveagrest distance, caus-
ing the spring to bend. If the responseisweak, the spring will bend very little or not at all. So we can
characterizetheresponseamplitude A, asthedifference between thelength of the spring/masssystem
when it is not being driven (itsresting length) and its length while it is being driven.

We measure A, by observing how much the spring is flexed—either compressed or expanded.
Thus A, isthe change in the length of the spring from its resting length. When A, is positive, the
spring is stretched; when A, is negative, the spring is compressed (figure 8.26).

To study resonance, wewant to comparethe magnitude of the response amplitude A, to the mag-
nitude of the driving amplitude A, moment by moment.

8.9.3 Visualizing Driven Oscillation

Let's set the motion generator to alow frequency. A low frequency is any frequency f that is sub-
stantially lower than the natural vibrating frequency f, of the harmonic oscillator. We indicate this
by requiring f < f;. Next, weposition the armature so that it is horizontal and facing to theright (the
position shown in the leftmost drawing in figure 8.25), and switch it on. Asit beginsturning coun-
terclockwise, the rising force of the motion generator displaces the spring, which passes the force
aong to the mass. By Newton's first law of motion, the inertia of the mass applies a counterforce
tothechangein applied force. Thespring, being flexible, stretchesto make up thedifference between
therising force of the generator and the counterforce of the mass'sinertia. Asthe spring stretches,
by Hooke's law, it applies a greater force to the mass, which consequently accel erates upward.

As the armature rotates toward the vertical position, it ho longer lifts the spring/mass system
so quickly, but the mass continues to rise because of Newton’s first law of motion. The
spring—squeezed between the generator and the mass—compresses until its counterforce balances
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Resonant spectrum.

the upward force of the mass. Asthe armature startsdown, the spring isfurther compressed, increas-
ing theforce on the massuntil it accel erates downward aswell. Therest of the cycle continuesin this
manner.

8.9.4 Varyingthe Driving Frequency

Asweincrease the driving frequency f, the force supplied by the generator to the mass increases,
the counterforce of the mass's inertia increases, and the flexion of the spring increases to com-
pensate. Consequently, the magnitude of the response amplitude A, grows.

We might expect A, to continue to grow as we increase the driving frequency, but when f (the
driving frequency) is equal to f, (the resonant frequency), A, stops growing and, for higher fre-
quencies, beginsto shrink. Asf continuesto increase, A, shrinkseven more. Let’s define maximum
amplitude A, astheamplitude at which A, achievesitsgreatest val ue, and the resonant frequency
as the frequency f, at which A, = A,.. Then, by definition, the maximum response of the
spring/mass system to the generator occurs when f = f, (figure 8.27).

Stiffness-Limited Vibration For very low driving frequencies, where f is near zero, the accel-
eration applied to the mass by the generator issmall, so theinertial counterforce of themassisalso
small. Sincetheforce of the spring’s stiffness is much greater than the counterforce of the mass's
inertia, the displacement of the mass closely tracks the displacement of the spring, which in turn
closely tracks the displacement of the driving force. Since the mass, the spring, and the driving
force are all moving together at the same speed in the same direction at the sasme time, they arein
phase. For frequencies bel ow resonance, the response amplitude A, is stiffness-limited because the
spring’s stiffness limits the magnitude of A,.

Atlow frequenciesmost of the energy expended by the generator to accel erate the massis stored
in the mass as kinetic energy (and the rest is stored in the spring as flexion). All energy stored in
the mass (and the small amount stored in the elastic force) is returned to the generator when the
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massisdecelerated by the generator. So over time no work isdone. (Of course, someenergy isdis-
sipated because of friction, which isignored here.)

Inertia-Limited Vibration For high frequencies, where f, < f, the acceleration applied to the
mass by the driving forceis very large, and so the inertial counterforce of the massisalso very large.
The spring is literally caught between these two forces and must flex quite far to span the distance
between theacce erating generator and thelagging mass. Themasswill barely havebegunto accelerate
inonedirection beforethe spring startstugging at it fromtheother direction. Asaconsequencethemass
moveslessand lessin either direction asfrequency risesabovef,. Theresponseamplitude A, isinertia-
limited for frequencies above resonance because the mass's inertia limits the magnitude of A,.

Most of the energy expended by the generator to accelerate the massis stored in the spring as
flexion (someisstored inthe mass). All energy stored in the el astic force (and energy stored inthe
mass) isreturned to thegenerator when the spring isunflexed (and themassisdecel erated). So over
time no work is done.

Dissipation-Limited Vibration Note that the energy stored by the spring and the massis con-
served (see section 4.17). The energy dissipated by the system consists of such nonconservative
forces as heat and sound radiation. The conservative forces maintain the resonance; the noncon-
servative forces dissipate or radiate the system’'s energy away.

Nesr theresonant frequency, where f, = f , theelasticforceand inertial force comeinto balance.
Therelative positions of the mass, spring, and armature are such that the generator performs pos-
itive work on the mass throughout its cycle, so energy flows constantly from the generator to the
mass through the spring. The phase of the generator |eads the mass by one quarter of acycle. The
spring and mass trade energy between each other, never returning it to the generator.

If the spring/mass system continuously absorbs energy from the generator without ever return-
ing any of it, we might expect that A, would grow without bound. That’s true except for one thing.
A, tendsto grow without bound at resonance, and the vel ocity of the mass also tendsto grow with-
out bound. But the increased velocity causes energy to be dissipated at a faster rate, radiated as
more intense sound and heat. At some value of A,, the energy being received by the spring/mass
system from the generator bal ancesthe energy being dissipated by the spring/mass system, and the
amplitude reaches its maximum, A,

The amplitude of the oscillation is dissipation-limited when f = f.. This suggests an alternative
definition of resonant frequency:

Resonant frequency isthe frequency that is most effective at enabling a vibrating system to
return toitsoriginal energy level by dissipation.

Given the propensity of systems to seek the most efficient way to return to their original energy
levels, it seems entirely reasonable that the world should be filled with resonant systems.

If the rate of energy dissipation is small, A, can become large enough to destroy the system
because there is nothing to stop the escalating amplitude of the mass asit continuesto receive energy.
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Figure 8.28
Tacoma Narrows Bridge disaster.
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Effect of damping on resonance.

The well-documented catastrophic failure of the Tacoma Narrows Bridge is the often-cited casein
point for thisphenomenon (figure 8.28). (The common explanation that the bridgefailed becauseit res-
onated with afrequency component of the howling wind is not necessarily incorrect, but infact it was
probably not the smplelinear resonance being described here that destroyed the bridge. The exciting
forceof thewind wasitsalf affected by thevibrationa response of thebridge. Theresult wasarecursive
nonlinear dynamic system (Lazer and McKenna 1990; McKenna 1999) (see section 8.10.1)).

8.9.5 Damping

What isthe effect of variousrates of dissipation on resonance? Damping refersto how efficiently
energy can be dissipated by a vibrating system.

Suppose weincrease the amount of friction the mass undergoeswhile moving up and down (see
figure 8.25). We could do this, for example, by suspending the massin aliquid of somekind. The
viscosity of the fluid resists the vertical vibrating motion of the mass in proportion to the rate at
which the massis drawn through the fluid: the faster its velocity, the greater the drag. The effect
of greater damping on aresonant system isto reduce and broaden the resonant curve (figure 8.29).
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Figure 8.30
Quality factor.

Note that the peak resonant frequency declines slightly as damping increases, as indicated by the
curved line drawn through the peaksin figure 8.29.

Different degrees of resonance are required for different purposes in musical instruments. The
resonance peak of an organ pipe must be very narrow so that it sounds just one frequency. But the
resonance of apiano sounding board should be as broad and flat as possible so that it will respond
toal frequenciesthesame. Similarly, itisimportant for loudspeakersto have asbroad aresonance
as possible so as not to overly color the sounds they reproduce. Since damping broadens the res-
onant peak, pianos and loudspeaker systems often are designed to be highly damped.

8.9.6 Bandwidth and Quality Factor

Asshowninfigure 8.30, we can characterize the sharpness of aresonance by comparing its height
toitsgirth at some particular distance down from the top of the peak. Starting from A, the apex
of the curve, we drop down a distance of 3 dB.12 The frequencies where this line intersects the
skirts of the curve are f, and f;, and the span of frequencies Af = f; — f, is the bandwidth of
the resonator. The ratio of the resonant frequency to bandwidth 3 dB down from peak amplitude
isafrequency-independent measure of the steepness of the curvethat engineerscall quality factor.
Itisdefined as

f
Q= A—rf : Quality Factor (8.26)

Q indicateshow much more adriven oscillator absorbs power at itsresonant frequency than it does
at a standard distance from the resonance frequency. In figure 8.29, the most highly damped res-
onance has the lowest Q.

8.9.7 Phase Delay

For the harmonic oscillator in figure 8.25, if we plot the phase delay between the angular position
of the motor arm and the linear position of the mass for various values of Q (figure 8.31), we see
that the higher the Q, the more abruptly the system transitions from in-phase to out-of-phase
motion. For a high-Q resonator at low f, phase delay remains near zero until f nearly equalsf, , at
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Combining resonances.

which point small additional incrementsin f result in large increases in phase delay. On the other
hand, highly damped (low-Q) oscillators build up phase delay gradualy.

8.9.8 Resonance with Multiple Degrees of Freedom

Theseideas about resonance can easily be extended to more complicated vibrating systemswith mul-
tiple degrees of freedom. Each vibrating mode simply has its own resonant response, characterized
by aresonant frequency f, and Q (figure8.32a). Thetotal responseof such asystemisthecombination
of these resonant curves (figure 8.32b).

8.10 Transiently Driven Vibrating Systems

When a performer startsto play anote on asustaining instrument such as apipe organ, thevibra-
tion of theinstrument builds up gradually over time during the onset, or attack, phase of the note
(figure 8.33). When the performer stops playing, it gradually returnsto silence during the decay
phase. The attack and decay phases are known collectively as transients.

Attack Suppose we set the speed of a driven harmonic oscillator’s motor to its resonant fre-
quency f,, then switch on its power. This would be analogous to blowing into a flute or organ
pipe, bowing a string, starting to sing, and, in general, beginning a sustained tone. Even if the
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Figure8.33
Amplitude envelope of a harmonic oscillator.

motor starts turning instantaneously, it still takes time for the response of the system to reach
A because

= The mass/spring system absorbs energy at a constant rate, causing the amplitude of vibration to
grow.

= Asthe amplitude of vibration grows, the system dissipates energy at an increasing rate.

Becausetherate of dissipation increaseswith increasing amplitude, growth in amplitude gradually
slows as dissi pation approaches equilibrium with the applied force. The higher the Q, the greater
isthe system’s energy storage capacity at frequency f,, and thelonger it takes to reach an equilib-
rium between the applied force and dissipation.

Steady State  When energy is dissipated at the same rate that it is applied, amplitude growth
stops, and a steady state is achieved. We say the resonator isringing at f, .

Decay Whentheapplied energy iswithdrawn, we enter the decay phase, and the system behaves
exactly as described in section 8.4. In a highly damped system (low-Q), vibration ceases quickly
because the dissipation rate is high. But a high-Q resonator has little dissipation, so the energy
drains away more slowly.

Release A fourth state, release, characterizesthe final sound some instruments make if they are
stopped from vibrating by dampers. For example, when lifting the key on aharpsichord beforethe
tone has died away, there's a slight buzz as the damper presses down on the string to stop it from
vibrating.

8.10.1 Resonance, Recursion, and Xeno's Par adox

Suppose we examined the amplitude A of the decay at regular intervals, and tabulated a list of
theresultsover N sampletimes. We'd haveasequenceof samples{ Ay, Ay, - - -, Ay_1 }. Weselect
one of those samples, A, where0 < n < N — 1. We can compute the next value in the sequence,
A1, by multiplying A, by somefactor 0 < d < 1, corresponding to therate of dissipation. If the
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Exponential decay.

amplitude of the current cycleis A, and thedissipation isd, then theamplitude of the next sample
will be

A=A, d. (8.27)

So the energy in the vibrating system at each moment depends upon how much energy there was
in the previous moment, times a constant factor that determines how much will be dissipated
away as sound and heat. Mathematicians call such systems recursive; physicists call them
dynamical.

We can eval uate the decay curveby letting a,, = a,,,, and then repeating (8.27) forever to generate
therest of the curve. For example, if weset ay=1and d= 0.9, we have the sequence{ 1.0, 0.9, 0.81,
0.729, . . .}. Plotting these points reveals an exponentia decay (figure 8.34). This function never
reaches zero.

A curious aspect of resonant systemsisthat, theoretically, they never stop vibrating. Thisisan
acousticincarnation of Xeno’s paradox (see appendix A). Supposewe measure the amount of time
it takes for the amplitude of a note to drop to one half of A, and call it t,, the halving time. If
A(t) isameasure of the amplitude at timet, and A(0) = A, then we can express halving time as

A0) _ Amax (8.28)
Alty,) 2

Sincetheamplitudedropsto 1/2, thevibrational energy inthe system dropsto onefourth of itsorigina
value &t ty;,, and

AX0) _ Al
Aty 22

If wewait until an additional timeinterval t,, haselapsed, theamplitudewill beonefourthand energy
one eighth of the original. At each subsequent time interval t,,, the amplitude will again be halved
andtheenergy quartered, but thereisstill energy present proportional towhat wastherebefore. Thus,
unless we wait for eternity, the amplitude never reaches zero (unless it was zero to begin with).

The target value that the amplitude is heading toward (but never reaches) is the asymptote.
During the attack phase, the asymptoteis A, during the decay phaseit is zero.

The Exponential Function and the Time Constant We've seen that thetransients of all linear
resonant systems—where the rate of energy loss or gain is proportional to the current energy—
have acharacteristic exponential shape. Thisincludesvirtually all musical instruments and sound
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in reverberant spaces. The exponential function commonly used in musical applicationsto model
thisis
y=E(t)=A e Exponential Decay (8.29)
where A, is peak amplitude, time t > 0, and the time constant 7 is the characteristic rate of
decay. The asymptote of the exponential decay function is zero.

Conventionally, T isthetimeit takes for E(t) to decay by 1/e, that is,

EM_1__1 _pz, (8.30)
EQ0) e 278

corresponding to adrop of 10log(1/e) = —4.34 dB SIL (see equations (5.31) and (5.32)).
The attack envelope is the inverse of (8.29):

Y=E() = Ang — A€ . Exponential Attack (8.31)
The asymptote of the exponential attack is A,,,. Figure 8.33 shows an example of exponential
attack and decay envelopes.

Solution tothe Paradox What's the solution to the paradox of the never-ending exponential
envelope?

Often, the force of friction in a vibrating system increases at low amplitude, erasing the little
remaining energy in the vibrating system at an accel erated rate and hel ping to mark the end of its
sound. A nonlinear friction function at low velocity also explainswhy the brakesin acar sometimes
start to grab just asit approaches acomplete stop. But even if energy is depleted at an accelerated
rate, there's theoretically still some there forever.

Perceptually, adecaying sound will becomeinaudibleif it drops below the threshold of hearing
or the ambient noiselevel, whichever ishigher. So the empirical solution to thisversion of Xeno’s
paradox is to decide on atime after which we consider the amplitude to be insignificant.

T60, Decay Time, and the Meaning of Silence How long does it take for sound in a concert
hall to decay into silence? The reverberation time of a hall (see section 7.13.2) is one of the key
determinants of its acoustical quality: if reverberation lasts too long, music and speech tend to
becomeblurred, reducing intelligibility. A short reverberation time may improveintelligibility but
may make the room sound dead.

A ruleof thumb used widely in architectural acousticsisthat asound withinitial amplitude A,
becomes insignificant after it has decayed by 60 dB SPL. Thistime, called tg,, isameasure of the
reverberation time of aroom. Some cathedrals have a tg, time of about 10 seconds or more; the
tgo time of concert halls usually lasts afew seconds. The tg, time of abedroom may be afew mil-
liseconds, and the tg, time of a good anechoic chamber should be vanishingly close to zero.

Since—60 dB = 2010g,,0.001, tg, can be thought of asthetimeit takes A, to decay by afactor
of 1000. That is, if A(t) isthe amplitude of asound at timet and A(Q) = A, then
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A(teo) . Amax
A(0) " 1000°

We can relate tg, to the halving timet,, by noting that A(tg,) corresponds to about ten halvings of
amplitude, that is,
A(0) 1000 A(0) '

SO tgy= 10t, ,,. Similarly, we can relate tg, to the time constant t by solving (8.29) for 1:
IN(1000)T = 6.917 . Thus, tg, isjust under seven time constants long. The energy being radiated
at time tg, is the square of the amplitude, or

(Amax)z _ _(Ama)?
1000 1,000,000’

which corresponds to a drop in sound intensity of 60 dBSIL. If the original intensity is, say,
100 dB, then 100 dB — 60 dB = 40 dB SIL, approximately the same as the threshold of ambient
noise in quiet listening environments, which is aworkable definition of silence.

8.10.2 Why High-Frequency Components Die Out Faster

Vibrating systems with many degrees of freedom have multiple resonances, and overall the
response of the systemisacomposite of theindividual resonances of the modes (see section 8.9.6).
It follows that each degree of freedom n has its own damping time t,,. Characteristically, high-
frequency vibration modes have the smallest t,,.

To seewhy, consider two identical masses m,; and m, vibrating in simple harmonic motion with
identical amplitude A but with frequencies f; < f,. By eguation (5.27), we know that the energies
of thetwomassesare E, = m,(2rnAf,)2 and E, = m,(2rAf,)2,andso E, < E,, thatis,m, hasless
energy than m,. Since at any moment of time, the rate at which energy isradiated is proportional
tothetotal amount of energy, m, losesenergy faster than m;, anditsvibrationsare damped out more
quickly (Ruiz 1969).

Figure 2.24 shows the evolution through time of the harmonics of a musical instrument tone.
Each instrument has a characteristic way in which its partials evolve through time, which can be
understood by examining the interplay of the vibration modes, the forces the player exerts upon
the instrument, and the coupling of the instrument to the air (see volume 2, chapter 6).

8.11 Summary

We examined the mathematical formul as that determine the sound of conventional musical instru-
ments. We combined Hooke's law with Newton's second law of motion to observe in detail the
movement of simple harmonic motion.
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A vibrating system has degrees of freedom, which can interact additively. Musical instruments
can be organized by the similarity of their mathematical equations. The parametersaredimension,
restoring force, and vibrating element.

We considered the mathematics of strings, string modes, and standing and traveling waves. Bars
and strings are governed by the same equations, but because bars are stiffer, they are nonharmonic.
Young's modulus is used to determine the vibrating properties of strings and bars.

We examined air columns in light of the Helmholtz resonator and devel oped models for the
vibration of pipesopen at one end or both ends, which differ from models of conical pipes. Drums
are two-dimensional vibrating analogues of strings and bars. Their vibrating modes are charac-
terized by Bessel functions of the first kind.

The discussion of resonance was continued by examining the behavior of a driven harmonic
oscillator. The behavior of aresonator changes as a function of driving frequency, resonant fre-
guency, and the amount of damping in the system. The result is characterized in terms of quality
factor Q and phasedel ay. We considered transiently driven vibrating systems, such aswhenamusi-
cal instrument starts and stops a note, and observed a paradox related to Xeno's.
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9 Composition and Methodology

[The Analytical Engine’s operating mechanism] might act upon other things besides number, were objects
found whose mutual fundamental relations could be expressed by those of the abstract science of operations,
and which should be also susceptible of adaptations to the action of the operating notation and mechanism
of theengine . . . Supposing, for instance, that the fundamental relations of pitched sounds in the science of
harmony and of musical composition were susceptible of such expression and adaptations, the engine might
compose elaborate and scientific pieces of music of any degree of complexity or extent.

—Ada Lovelace!

The best view of musical composition is provided by a study of methodology. So understanding
methodology isthefirst aim of this chapter. The subject of methodology encompasses most human
activities, including the artsand sciences. Approaching composition thisway hasthe great advantage
of enabling usto relate the arts and sciences, to see their similarities and differencesin sharp relief.

Studying the methodology of composition provides a crisp and efficient way to identify and
compare the aesthetic aims of particular composers and schools of composition. Thisis of great
benefit because we can then accurately compare and contrast the wide panorama of interests and
values that have concerned composers over the ages.

The second aim of this chapter isto study the devel opment of artificial composing systems. Per-
haps surprisingly, the foundations of thisfield are over athousand years old. The implications of
theseideas stir far-reaching and provocative questions about the nature of music and composition.

Thethird aim of thischapter isto show how compositional principlescan beexpressedinacom-
puter programming language and to develop a set of tools that can be adapted for readers’ own
music research. A simple but powerful music programming language called MUSIMAT is pre-
sented, and many of the methods discussed are shown in MUSIMAT code. The chapter provides
computational strategies for composing music and insights about the nature of composing.

9.1 Guido'sMethod

Around 1026 the learned Benedictine and famous music theoretician Guido d’ Arezzo devel oped
away to teach his students composition which, in his religious environment, amounted to com-
posing plainchant melodies to accompany sacred texts in Latin. This same Guido invented the
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Figure9.1
Guidonian hand. (Adapted from Apel 1944.)

medieval music theory of hexachords, agroup of six diatonic toneswith asemitoneinterval inthe
middle, e.g., CLDLE.FLGLA. Heal so assigned | etter namesto the diatonic scale and invented the
solmization syllables ut (do), re, mi, fa, sol, lathat are familiar to music students.

Guido developed a method of memorizing the musical scale and its solmization syllables, his-
torically called the Guidonian hand (figure 9.1). By pointing to parts of the hand a choir master
can indicate the next note of the melody to be sung. Althoughitisjust asimpleway of associating
pitches with positions on the hand, it came to epitomize the entire system of the church modesin
medieval Europe. It became such apowerful metaphor that conservative music theorists of thelate
Middle Agesusedit to resist theintroduction of chromaticism by saying that the new scale degrees
were “not in the hand” (Apel 1944).

Guido’'scombination of theoretical prowessand practical aptitudelaid the foundationsof objec-
tive composition, which | define as the use of naturalistic (nonsubjective) processes in composi-
tion. Although we associate the devel opment of automated compositionwith thetwentieth century,
Guido’'swork demonstrates that it is a quite ancient practice.

Guido published his composition method for students as part of atreatise for singers titled
Micrologus. This was an important source for the development of organum, the earliest type of
polyphonic music in Europe. There is debate as to whether Guido was seriously proposing his
method as a means of composing music, or if it wasjust adidactic aid for teaching composition.
But in any event, he managed for the first time in history to objectify away of composing music
into adefinite set of rules. Although elementary, his method isthe prototypefor all objective com-
positional systems from that day to this. It can be used for thought experiments on the general
nature of composition.

Guido'sfirst step wasto construct atable of correspondences between the notes of the scaleand
the vowels contained in the Latin text that isto be set to music. First helaid out the pitches of the
double octave, which was the standard compass of vocal music of histime (figure 9.2). Against
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Figure9.2
VVowel/note correspondence.
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Figure 9.3
Block diagram for Guido's method.

this he placed three iterations of the vowel sequence, aei o u:

r A B CD E F G ab cdef g &
a e i o u a ei o u aei ou a

Guido then selected a Latin text and extracting the vowels from each word, set about looking up
corresponding pitch valuesfrom histable. Since this method suppliesthree choicesfor each vowel
(and four choicesfor the vowel a), the method has multiple solutionsfor each text. Following this
procedure, he composed amelody for the entiretext that changed pitch on every vowel. Figure 9.3
shows a block diagram outlining Guido’s method. There are two inputs, the vowels of the Latin
text and the choices made by the subjective judgment of the composer that determinesfrom which
vowel group to draw the pitch. The output is the resulting plainchant mel ody.

For a one-vowel text, there are 3 possible one-note “melodies’; for atwo-vowel text, 32 mel-
odies of two notes; and for an N-vowel text, 3N melodies. Thus, the number of possible melodies
growsexplosively for longer texts. Guido suggested that anyonewho felt hissystem wastoo con-
straining should expand it by adding another line of vowelsunder the noteswith adifferent start-
ing point, doubling the number of choices. Even so, the method still constrains the choices of
a composer, who otherwise could choose any pitch at any time. We assume this was Guido’'s
intention, to ease his studentsinto the deep ocean of unlimited possibilities with small steps by
the shore.

But even if choiceis constrained by the method, composers still must exercise their subjective
faculties to develop a pleasing and musically interesting line. Guido suggested that by selecting
only the best excerpts from several attempts, composers could obtain a composition perfectly
adapted to the text and meeting the requirements of good compositional practice.
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9.2 Methodology and Composition

Methodology iswhat allows usto construct the whedl, plant crops, solve equations, and write sym-
phonies. Methodol ogy isthe DNA of human culture: it carriesinformation that enables societiesto
function and to persist from generation to generation. The proper study of composition isthe study
of methodology, and the full appreciation of methodology requires an understanding of agorithm.

9.21 Algorithm

Algorithmisthemost highly qualified methodol ogy. Theword comesfrom algorism, which means
to calculate with Arabic numerals.2 According to Donald Knuth (1973) algorithmisabroader con-
cept, covering any set of rulesor sequence of operationsfor accomplishing atask or solving aprob-
lem so long as it demonstrates each of the following five characteristics:

= Finiteness The method must not take forever.

= Definiteness Each step must have a significance that is commonly understood.

= Input The method must have valid materials or information upon which to operate.

= Output Themethod must produceat |east oneresult, generated by applying themethod to theinputs.

= Effectiveness The method must always produce the same output from the same input; the result
must not depend upon unknowns (e.g., amiracle, a coin toss, or the phase of the moon); and there
can beno ambiguousoutcomes(e.g., dividing by zeroisnot allowed because theresult isundefined).

A method that meets all these requirementsis called algorithmic.

According to Knuth, methods also display aesthetic traits, or “goodness.” These include effi-
ciency, smplicity, grace, elegance, parsimony (no extraneous steps or rules), and tractability (eas-
ily adapted to avariety of circumstances). A method’s goodnessis al so demonstrated by how well
it reveals our understanding of the problem being solved.

9.2.2 Euclid’sMethod

By way of example, consider the problem of finding the greatest common divisor (GCD), which
is the greatest number that divides two numbers without remainder. This comes in handy when
reducing two numbersto their lowest form, so asto reduceinterval ratiosto their lowest common
denominator. For example, the GCD of 9 and 12 is 3. We just “know” that, but how do we know
it, and how can we represent this knowledge to someone else? And how can we find the GCD of
91 and 416, which we almost certainly do not “know” ? Euclid devel oped the foll owing method to
solve this class of problem for positive integers.

Euclid’sMethod

1. Giventwo numbers, mand n both greater than zero, find their remainder after integer division.
2. If the remainder is 0, the answer isn.
3. Otherwise, let m=n, and let n=r, and start over.



Composition and Methodology 289

Table9.1

Euclid's Method, 9 and 12

Step m n r
1 9 12 9
2 12 9 3
3 9 0
Table 9.2

Euclid’'s Method, 91 and 416

Step m n r
1 91 416 91
2 416 91 52
3 91 52 39
4 52 39 13
5 39 0

Theresults for 9 and 12 are shown in table 9.1, and the results for 91 and 416 in table 9.2.
9.2.3 IsEuclid’'sMethod Algorithmic?
Yes, Euclid’s method is algorithmic.

= Itisfinite (it will aways eventually reachr = 0).

= Itisdefinite(for positiveintegers) because the meaning of division and remaindering for positive
integers is unambiguous. (But if we extend the positive integer range to include zero, the method
isno longer definite because division by zero is undefined.)

= |t hasinputs, mand n, and an output, the answer.

= It iseffective because thereis no miraculous, random, or subjective element in Euclid’s method;
it always gives the correct answer (barring mistakes in arithmetic).

It meets Knuth's aesthetic criteriaaswell: itissimple (requiring only three steps), el egant (lovely
to think about), and parsimonious (it gets straight to the point). It is also tractable because it can
easily be adapted (e.g., to a computer).

9.24 IsGuido’'sMethod Algorithmic?

No, Guido’'smethod isnot a gorithmic. Subjective choiceisrequired for Guido’'smethod, soit fails
the definiteness criterion. But it meets all other criteria, including Knuth's aesthetic criteria. We
can call methods like Guido’s nondeter ministic methodologies, but | prefer amore concise name:
art. The characteristic feature of art of al kindsisthat it combines objective criteria and methods
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with choice making. The difference between art and algorithm is that deterministic methodology
(algorithm) always produces the same result from the same inputs, whereas nondeterministic
methodology may produce variable results even with the same inputs.

Choice making, such as thinking of a number between 1 and 6, is always subjective. So-called
objective choice, such astossing asix-sided die, isactually just the del egation of subjective choice
to an external process. (Have you ever flipped a coin to make a choice and then decided to do the
opposite?) A delegated external choice-making entity isan oracle. If amethod requires consulting
an oracle of any kind, it is automatically art, not algorithm. We should also distinguish between
choice making and choice accepting. The latter is always subjective.

9.25 Why Study Methodology?

In order to create their methods, both Euclid and Guido had to reach inside their own subjectivity,
to hold their goalsin mind while simultaneously observing their own mental processes|ong enough
to objectify what they discovered into a set of rules. Because this requires considerable mental dis-
cipling, | believe that we only develop methods where we care deeply about the aim of the method.

This suggests that the study of methods can reveal our values and hidden assumptions. For
example, we observe that Guido’s method constrains the music to follow the words, thereby
revealing Guido’s belief that the purpose of music was to set off the biblical text, much the way
aring sets off ajewel.

Theguiding principleof thischapter isthat the analysis of methodol ogy can reveal the aesthetic
agenda of its creator. Thus, by examining the methods of composers, we can understand the inner
significance of their music. After building some tools and skills, | discuss some ground-breaking
compositional methods for the purpose of examining their underlying values, asaway of helping
us to establish our own.

9.3 MuUsIMAT: A Simple Programming L anguage for Music

If we wish to use computers to operate on music, as Ada Lovelace suggested, we must find ways
to represent music that both composer and computer can understand. The representation must be
intuitive, and yet definite enough to be computable. It must provide expressive control over the
musical materials we wish to operate upon.

In order to study methodologies, we must have a completely definite language with which to
express them. A programming language is a specialized means of describing rule systems and
methods. MUSIMAT isaprogramming language designed specifically for the subjects presented in
this chapter. A tutorial introduction to MUSIMAT is given in appendix B.

It is possible to read this chapter without knowing MusiIMAT. However, | highly recommend
spending thetime needed to understand it before proceeding. Many of the examplesin this chapter
are expressed in MUsIMAT, and though | summarize everything in nontechnical language as well,
readers won't be able to adapt and use this information without understanding the language in
which it iswritten.
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9.4 Program for Guido’'s Method

With the MusIMAT programming language we can program a version of Guido’s method.
First, we transform Guido’s vowel sequencesto pitches:

Pi t chLi st gui doPi tches =
{ G3, A3, B3, C4, D4, E4, F4, (4, A4, B4, C5, D5, E5, F5, GB};

See section B.2.1 for adescription of Pi t chLi st .
Then we need a source of judgment for which of Guido’sthree vowel sequences should be cho-

sen. We'll use the integer Randon( ) method to generate random values. Combining these, we
obtain the program for Guido’s method:

PitchLi st guido(String text) {

PitchList G //place to put the nel ody
Integer k = 0; //indexes G
I nt eger offset; / /i ndexes gui doPitches[ ]
/l eval uate one character of the text at a tine
For (Integer i = 0; i < Length(text); i =i + 1) {
Character ¢ = text[ i ]; //get a character of the text
If (c==*'a ) { offset = 0; }
Else If (¢ =='¢e ) { offset =1, }
Else If (¢ =="i") { offset = 2; }
Else If (¢ =="'0 ) { offset = 3; }
Else If (¢ =="‘u ) { offset = 4; }
Else { offset = -1; } //the character is not a vowel

If ( offset 1=-1) { //if the character is a vowel.

Integer R = Random( 0, 2 );//returns O, 1, or 2
Integer n = ( 5 * R) + offset;
d k] = guidoPitches[ n ];
k =k + 1;

}

}

Return( G); //return the list of pitches conposed

The program indexes one Char act er at atimeof t ext . If Char act er c isavowdl, it cal-
culates of f set based on which vowel it is. If it isnot avowel, the program sets of f set to—1
so that the final step is skipped. If it isavowel, the program chooses arandom number 0, 1, or 2,
corresponding to thethree possible outcomesfor each vowel. Thisismultiplied by 5, correspond-
ing to the number of vowels, and added to of f set to arrive at the index of the selected element
in the list of gui doPi t ches. The selected Char act er from that list is then stored in
Pi t chLi st G The method is repeated until t ext isexhausted. Pi t chLi st Gthen contains
the list of pitches composed for thistext. Asitsfinal action, the Pi t chLi st Gisreturned to the
calling program.
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Toinvokethefunction gui do() , weneed aLatintext. I'll usethefirst phrase of thetext Guido
used to name the solfeggio syllables, the medieval hymn Sanctus Joharines (St. John). This pro-
gram fragment prints alist of pitches:

Print(guido("W queant |axis resonare."));

An example result of this method is shown in figure 9.3.

9.5 Other Music Representation Systems

There are a virtually unlimited number of approaches to the representation of music, depending
upon one'saims. The aim of MUSIMAT is compactness and expressivity for composition. A short
list of someimportant music representation and programming systems, drawn from the extensive
literature on the subject, follows:

= MIDI Musical Instrument Digital Interface, astill prevalent standard for encoding and trans-
mitting musical gestures between computers and music synthesizers (Loy 1985) providesavery
simple and concrete mapping from musical keyboards, nobs, and sliders to musical sounds. In
itsoriginal form no specific mapping of soundswasstipulated. OneM DI synthesizer might play
aparticular noteusing string tones, whereas another would use bassoons. Morerecently, General
MIDI, a standard set of timbres, was adopted. This standard stipulates a common mapping
of timbres that every conforming synthesizer must implement. Scores played on any General
MIDI synthesizer realizeasimilar orchestration (Jungleib 1996). MIDI presentsanormativeand
limiting conception of music (F. R. Moore 1988), but it is very widespread.

= CHARM Common Hierarchical Abstract Representation of Music provides away of looking
at music that is useful for musicological analysis (Wiggins, Harris, and Smaill 1989).

= SCORE A music printing system developed over the last 30 years by Leland Smith, SCORE
can be used for high-quality printing of common music notation, tablature, and other nonstandard
musical formats.

= DARMS Thisisanearly, overly ambitious (flawed but interesting) musi ¢ description language,
developed by Ray Erickson (1975) and Stephen Bauer-Mengel berg.

= GUIDO An extensible text-based score representation language for notation software, com-
position, analysis, and performance developed by the Salieri Project at the Technical University
in Darmstadt (Hoos et al. 1998).

= DMIX Developed by Daniel Oppenheim (1996), DMIX combines graphical sound editing,
agorithmic composition, computer programming, and real-time interaction and improvisation.

= Kyma Thisisasound specification language developed by Carla Scaletti (1991). It usesagen-
eral specification of sounds asthe building blocks of composition. “ The structure of acomposition
in this language is the set of traces left by the compositional process, that is, each composition



Composition and Methodology 293

containswithin it arecord of how it was composed. Thisrecord servesasone of the many possible
analyses of the composition” (Scaletti 1989, 43).

= Max A graphical programming language devel oped by Miller Puckette, Max enables compos-
ersto create music-processing systems by connecting processing icons on a screen much the way
one would plug Moog or Buchla analog synthesi zer modules together.

9.6 Delegating Choice

The agency of compositional choice (seefigure 9.3) can be delegated from one person to another
or from a person to an objective process such asrolling dice.

9.6.1 Subjective Choice

A composer may del egate choice of musical elementsto an assistant or amanuensis. Thisisacom-
mon practice, for example, among famous Hollywood movie composers. Although the head com-
poser may stipulate criteria, the actual composing is done by assistants. By delegating, the head
composer loses some control over the result.

Even if acomposer writes every note in the score in minute detail, its realization will neces-
sarily include many chance elements introduced by the performer. Conventional rulesfor clas-
sical performanceinterpretation arejust one of the uncertainti es aff ecting the composer’smusic.
Others include who performs it, the venue, the choice of instrumentation and equipment,
whether it is broadcast or recorded, other compositions on the program, their order in the pro-
gram, and so on. The composer’s instructions may be ignored altogether. Most of these uncer-
tainties remain even if the realization consists of playing prerecorded music. Of course, there
are many forms of music, such as American jazz, where uncertainty predominates because the
music is more-or-less improvised.

Even someclassically trained twentieth-century composers experimented with del egating addi-
tional elementsof the composition processto performers. An early pieceof thistypewasKarlheinz
Stockhausen’sKlavierstik Xl (1956), where the scorefor piano solo consists of 19 digjointed frag-
ments of music notation of varying lengths, placed on a large sheet of cardboard with plenty of
empty space between them. Stockhausen indicated that the performer should play the fragments
inany order “that catcheshiseye” and should al so choosetempo, dynamiclevel, and type of attack
during the performance.

Other composers of that era, including John Cage, Earle Brown, and Pierre Boulez, devised
piecesthat invite performersto determine some part of the structure of the music they are playing.
One can make an anal ogy between such open compositionsand the mobil e scul pturesof Alexander
Calder (figure 9.4). Calder’'s mobiles are fixed structures, but the parts can move relative to one
another. The possible shapes are determined by the artist, but virtually infinite configurations
are possible. The compositions of Stockhausen, Cage, Feldman, and others raised some serious
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Figure9.4
Alexander Calder mobile: Untitled, 1942 (Cat. A15493).

questions about the future of Western classical music. Potter (1971) writes,

Many questions arise regarding formal openness: |s a composer abdicating his responsibility when herelin-
quishes formal control? Isformal determination an (the) essential task of the composer? Should a group of
unordered musical segments be considered asingle piece? What purposeis served by allowing the performer
to order thematerial he performs?Isalistener aware of theformal openness? Should he be? Can asingle per-
formance (live or recorded) be a self-sufficient artistic statement, or is more than one performance necessary
to expose the formal variation possible? (120)

Thoughtheseareexcellent questionsthat deserveanswers, | haveadlightly different agendato pursue
here, which will nonethel ess |ead back to these kinds of questions, but from a broader perspective.

9.6.2 Objective Choice

The time-worn approach to delegating choice to an objective processis to use dice or an urn of
numbered balls: aball is pulled “at random” from the urn, and the color or number on the ball is
used to determine the choice. But more fanciful ways have been advanced specifically for com-
posing music by chance. Mauritius Vogt (1719) suggested amethod of composing by bending hob-
nailsinto various shapes, then casting them on the ground and interpreting the rise and fall of the
music by the way the hobnails fell. William Hayes (1751) suggested that the composer spray ink
from a brush onto music manuscript paper, then add note stems, staves, barlines, and all the rest
according to signs drawn from a pack of cards.

In fact, any objective process can be used whether it is random or not. Employing chance as an
agent of choice has avery long history in human culture. For example, wind chimes and aeolian
harps harness random natural forcesto create pleasing—dare | say musical >—sounds.

Have you ever used a coin toss to decide what to do? This can help get you unstuck if you are
truly undecided or really don’t care about an outcome. But after the coin wastossed, did you really
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follow the coin’s dictate, or did you back out and choose the outcome yourself after all? Perhaps
the coin’schoicejust didn’'t feel comfortable? A chance processisunlikely to make the same qual -
ity of choicesthat a person would. Actually, this could be good or bad.

On the plus side, chance decisions can help prevent a student of composition from being over-
whelmed by the vastness of possible outcomes. Guido may have had thispoint in mind. Or acom-
poser might look to an obj ective processto suggest anovel directionto taketo get past unconscious
biases. The composer Herbert Briin (1970) wrote about using computers to provide a random
choice-making element while composing:

Whereas the human mind, conscious of its conceived purpose, approaches even an artificial system with a
selective attitude and so becomes aware of only the preconceived implications of the system, the computers
would show thetotal of the available content. Revealing far morethan only the tendencies of the human mind,
this nonsel ective picture of the mind-created system should be of significant importance.

The composer David Cope (1996) reported that overcoming composer’s block was one reason he
developed his ambitious Experiments in Music Intelligence (EMI) system (see section 9.24). The
results of achance process can provide awelcome new perspective that gets acomposer out of arut.

Onthe minus side, pure chance has no regard for what acomposer thinks or would prefer. Con-
straining pure chance so that it does what composers want (mostly) occupies a great deal of the
effort on automatic composing systems.

9.6.3 TheRoleof Interest in Music

Musicisadelicatebalance betweenwhat isfamiliar and what issurprising. And the ultimate source
of surpriseischance. But thisapproach isnot without risk. A truly random process such asflipping
acoin displays neither skill nor taste at composing because it has no awareness of themusic it is
being used to create. It does not, in and of itself, learn from its mistakes or make inferences about
its experiences. It does not favor particular outcomes, and as a consequence, its results have an
undesirable “wandering” quality.

If we want to incorporate chance into composition—and if we care about the interest of our
listeners—we must become students of interest and look for ways to increase the likelihood that
the choices made on our behalf are interesting, because without interest there is no music, only
noise. This problem was solved very cleverly in the antique automatic composing system
described in the next section.

9.6.4 Musikalische Wurfelspiel

Whereas Guido’'s composing method was intended to be driven by human choices, a related tech-
nique, Musikalische Wurfel spiel, which arose during the European classical era, was intended to be
driven by athrow of thedice. Themusic engineering problem solved by thissystem washow to direct
unregarding chance operations to make musically suitable choices and compose interesting music.

In 1757 in Berlin, Johann Philipp Kirnberger published Der allezeit fertige Polonaisen und
Menuetten Komponist, roughly translated as “ The Ever-Ready Composer of Polonaises and
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Minuets.” Like Guido’s, Kirnberger's intent was to provide a simplified means of composing
music. In his preface Kirnberger states that the reader “will not have to resort to professional
composition.” Although using the technique required no musical training, it required consider-
ablecompositional skill to createit inthefirst place. Composersof preeminent stature, including
Wolfgang A. Mozart, Joseph Haydn, and C.P.E. Bach, devel oped Wirfel spiel techniques (Potter
1971).

Because the aesthetics of the European classical erawere so strict, it was possible to construct
a simple music-making game for composing minuets, trios, and other incidental works. The
method consisted of applying the outcome of throwing dice (or spinning a spinner, or similar
actions) to choosing which of several possible musical motives would be selected from tables of
precomposed musical figures. A well-formed piece of musicintheclassical stylewould result. The
reason that chance does not cause the resulting musical composition to wander is because the com-
positions are prestructured to be musically interesting by the master composers who set up the
tables.

Figure 9.5 shows afragment of Wiirfelspiel minuet trios attributed to Joseph Haydn (O’ Beirne
1968). Only the first two phrases of two of the six original minuet variations are shown, enough
to give an idea of how the method works. Variations aand b can be played as perfectly acceptable
minuet trios. But the composer cleverly arranged for all variationsto have the same harmonic plan
and close-enough voice leading so that others could create new minuet trios by interleaving mea-
sures from any of the variations so long as they are taken in order across the page. We can create a
derivative variation, for example, by alternating measures of aand b, { &y, b,, a;, by, as, bg, @, bg},
which sounds like a pleasant minuet trio.

Altogether, thereare six variations of 16 barsin thefull score, which by therule of enumeration
would mean there are 616 variations. However, because some of the measuresareidentical in some
of the variations, there are actually “only” 940,369,969,152 enumerations. O’ Beirne (1968) lays
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Musical dice extract, attributed to Joseph Haydn.
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out the case for Haydn's authorship in an article that publishes all six of these minuet triosin full.
Hewritesthat if attribution to Haydn is correct, “ One question remains: have we found one new
Haydnitem? or six? or—in view of the intended permutation possibilities—something morelike
1,000,000,000,000 new Haydn trios!”

There was one other ingredient in the typical Wiirfelspiel setup: the measures were not laid out
asobviously asinfigure9.5. Instead, the variationswere chopped up into one-measure chunks and
entered in an indexed table in random order. This served no purpose other than to obscure the
underlying mechanism, to make the process seem more “magical” to the user.

Componium Diedrich Nikolaus Winkel (1773-1826), rightly the inventor of the metronome
(see section 2.6.2), is credited as the first to construct an automated music composing machine.
(Tiggelen 1987; Buchner 1956). In fact, it seems likely that what he did was to adapt el ements of
Kirnberger's Wirfelspiel idea to mechanical form. Winkel’s Componium is basically a barrel
organ, an orchestrion, like the ones used to accompany merry-go-rounds. These instruments
encodemusic by pinsprotruding from the surface of the barrel that key organ pipesor other musical
instruments to play as the drum rotates.

Unlikeastandard orchestrion, the Componium was equipped with asecond barrel (seefigure9.6).
Thefirst barrel encodes severa variations of short musical works. A few barrels survive, containing
works by Mozart, Moschel es, and Spohr. The second barrel, in conjunction with acomplicated gear-
ing apparatus, determineswhich of thevariationswill be played from measure to measure, providing
alarge enumerative set of possible compositions.

Figure 9.6
Componium of D. N. Winkel. (Buchner 1956.)
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Originsof Wurfelspiel Wiirfelspiel emerged from theerainwhich probability cal culuswas pio-
neered by Blaise Pascal and work on permutations and combinationswas done by Jacob Bernoulli.
Gerigk (1934) writes,

This sort of musical gamewasin theair in the second part of the eighteenth century, though clearly regarded
as entertainment only. Thisis, e.g., expressed by Kirnberger, whom we should also regard as the father of
musical literature of this sort in the preface to his composition of thiskind (1757). Every gameis after al a
mirror of the ideas of the times: the rationalistic epoch considers the possibility of mechanical composition.

Many systems of this type were published, including one by Peter Weleker in Londonin 1775
under the amusing title, A Tabular System Whereby Any Person without the Least Knowledge of
Musick May Compose Ten Thousand Different Minuetsin the Most Pleasing and Correct Manner,
which seemsto follow Kirnberger's lead (Kéchel 1862).

Turning the Tables Wirfelspiel uses chance as an alternative to personal choice for decisions
we do not wish to make or cannot make ourselves. But there are many other reasonsto use chance
as asource of choice.

The American composer John Cage (1961) was well known for using chance techniques and
purposeful silencein hiscompositions. Theway inwhich heincorporated chance operationsin the
act of composition invited natural forces to speak directly through his music. Of course, the idea
of appreciating the aesthetics of natural forces channeled through the arts did not originate with
Cage. We listen to wind chimes and aeolian harps for much the same reasons. Some forms of
Japanese painting utilize imperfections in the paper to the same end.

For another example, Santillanaand von Dechend (1969), intheir landmark work Hamlet’ sMill,
discuss several games from ancient times in which the choice of piece to be moved in chess, for
instance, was determined by athrow of the dice. Called “The Game of the Gods’ or “Celestia
War,” these games are documented in texts dating from the fourteenth and fifteenth centuriesin
Indiaand China

ChanceasOracle Inlife, weareaffected by natural forcesthat are beyond our ability to predict
and that appear to be utterly random. We observetheeffects of our ownwillful actionsand presume
by analogy that random natural events can be seen asthe “will” of natural forces acting upon us.
We externalize our personal will and project it by analogy onto a“cosmic will.” If we ourselves
deliberately generate chance occurrences such as by throwing coins, we can endow the outcome
with prophetic val ue because the chance occurrences are presumably in alignment with this same
natural “cosmicwill.” Perhapsthisideaexplainswhy chanceisthe basisof oracular methods such
as Tarot card readings and the Chinese oracular text, the | Ching.3

Attheroot of these oracular methodsisthebelief that the chance processeson which they arebased
are synchronized with the“ cosmic will”: the sameforce that determines outcomesin our lives deter-
mines the chance process used by the oracle. The psychologist Carl Jung coined the word synchro-
nicity, which he defined as“meaningful coincidence” Thisisapurely descriptive term that denotes
an association between an objective event and its subjective significance; Jung did not imply a
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necessary causal association between an objective event and any personal subjective meaning. Of
course, many people through the ages have believed that they (or their local soothsayer) knew how
to interpret the synchronistic thread between an event and its subjective meaning. But interpreting
an oracle requires away of decoding the message that is supposedly implied by the “cosmic will.”
Asthe histories of supplicants at Delphi can attest, thisis generally very difficult to do.

However, even if wedon't use an oraclein an interpretive way, we can still consider that chance
operations incorporated into an art form allow nature to speak to us through that art, and we can
appreciate the message aesthetically even if we don't claim to understand it.

9.7 Randomness

Randomnessisliterally inthe eyeof the beholder. We can derive randomnessfrom any natural pro-
cess, such asthe flood tides of the Nile, drawing numbered balls from an urn, the motion of wind
or waves, the distribution of ink splotches on a page, the motion of atoms near an electrode, or
throwing dice.

Heitor Villa-Lobos used the skyline of New York City to create the melody for his composition
New York Skyline. John Cage composed Atlas Eclipticalis using astronomical charts. Charles
Dodge used fluctuations of the earth’s magnetic field to create alarge work of electronic music
titled The Earth’s Magnetic Field.

Arethe New York skyline, the contents of astronomical charts, and fluctuationsin the magnetic
field random processes? Aren’t building heights in New York a function of the building codes?
Isn’t the distribution of stars a function of the laws of gravitation? True, but the central question
is epistemological, not physical: can we determine a formula that exactly characterizes the phe-
nomenon? If not, it isarandom processto the observer. Note that thisimpliesthereis no random-
ness without an observer.

9.7.1 What Constitutes Randomness?

The crucial characteristic of useful random processesis that chance events must be independent
of each other. By independent | mean that even knowing avery large set of outcomes doesnot help
usguessany other outcomes. If the outcomes of arandom processare absol utely independent, then
theprocessisinfinitely random and aperiodic. Such aseguence constitutesan inexhaustible source
of surprise and novelty.

A random process can be viewed as distributed in time or in space. For example, the location
of starsin the night sky constitutes a very slowly changing random function of position, one that
evolves over millions of years. Moretypically, we examine the sequential outcomes of aspatially
localized random processlikeacoin toss, whichweview asafunction of time. Thisinturn suggests
additional qualities of arandom process:

= Uniformdistribution Doesthe sequence enumerateall possible outcomes? Areall valuesmore
or less equally likely, or are some regions favored over others?
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= Uniformity over ranges What are the permutational characteristics of the sequence? Arethere
patterns in the data—ranges of numbers that resemble each other in some predictable way? Are
subsequent values correlated somehow with previous values?

= Uniformity over frequency What isthe rate of change of valuesin the sequence? Do the mag-
nitudes change slowly or quickly? If magnitudes change quickly, the dataform ajagged series of
abrupt peaksand valleys, corresponding to high frequencies. If magnitudes change slowly, the next
number in the sequence won't be very far from previous val ues, and the dataform asmoother, less
jagged curve, corresponding to low frequencies.4

9.7.2 Pseudorandomness

Computers can only execute methods that are strictly algorithmic, and the effectiveness require-
ment for algorithms rules out anything that depends upon unknowns; hence computers cannot be
asource of true random sequences by design. If acomputer ever did anything genuinely random,
it would haveto go in for repairs. Nonethel ess, mathematicians have spent afair amount of effort
trying to devel op computable sources of randomness. John von Neumann (1963), mathematician
and pioneer incomputer science, recogni zed thiscontradiction and iswidely quoted ashaving said,
“Anyone who considers arithmetical methods of producing random digitsis, of course, in astate
of sin” Thisisadroll remark, coming asit does from a pioneer of deterministic methods of gen-
erating random numbers.

By the principle of independence, we only know that a sequenceis perfectly randomiif it never
repeatsitschoicesinwholeor in part. But in practice a sequence does not have to be perfectly ran-
dom to be useful. It need only be “random enough” to surprise us. So randomness is essentially
an empirical criterion that we use to characterize processes we can't predict.

Although computers can’t generate pure random sequences, there are numerical techniquesthat
allow computersto generate number sequencesthat are “ random enough” for practical use. How-
ever, all such computer-generated sequences eventually repeat, so they are pseudorandom. |
present asimple but effective approach to generating pseudorandom numbersin section 9.7.3, but
abrief digression into polynomialsis required first.

Polynomials We can express any number N as apolynomial of integersin base b, for instance,
123 in base 10, written as

123 = (3x 10°) + (2 x 10%) + (1 x 102).

Theratio of some numbersin some bases produces an infinite polynomial expansion, such as
139 =(3x109 +(3x 101+ (3% 102 +---=3.33333.. ..

Sometimes a cyclic polynomial is produced, such as

l?if’ = 1.857142857142 . ..

N~ I



Composition and Methodology 301

Irrational numbers represented as polynomials in any base produce an infinitely noncyclic
sequenceof digits. For instance, theirrational number T = 3.1415927 . . . showsno apparent pattern
initsinfinite polynomial expansion. New techniques are available to calculate arbitrary digits of
7 with good efficiency and without having to know the preceding digits, making this a possible
source of random values.> We can cal cul ate successive random digits from the fractional values
of an irrational number. Cyclic polynomials are quite easy to calculate, and we can generate
sequences that are quite long and have good uniformity.

Converting Polynomialsto Digit Sequences We canconvert any polynomial sequenceinto
a sequence of digits as follows. For some radix base, b, let f be a fraction:
f=a,b1+ab2+.--+ab™ All the values of a must lie within the radix, that is, they must
satisfy 0< &, < b. (For instance, the decimal system hasradix 10, and so values must lie between
0and 9.) If wemultiply the fraction f by b, we will shift the first fractional digit, a;, out of the
fraction and into the units place:

bf=a, + a,b~t + azb2+ --- +a b1

In thisway we have isolated a, in the units place. If we repeatedly multiply the result of the pre-
vious step by b, we push the next digit out of the polynomial’sfractional valueinto the units place.
For example, let f = 0.2615, and b = 10:

0.2615 - 10 =2.615
2615-10=26.15 =
26.15.10=26 1.15 =
2615 10=2615.0 =
We can use this technique to extract successive digits to form random number sequences.
9.7.3 Linear Congruential Method

Equation (9.1) shows the linear congruential method for generating random numbers, introduced
by D. H. Lehmer in 1948 (Knuth 1973, val. 2):

Xnp1 = ((@X, + b)), nzo0. 9.9

Thenotation ((x)),, means*xisreduced modulon.” Theresult istheremainder after integer division
of x by n (see appendix A).

Equation (9.1) isarecurrence relation because the result of the previous step (x,,) is used to cal-
culate a subsequent step (X,,.1). It islinear because the ax + b part of the equation describes a
straight line that intersects the y-axis at offset b with slope a. Congruenceisacondition of equiv-
alence between two integers modulo some other integer, and refers here simply to the fact that
modulo arithmetic is being used.
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For successive computations of X, the output will grow until it reaches the value c. When cis
exceeded, the new value of x is effectively reset to x — ¢ by the modulus operation. A new slope
will grow from this point, and this process repeats endlessly.

The result can be quite predictable depending upon the values of a, b, ¢, and x,. For instance,
if a=b=x,=1,and c= o, anascending straight line at a45° slopeis produced. However, for other
values, the numbers generated can appear random.

In practice, the modulus ¢ should be as large as possible in order to produce long random
sequences. On a computer, the ultimate limit of ¢ isthe arithmetic precision of that machine. For
example, if the computer uses 16-bit arithmetic, random numbers generated by this method can
have at most a period of 216 = 65,536 values before the pattern repeats.

The quality of randomnesswithin aperiod varies depending on the values chosenfor a, X, and b.
Much heavy-duty mathematics has been expended choosing good values (Knuth 1973, vol. 2).
For 32-bit arithmetic, Park and Miller (1988) recommend a= 16,807, b=0, and c=
2,147,483,647.

Thelinear congruential method isappealing because once agood set of the parametersisfound,
it isvery easy to program on acomputer. The LCRandon() method returns arandom number by
the linear congruential method each timeit is called:

// Constants from Park and M1l er
Constant Integer a = 16807; // a, b, c and x are global constant val ues
Constant Integer b 0;
Constant | nteger c 2147483647;
Integer x = 1; /'l x stores the val ue produced by
/1 LCRandom bet ween i nvocati ons

I nt eger LCRandon(){

x = Md(a * x + b, c); /1 update x based on its previous val ue

Integer r = Xx; /1 x may be positive or negative

If (r <0) /1l force the result to be positive
r=-r;

Return(r);

The parametersa, b, and ¢ are constant (time-invariant) system parameters. Parameter x isini-
tialized in this example to 1, but it can be initialized to any other integer. Thevalueof a * x + b
is calculated, the remainder isfound modulo ¢, and the result is reassigned to x.

Whilethevalueof x islessthanc, x growslinearly. Whentheexpressiona * x + b eventually
produces a value beyond the range of ¢, then x is reduced modulo c. The random effect of this
method comes from the surprisingly unpredi ctabl e sequence of remainders generated by the mod-
ulus operation, depending upon careful choice of parameters.

The calculation of x ranges over al possible positive and negative integers smaller than the
value of +c. But it is generally preferable to constrain its choices to a range. To make this con-
version easier, we force the result to be a positive integer.
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Seeding the Random Number Generator  Unlikethenatura sourcesof randomness, LCRandond( )
will always produce the same sequence with the same initial parameters. Different sets of pseu-
dorandom sequences can be generated by varying the initial value of x, as with the following
function:

SeedRandom(Integer s) { x =s; } [/ set global variable x to seed s

Thisfunction allowsusto set theinitial value of x. If weinitializex to aparameter such asthe cur-
rent time in seconds from some fixed moment, then we start at adifferent place in the pseudoran-
dom cycle each time (although, of course, thisis finite, too, because the sequence length is
necessarily limited).

Thelinear congruential method issimple and efficient, but it ishardly the best source of random
vaues. Evenignoring thefact that it repeats, its uniformity is not wonderful. Knuth (1973, vol. 2)
cautioned, “ Random number generators should not be chosen at random.” For superior techniques,
see Presset al. (1988, 210). However, thismethod is very ssmpleto implement and has the advan-
tage over natural random processes of providing the same pseudorandom sequence if seeded with
the same values.

Random Real Numbers The LCRandom() method returns integers between O and c. It is
straightforward to map its output to any range of Real values between an upper bound U and a
lower bound L:

Real Random(Real L, Real U) {

Integer i = LCRandom(); /1 get a randominteger val ue
Real r = Real (i); /1 convert it to a real value
r = r/Real (c); /] scale it to 0.0 <=r1r < 1.0
Return(r * (U - L) + L); /] scale it to the range L to U

First, we use LCRandon{() to get arandom integer. Recall that LCRandon{() forcesthe result
to be positive. We promote its random integer result to Real and storeitinr. Next, we divide it
by c soitsrangeis 0.0 <= r < 1.0. Finally, we scale it by the difference between Uand L,
and add L, so that the random value is bounded above by U and below by L. That way we can get
arandom result from a particular range of values that we can stipulate.

Random Integer Numbers Scaled to an Arbitrary Range We can adapt the Random( )
function to return integers within a specified integer range. When areal valueis converted to an
integer, we truncate (discard) the fractional part, leaving the integer part. For example,

Real x =3.14159;
Integer i =Integer(x);
Print(i);

prints 3. Truncation is equivalent to the floor function, written | 3.14159 | = 3.
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Here is amethod to generate integer random values over an integer range.

I nt eger Randon(Integer L, Integer U) {

Real rL = L; /'l convert L to Real

Real rU= U+ 1.0; // convert Uto Real, add 1.0
Real x = Randon(rlL, rU); /! get a real random val ue
Return( Integer(x)); /1 return it as an integer

Note that | added 1.0 to the upper real boundary. Truncation of the random result necessitates
dlightly increasing the top end of the range of choice. For example, in order to choose avaluein
theinteger range0to 9, wemust generatearandomreal valuexthat liesintherange 0.0 < x < 10.0.
This gives an equa chance of obtaining an integer intherange 0to 9.

9.8 Chaosand Determinism

Dynamicsisafield of classical mechanicsthat studies how force affects motion of material bodies
through time. A systemisdynamical if its subsequent state depends upon its current and previous
states. A flying airplane is an example of a dynamical system. Suppose x;, represents the current
position of an airplane, and x,,,; represents its next position. Then the relation between these two
positions,

Xne1 = F(Xp), (9.2)

isdynamical becauseits subsequent state (x,,,,) isafunctionf of itsprevious state (x,,). Equation (9.2)
is another example of a recurrence relation because it shows the relation between subsequent
values of afunction.

A dynamical system may depend upon its current inputsaswell asits past outputs. For exam-
ple, the airplane’s position will also depend upon the operation of its controls and the forces of
the air.

A system isdeterministic if every cause has a unique effect. The uniqueness requirement goes
from cause to effect but not necessarily from effect to cause. For example, the function y = x2 is
deterministic becausey can be predicted given x, but one can’t necessarily deduce x giveny because
there may be two choices.

Because the LCRandom() method is adeterministic way of generating what appear to be ran-
domvalues, it is achaotic system. The term chaotic has been taken by physiciststo mean adeter-
ministic system that appears to be random, such that it is impossible to make long-range
predictions about its behavior. Although it repeats over large spans of time, a simple system like
LCRandon() can behave so unpredictably intheshort runthat it would be very difficult to deduce
its rather simple generating structure from its output alone.

A chaotic system is one that we know to be deterministic but that appearsto be random. A truly
random system is nondeterministic. Therefore, pseudorandom systems are chaotic, not random.
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9.8.1 Sensitivity toInitial Conditions

A key characteristic of chaotic systems such as LCRandont( ) istheir sensitivity to initial condi-
tions. Even the smallest changes to variable x, the random seed, can lead over timeto totally dif-
ferent behaviors of the system to a point where the differences far overshadow the similarities.

Natural examples of chaotic dynamical systemsincludethe earth’s atmosphere and the vibrations
of virtually all sources of musical sound, such as the scrape of abow on the strings or the turbulent
flow of air from the player’slips over thefipple of aflute. Small differencesininitial conditions can
be amplified by such systemsto such an extent that any error in measuring theinitial conditions can
render any long-range forecast of system behavior wildly inaccurate, even if thereis no further dis-
turbance to the system. The weather from day to day is never exactly the same. Notes played on a
flute, though they may sound alike, are never exactly the same. Our earsglossover these differences,
hearing sound categorically. But if wewish to understand the precise mechanism of adynamical sys-
tem so asto accurately predict its behavior over time, the initial conditions must be known exactly.

By using more accurate measurements on such natural systems, we can reduce but not eliminate
measurement uncertainty. But only if we measured with infinite precision—an impossible
task—would webeableto eliminateall uncertainty, and only then would theinitial conditionsallow
usto obtain utterly predictable behavior from amodel of adynamical system. Theimplicit Western
scientific assumption has been that we can continue to shrink the uncertainty of a dynamical sys-
tem’soutcome by measuring itsinitial conditionswith ever greater precision. Thus, we assumethat
more nearly perfect predictions could be made by supplying more preciseinitial conditions.

However, through the work of the mathematician Henri Poincaré (1854-1912), we know that
there are systems whose long-term predictions are not improved by increased precision of theini-
tial conditions. While studying the gravitational influences of three bodies upon each other, hedis-
covered that under certain circumstances, even if the initial uncertainties are infinitesimal, the
predicted outcomes can be so different that the deterministic prediction isreally no better than if
the prediction had been made by chance. Thisis how sensitivity to initial conditionsistied to the
appearance of randomness.

To illustrate this point, Edward Lorenz (1972), another pioneer in chaos theory, wrote a paper
titled “ Predictability: Doesthe Flap of aButterfly’sWingsin Brazil Set off a Tornado in Texas?'6
Unlike the debate about the number of angels that can dance on the head of a pin, the answer to
Lorenz's question (yes) has dramatic consequences for the limits of epistemology. Many if not
most of the basic systemsin life, such as the weather, are chaotic dynamical systems, and we are
unable to predict the long-range behavior of any such system whose initial conditions we don’t
know with infinite precision. Alas for the human condition, this explains why we are blind to the
future until it isupon us. Thisisthe glass cage that confines our Faustian desires.

9.8.2 Complexity Theory

Complex dynamical systems such as clouds can be seen from a reductionistic perspective as
merely disorganized collections of water droplets. However, these systems also have an evident
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self-organizing flow. For example, the shape of a cloud will grow and transform in a manner that
reveals an emergent internal structure. We can summarize this by saying that unconstrained com-
plex dynamical systems have a natural and innate tendency to move toward complexity.

A complex system contains el ementsthat are both differentiated (specialized or compartmental-
ized) andintegrated (connected or unified) on all levelsof scale. Itscomplexity comesabout through
the interaction of internal and externa constraints. For example, the internal constraints of acloud
are the molecular forces of the air and water, and the external constraints are the winds that drive
it. Theinternal constraintsof the brain are the synaptic connections, and the external constraintsare
theflow of information from outside events and other minds. Theinternal constraints of music are
the criteriaof musical perception and cognition, and the external constraints are the flow of expec-
tation from musician to listener and the return flow of interest from listener to musician.

When asystemisnot in complexity, it tendstoward monotony (saturated integration) or cacoph-
ony (disintegration).

What benefit does complexity provide to a system? Why do clouds not make geometric pat-
ternsinthesky or devolveinto utter randomness? Thereason isthat when asystem movestoward
complexity, it isin its most stable, adaptive, and flexible state. When abrain is stuck in linear
thinking or lost in confusion, it may not thrive. When music is not in complexity, we stop lis-
tening.

These characteristics of self-regulation are cornerstones of healthy responsivenessto life and
mental well-being. How appropriate that stability, adaptability, and flexibility are also hallmarks
of successful music. How interesting it is that these qualities emerge through the dynamic inter-
play of differentiation and integration on all levels of scale in a musical work. How natural it
seems to think of music as embodying these core principles of stamina and health. Here is the
foundation for amusic theory that weaves together information theory, chaos theory, complexity
theory, cognitive psychology, and nonlinear dynamicsin away that honors music’s therapeutic
capacities.

9.9 Combinatorics

The discussion now shifts to more practical concerns. If composing is about methodol ogies of
choice, it is worth wondering about the range of choices that various musical systems provide to
the composer. These questions are studied by the field of combinatorics.

Asthe name suggests, combinatoricsisthe study of how sets can be combined in patterns. This
includes enumerating al the possible permutations of aset. Some musical questions opened up by
combinatoricsinclude the number of orderings of musical motiveswithin ascale, thetotal number
of diatonic scales, and the number of possible melodies of a certain length. In the early twentieth
century, composers of the second Viennese school associated with Arnold Schoenberg borrowed
ideas from the mathematics of combinatorics to construct a radically different kind of music
than had ever been heard before. This brief study of combinatorics leads to an overview of their
techniques.
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Figure9.7
Guido’'s method expressed as a tree of possibilities.

9.9.1 Enumeration

If we examine the possible outcomes of Guido's method, we see that there are three choices at each
step. For aone-vowel text thereare 3 possible one-notemel odies; for atwo-vowel text, thereare 32 mel-
odiesof twonotes; and for an N-vowd text thereare 3N mel odies. Thusthenumber of possiblemelodies
grows exponentially for longer texts (figure 9.7). This demonstrates the principle of enumeration:

| f therearem outcomes of operation 1, and then n outcomesof operation 2, the composite num-
ber of outcomes of operation 1 followed by operation 2 ism timesn.

For instance, for Guido’'s method, m and n are both 3. So for step 2, the number of outcomesis
3-3=9 (seefigure9.7).

Enumerating the possibilities of something meansitemizing all possible outcomes. Counting all
such outcomesisto enumerate them. For instance, how many 12-notemel odiescan beformed from
the dodecaphonic scale? By the principle of enumeration, there are 12 possibilities for the first
note, and then 12 possihilities for the second note, and then . . . through 12 steps. So the answer
is12-12-12--.-=1212= 8.9 x 1012, whichisnearly ninetrillion. The set of melodiesincludes,
for instance, the ascending and descending chromatic scales, the first 12 notes of Antonio Carlos
Jobim’s One Note Samba transposed to all 12 pitches, and thefirst 12 pitches of every part of every
symphony, and operathat has ever been written, or could ever be written, in adodecaphonic scale.
There are more 80-note chromatic melodies than there are subatomic particles in the universe
(assuming there are 1080 or so such particles). | suppose this makes it pretty unlikely that future
composers will run out of material to work with!

9.9.2 Permutation

The principle of enumeration answers the question, How many total outcomes are possible? The
principle of permutation answers the question, How many unique orderings are possible?

For instance, how many ways are there to order the sequence, a, b, c? We find out by swapping
the elements around until we run out of unique orderings. L et’s use the method where we swap the
last two elements, then the previous two elements, and so on (figure 9.8). We can create six per-
mutations this way before the reordering procedure recreates the original ordering. So there can
be six permutations of three things. But how could we discover the number of possible permuta-
tions without having to reorder and inspect them?
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Let’s find the solution through another musical example. How many unique 12-tone rows
are there in the set of dodecaphonic scales? Recall that when we enumerated all the 12-note
melodies, we could pick from all 12 pitches at every step. That led to melodies with repeated
notes. But atone row is defined as a melody of 12 nonrepeating pitches, so we must exclude
whatever pitch is chosen from subsequent choices. We can choose from 11 pitches for the sec-
ond note, 10 for the third, and so on. Otherwise, the process is just like enumeration. Thus
the number of uniqueorderingsis12-11-10-9--..=12!= 4.7 x 108, or slightly morethan
470 million 12-tone rowsin the dodecaphonic system. As one might expect, there are substan-
tially fewer permutations of 12 tones than there are enumerations of them. Thus there are n!
permutations of n objects. Going back to the first example, thereare 3 - 2 - 1 = 6 permutations
of three objects.

9.9.3 Circular Permutation

A circular permutation, or rotation, occurs when the element at one end islopped off and attached
totheother end circularly (figure 9.9). Therearen circular permutations of n objects. Rotation can
be to the left or right by one or more places.

Here isamethod that rotates alist by an arbitrary number of places either to the right or left:

Rot at e(I ntegerLi st Reference f, Integer n, Integer i = 0){
n = Modd(n, Length(f)); //constrain rotation to |length of |ist
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Integer x = f[i]; /lstore f[i] for use after recursion
If(i < Length(f)-1) /'l reached the end?
Rotate(f, n, i+l); // no, call Rotate() recursively

/1 continue from here when the recursion unw nds
Integer pos = PosMod(i+n, Length(f)); // index list nmodulo its |ength
f[pos] = x; /1 assign value of x saved above

Thisexampleusesrecursionto performitsfunction. It takesthreearguments, alistf , thenumber
n of positionsto rotate by, andi , theindex for where to begin, usually set to zero. If n is positive,
thelistisrotated to theright that many places; if n isnegative, thelist isrotated that many positions
totheleft. Thefirst stepisto constrain n modul o thelength of thelist so that any amount of rotation
can be handled.

The declaration | nt eger Li st Ref erence f requires a bit of explanation. We want
Rot at e() to modify thelist that issupplied. But functions are ordinarily supplied only with cop-
iesof thevalue of theactual arguments(seeappendix B, B.1.22). Theword Ref er ence inthedec-
laration tells MUSIMAT that it should supply Rot at e() with the actual variable named when the
function isinvoked. Thus changes to the list handed to Rot at e() will persist after the function
isfinished.

We need to make sure the variable pos stays within the range of valid list elements, which nat-
urally suggests the use of Mod( ) , except that Mod() can return negative values. But list indexes
must be strictly positive. So we use afunction called PosMbd( ) , which returns only the positive
wing of modulo values (see appendix A.6).

Table 9.3 shows left and right rotation by various amounts for alist L defined as

IntegerList iL = {0, 1, 2, 3, 4, 5};
9.9.4 Partitioning

Supposewewant to create a12-tonerow consisting of the 12 pitches partitioned into three motives
of six notes, three notes, and three noteseach. How many different motives could therebe? Clearly,

Table 9.3
Left and Right Rotation
Rotate(iL, —n, 0) Rotate(iL, n, 0)

n=- 0 1 2 3 4 5 n=0 0 1 2 3 4 5
n=-1 1 2 3 4 5 0 n=1 5 0 1 2 3 4
n=-2 2 3 4 5 0 1 n=2 4 5 0 1 2 3
n=- 3 4 5 0 1 2 n=3 3 4 5 0 1 2
n=-4 4 5 0 1 2 3 n=4 2 3 4 5 0 1
n=-5 5 0 1 2 3 4 n=5 1 2 3 4 5 0
n=-6 0 1 2 3 4 5 n=6 0 1 2 3 4 5
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thetotal number of uniquetonerowsisstill 12!. But the number of unique motives should befewer
than 12! because the tone row space is divided into groups.
Here's a possible way of doing it:

1. Assign pitchesto the matives. For instance, assign pitches C—F to the six-note motive, pitches
F— G to the first three-note motive, and pitches A—B to the second three-note motive.

2. Order the pitchesin the first motive.
3. Order the pitches in the second motive.
4. Order the pitchesin the third motive.

We don’'t know how many outcomes are possible for step 1 yet, so let’s call this the unknown, X,
for now.

Steps 2, 3, and 4 are ordering operations. Because ordering operations are permutations, there
are 6!, 3!, and 3! orderingsin steps 2, 3, and 4, respectively.

Notethat steps 1-4 enumerate the steps of creating atone row according to the motivic arrange-
ment. Remembering the rule for enumeration, that means the total number of unique tone rows
would be 6!3!3!x. But since the total number of unique tone rows is 12!, we can equate these
two pieces of information, yielding 6!3!3!x = 12!. Solving for x yields the number of unique
motives:

12! 12
X= i = 55440 = (6’ s 3) . (9.3)
Thus 12 pitches can be partitioned into 55,440 motives of three subsets of six, three, and three
notes. The rightmost term in (9.3) shows how partitioning is notated. It is read as “the number of
ways 12 objects can be partitioned into groups of six, three, and three.”

Generalizing from this particul ar solution, we can express partitioning N objectsinto p subsets
of r, elements as

( N ): N Partitioning (9.4)
rl7 r2’ r3""7rp I'l!rz!l'3!l'p

9.95 N ObjectsRat aTime

Suppose we select seven pitches from the 12 semitones and order them into a seven-note mel ody.
How many such melodies are there? How many ways are there to select seven notes out of 12?
We can think of thisasakind of partitioning because ordering the melody partitionsit into eight
subsets: the first note, the second note, and so forth, up to the seventh note. The eighth subset is
the unchosen pitches out of the original 12, which is 12 — 7 = 5 pitches. So we can use the parti-
tioning formula, (9.5), asfollows:

12 _ 120
(1, 1, l, ey, 5) - 5| - 3,991,680,



Composition and Methodology 311

that is, 3,991,680 melodies of 12 pitches taken seven at atime. Because 5! = (12 — 7)! we can
express the same thing this way:

12!
(12-7)!

= 3,991,68C.

Thisis convenient because 12 representsthe total number of elementsand 7 represents the size of
the partition. Abstracting based on this example, in general there are

n!
(n—=r)! (95)

permutations of n objectstakenr at atime.
9.9.6 Combinations

How many seven-note scales are there in the 12 pitches of the dodecaphonic system? Thisislike
taking N unordered objectsRat atime. It seemsreasonabl eto expect that therewill befewer scales
of seven pitchesthan mel odies of seven pitches because mel odies can repeat anote whereas scales
cannot.

Wedividethe pitchesintotwo groups:. seven chosen pitches, and fiveunchosen pitches. By (9.4),
there must be

12!
71(12=-7)"

or 943 such scales. Thisisarather large number in comparison to the dozen or so of those com-

monly inuse. So, ingeneral, apartitioning of (r n”_ r) possibleoutcomesequals ﬁ actual

outcomes. ’ ' '
Thisis used commonly enough to have its own notation and is usually written

_n (n) Taking n Unordered Objectsr at a Time (9.6)

r‘(n—r)! r

9.10 Atonality

Combinatorics can guide usto adeeper understanding of the compositional aims of atonal music.
| examine this in some depth because composers of atonal music pioneered the use of explicit
compositional methodology to a degree that had not previously been attempted in music. Thus
atonal music isafruitful field of study for compositional methodol ogy.

In the early part of the twentieth century, Arnold Schoenberg, Alban Berg, and Anton Webern,
the composers of the so-called second Viennese school, devel oped a compositional method based
on note patterns that contain all 12 pitches (see section 3.16).
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Tone row for Schoenberg’s Fantasy for Violin and Piano, Opus 47.

In Schoenberg’s original method, each composition was organized around a particul ar ordering
of the 12 pitch classes of the chromatic scale that he called atone row (see section 2.4). No pitch
appears more than once within the row, so none of the 12 pitch classes is favored. Schoenberg’s
ideawasto usethismethod to remove any vestiges of tonal harmony from hismusic, henceto com-
pose atonal music.

For example, the row shown in figure 9.10 appears in Schoenberg's Fantasy for Violin and
Piano, Opus 47. The pitch classes can be numbered in two ways:

= Absolute pitch numbers, indexed by chromatic half steps above C
= Relative pitch numbersindexed by half steps from the first pitch in the row

Relative indexing has some advantages that will become evident later, so | use that from now on.

The basic method is as follows. Each time anew tone is needed in the composition, the com-
poser picks the next pitch class in the row, circling back to the first pitch class when thelist is
exhausted.

Sincethe primary aimisto removetonal references, and other considerations are secondary, the
way inwhich each pitch classis projected into the compositionisleft up to the composer. Thepitch
classes can be freely applied to any octave, assigned to any instrument, and given any desired
dynamiclevel, rhythmic value, or performancearticul ation. Some pitch classes derived from arow
might be used to generate amusical line while others might be used to spell achord, for example.

The tone row and the plan for how it is to be projected into the composition are separate steps
taken prior to actual composing. This planning stageis called precomposition. The following sec-
tions describe some of the theory of sets and sequences upon which atonal music theory is based.

9.10.1 Series

In general, a set is an unordered collection of any size. A seriesis aparticular ordering of a set.
A tonerow isaseries based on a set of pitch classes (Forte 1973). A tone row may contain al or
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Theset {4, 6,7, 10}.

part of the available pitch classes. Since the distinguishing characteristic of each pitch classisits
chroma (see figure 6.5), the pitch classes can be characterized circularly (figure 9.11).

There are over 470 million 12-tone rows in the dodecaphonic system (see section 9.9.2). If we
addtothisall rowsof lessthan 12 tones, there are agreat many more. But many of them sharechar-
acteristicsthat make them seem related. How can wetell them apart, and how can we characterize
their similarities?

For example, consider the set of pitch classes{4, 6, 7, 10} . By octave equivalence aswell asby
circular permutation, we could relate this set to the sets{ 6, 7, 10, 4}, {7, 10, 4, 6}, and { 10, 4, 6,
7}. These sets are equivalent except for their starting points (figure 9.12). They are equivalent
under circular permutation. It would be nice to give them a name that reflects their equivalence.
We could namethewhole collection after just one of them, but which of these permutations should
we consider to be the principal one?

Sincethedistinguishing characteristic of arow isthe placement of different-sizedintervals, let's
arbitrarily make a rule that the normal form of a set lists the pitch classes in ascending numeric
order (corresponding to counterclockwise motion around the circle) in the intervallically most
compact form. A set is most compact whose interval size between the first and last pitch classis
smallest, modulo 12. For example, with the preceding set permutations, and using the notation
((X))4 to denote x modulo 12, we have

{4,6,7,10} {6,7, 10, 4} {7, 10, 4, 6} (10,4, 6,7}

((10-4);,=6 | ((4-6)p,=10  ((6-7)p=11  ((7-10));,=9
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Because the order {4, 6, 7, 10} yields the smallest difference (6) between first and last pitch, this
isthe normal form for this set. The name for this set of permutationsisthen [4,6,7,10]. (The set
name is written with brackets and commas without spaces.) Thisisthe way to name all sets that
are equivalent under circular permutation.

If multiple orderingstie for compactness, we need another ruleto bresk thetie. Inthiscaselet’s
make arule that the normal form for aset is the one most compact to theleft. So, for example, for
theset{0, 3, 6,7, 9},

{0,3,6,7,9} {3.6,7,9,0} {6,7,9,0,3} (7,9,0,3 6} {9,0,3,6,7}
Tied ((9-0));,= 9 ((0-3)),=9 ((3-6))p,=9 (6=T))pp =11 (7T-9)),=10
Tied (T-0))p = 7 ((9-3));,=6 ((0-6));,=6

Most compact (7-3),=4 ((9-6)),=3

so we name this set [6,7,9,0,3].

If asetissoregular that thereisno tie breaker, then pick the ordering that beginswith the low-
est number. For example, {2, 6, 10} has permutations{6, 10, 2} and { 10, 2, 6}. Name thisone
[2,6,10].

Let’s denote the operations required to normalize a set as N(x), where x is the set to be normal -
ized. Then, for example, we can write

N({0,3,6,7,9)=1{6,7,9,0, 3}.

Set Classes Inthe previous example, several setswere seen to berelated in an agorithmic way
(by circular permutation), so we grouped them together under the name of one of the setsthat had
aparticularly elegant form: [2,6,10]. A set classisanamed group of setsthat are equivalent under
specific conditions. In the example, the sets

{{2, 6,10}, {6, 10, 2}, {10, 2, 6}}

formaset classnamed|2,6,10] of setsthat are equivalent under circular permutation. Thereare many
waysinwhich sets can berelated into set classes, but the following relations are particularly useful.

Transposition Thesets{4, 6, 7,10} and{9, 11, 0, 3} arerelated by transposition because if we
transpose each pitch classin the first set up by five semitones (modulo octave equivalence), it
equals the second set. Therefore, these two sets are equivalent under transposition (see section
2.5.4). We can define transposition as

T, () = ((X+ 1)), Transposition (9.7)

where x is the pitch class to be transposed, and n is the number of degrees by which to transpose
it. To transpose up by 5 we can write

T5({4,6,7,10}) ={9, 11, 0, 3}.
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To transpose down by 4,
T ,({4,6,7,10})={0,2,3,6} .

Thereare 12 unigquetranspositions (including the zeroth) of 12 pitch classes. We collectively name
them after the transposition with the smallest initial value, so this set class would be named
[0,2,3,6].

Inversion Wecan createamirror image of aset by subtracting each pitch classfrom the number
of elementsit contains. We can defineinversion as
[(x) = ((N=X))y Inversion (9.8)

where N isthe number of available pitch classes, inthis case, 12. The modulo operation is needed
to handle the case where x = 0. For example, the sets{4, 6, 7, 10} and {8, 6, 5, 2} are equivalent
under inversion because

((12-4)),,=8
((12-6))1,=6
((12-7))1,=5

((12-10)), = 2.

So we can write I({4, 6, 7, 10}) = (8, 6, 5, 2}. Because of this relation, we can also classify
{8, 6, 5, 2} asamember of the set class [4,6,7,10].

It is easy to visualize the effect of inversion by imagining a line bisecting the circle of pitch
classeshorizontally (figure9.13). Pitch classesrelated by inversion are mirror oppositesabove and
below thisline. Thisfigure showstheoriginal form{4, 6, 7, 10} beinginverted by reflection across
the bisecting lineinto {8, 6, 5, 2}.

Retrograde Setsthat arerelated by having their membersin reversed order are equival ent under
retrogression. If R(x) denotes the retrograde of a set x, then we can write, for example, R({4, 6, 7,
10}) ={10, 7, 6, 4} and also classify {10, 7, 6, 4} asamember of set class[4,6,7,10].

I .
2 nversion 4 3

5 1 1
(6] 0 (6] 0
11 7 1
8 ¢ g 10
Figure9.13

Inversion.



316 Chapter 9

Prime Form All the setsthat are equivalent under circular permutation, transposition, retro-
gression, and inversion can usefully be grouped into a single set class because they can all
be derived from each other using these operations. But which set should we select as the
primogeniture—the “mother of all sets”—inits class? The standard convention isto choose the
set that

= Isin normal form
= Ismost compact to the left
= |stransposed so that itsfirst pitch class starts at zero.

This set isthe prime form of the set class. All other members of the set class are derived from the
prime form.

Wefind the prime form of {4, 6, 7, 10} asfollows. Make itsfirst pitch class start at 0: T_,({4,
6,7,10}) ={0, 2, 3, 6}, and make suretheresult isin normal form, whichitis. We must compare
thiswithitsinversionto seewhichismorecompact, so: 1({4, 6, 7, 10}) ={8, 6,5, 2} ,and itsnormal
formisN({8,6,5,2})={2,5, 6, 8}.

Finally, wemust transposeit, 0 T_,({ 2,5, 6,8}) = {0, 3,4, 6} . Since{0, 2, 3, 6} ismorecompact
to theleft than {0, 3, 4, 6}, we name this set complex [0,2,3,6].

Interval Classes Sofar we have examined just the pitch class content of sets, but aset’sinterval
content is what provides its musical signature. The interval content is the set of interval classes
between all pitch classes of the set. For example, theinterval classesfor the set {4, 6, 7, 10} are

Interval 46 4-7 4-10 6—7 6-10 7-10
Distance 2 3 6 1 4 3

Thisset of intervels, {2, 3, 6, 1, 4, 3}, istheintervallic signature of this set. These interval distances
appear in every member of the set class, giving al members of the classthe particular sound of the set
class. To borrow an example from tona harmony, the triads sound like triads because they share the
sameinterval distances: major third, minor third, and perfect fifth (see section 3.10.2). Smilarly, aug-
mented and diminished triads are distinct to our ears because of their characterigtic interval distances.
We can characterize the intervallic profile of a set by making a histogram (a simple ordered
tally) of the number of intervalsit contains. In the preceding example, there are two instances of
interval distance 3, and all therest of theinterval sappear only once. If wethink of thevariousinter-
val classesasmaking up aset of orthogonal dimensionsininterval space, we can consider thenum-
ber of repetitions of each interval as the length of a vector in that interval’s dimension. The
combination of al thesevectors makesasingle, unique multidimensional vector characterizingthe
intervallic content of the set. For example, the interval class vector for the set shown aboveis:

Interval class 1 2 3 4 5 6
Quantity 1 1 2 1 0 1
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sotheinterval classvector is[1,1,2,1,0,1], whichisthe profile of itsuniqueintervallic content and
hence the signature of its unique sound.

Cardinality The number of unique pitch classesin a set isits cardinality. The maximum car-
dinality in the dodecaphonic system is, of course, 12, and there is only one class in this set:
the aggregate set, containing all 12 pitch classes. The minimum cardinality of aset of intervalsis
2. Cardinalities between 2 and 11 have the following Latin names: diad, trichord, tetrachord, pen-
tachord, hexachord, heptachord, octachord, nonachord, decachord, and undecachord.

Complement Relation  If aset classcontainsfewer than 12 pitch classes, the pitch classesthat are
left out are its complement set class. For example, the whole-tone scale has two versions: {0, 2, 4,
6,8,10} and{1, 3,5, 7,9, 11} that are complement set classes (see section 2.5.7).

9.11 Composing Functions

In mathematics a function is composable with another if it can be the other’s argument. For
instance, if y=f(x), and z=g(y) , then z= g(f(X)) isthe composition of g with f. Consider the
definitions f (x) = x + 1, and g(x) = x2. If z=g(f(x)),then z=x2 + 2x + 1 To be composable,
the range of f must be a subset of the domain of g.

Following Ada Lovelace's train of thought quoted at the beginning of this chapter, let’s use
MUSIMAT to create a short excerpt of atonal music using function composition.

9.11.1 Precomposition
The process of composing atona music istypicaly divided into two parts.

= Precomposing: assembling the musical materials
= Composing: applying the assembled materialsin adesign

MusIMAT already has a number of datatypes and operations, but afew more are needed:
= To represent pitches as symbols with integer values:
Integer C=0, G =Db =1, D=2, bs=Eb=3. . ., B=11,;
= To represent motives aslists:

IntegerLista = {F, F, G A}; IntegerListb = {F, A, G; IntegerListc = {F, E};
IntegerList d = {Bb, AL G F}; IntegerList e ={E C, D E F, F};

= To combine motives and concatenate lists:
IntegerList y = Join(a, b, a, ¢, a, d, e);

(v isdefined asthe list of pitches of the tune “Yankee Doodle.”)
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= To transpose a pitch set:

I ntegerlList transpose(lntegerList L, Integer t) {

For(Integer i = 0; i < Length(L); i =i + 1)
L[i] = Mod(L[i] + t, 12);
Return(L);

}
= Toinvert apitch set:

IntegerList invert(lntegerList L) {

For(Integer i = 0; i < Length(L); i =i + 1)
L[i] = Mod(12 - L[i], 12);
Return(L);

}
= To take the retrograde of a set:

I ntegerList retrograde(lntegerList L) {

Integer n = Length(L);

IntegerList R =L; /1 make a new list as long as L
For(Integer i =0; i <n; i =i + 1)

Rii] = Ln—-i - 1];
Return(R);

}
9.11.2 The Set Complex

Using these tools, we can create a matrix containing the prime form, inverse, retrograde, and all
transpositions of any row, called the set complex. The purpose of these transformationsisto gen-
erate variants that are related to the origina intervallic structure of the prime row, to be used as
material in developing compositions.

Mat ri x issimply atwo-dimensional grid, or list of lists, all of the same length. The individual
elementsof Mat ri x can beaccessed by extending theindex operator [...]. Thefirst operandisthe
matrix, thesecond istherow position, and thethird isthe column position. (Whether row or column
comesfirst is arbitrary. The following order is called row/column order.)

0 1
M= 0 |A|B
1 |C|D

For example, for this matrix, M 0] [0] == A, MO0][1] == B,M1][0] == C, and

M 1][1] == D.Thefollowingisamethod for creating aset complex. It basically copiesthe prime
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form to the zeroth row, then copies the inverse form to the zeroth column, then for each other cell in
the matrix sums the corresponding row and column value modulo the length of the prime form:

Matri x set Conpl ex( I ntegerList prine) {

Matrix M

Integer len = Length(prime);

IntegerList inverted = invert(prine);

For (Integer i =0; i <len; i =i + 1) {
MOJ[i] = prime[i];
Mi][0] = inverted[i];

}

For (Integer i =1; i <len; i =i + 1) {
For (Integer j =1; j <len; j =j + 1) {

Mill[ji] = Md(Mi][O] + MOI[j], len);

}

}

Return(M;

To demonstrate these toal s, table 9.4 shows the set complex for Schoenberg’s Opus 23 #5, Five
Piano Pieces. Theprimeset {C;, A, B, G, G;, i, As, D, E, Dy, C, F} isshownin numeric form aong
thetop row. Prime rows are read | eft to right, retrograde rows right to left, inverse rowstop to bot-
tom, and retrograde inverse rows bottom to top.

This completesthe precomposition phase. Now it'stimeto look at methodsto traverse the rows
created with the preceding techniques to generate a composition.

9.12 Traversing and Manipulating Musical Materials

Having arranged the material s from which acomposition isto be derived, we now consider meth-
odsto traversethese materialsin structured ways. Following are afew waysrows can be traversed
to structuretonal or atonal melodies, rhythms, dynamics, articulation, instrumentation, or anything
else that can be parameterized.

9.12.1 Deterministic Serial M ethods

This section demonstrates some methods for iterating through tone rows. They are deterministic
because their outcomes do not rely on chance. They are serial because they iterate through lists.
Their useis not limited to tone rows but can be extended to arbitrary lists of data.

Thebasicideaisto supply alist of musical materialsto amethod that will select and return list
elements one at atime in achosen order.

Cycle Thismethoditeratesasequenceeither forward or backward. It can either select successive
elements or skip through the list. When it reaches the end of the list (either end), it starts over at
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Table 9.4
Set Complex for Schoenberg’s Opus 23#5
Prime
- 8 10 6 7 5 9 1 3 2 11 4
4 0 2 10 11 9 1 5 7 6 3 8
2 10 0 8 9 7 11 3 5 4 1 6
6 2 4 0 1 11 3 7 9 8 5 10
5 1 3 11 0 10 2 6 8 7 4 9
% 7 3 5 1 2 0 4 8 10 9 6 11
- 3 11 1 9 10 8 0 4 6 5 2 7
11 7 9 5 6 4 8 0 2 1 10 3
9 5 7 3 4 2 6 10 0 11 8 1
10 6 8 4 5 3 7 1 1 0 9 2
1 9 11 7 8 6 10 2 4 3 0 5
8 4 6 2 3 1 5 9 11 10 7 0
Retrograde

the other end. Itsinputs are

= Thelist to traverse

= The previous position in the list
= Whether to move forward (prime) or backward (retrograde)

Its output is the next element in sequence based on its previous position in the list. Asaside
effect, it updatesits position in the list.

If it traverses the list forward, it returns to the head of the list when it goes past the tail. If it

traversesthe list in retrograde, it returnsto the tail of the list when it goes past the head.
In the following code example, setting i nc to 1 moves forward one element every time

cycl e() iscalled, and settingi nc to- 1 moves backward one element at atime. Settingi nc to
any other value skips through the list by that amount, wrapping around at the ends.

I nt eger cycl e(lntegerList
Integer i = PosMod(pos,
pos = PosMbd(pos + inc,

Return(L[i]);

I nt eger
Lengt h(L));
Length(L));

Ref er ence pos,

/1 conpute current
/1 conpute index for

Integer inc) {
i ndex
next tine
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The pos argument keeps track of the position in the list. We wish to delegateto cycl e() the
job of managing the list position, so we declare pos as a Ref er ence argument. Thus, when
cycl e() updates pos, the corresponding actual argument is changed. (If pos were not a
Ref er ence variable, any changescycl e() madeto its value would be lost when it returns (see
appendix B, B.1.22).

Here's an example of invoking cycl e() :

IntegerList L = {10, 11, 12};
I nteger myPos 0;
Integer n = 2 * Length(L) -1, // go 1 less than two times through |ist
For (Integer i =0; i <n; i =i + 1)
Print(cycle(L, nyPos, 1)); // 1 = forward direction
Print ("nyPos=", myPos);

Thisprogram prints10, 11, 12, 10, 11.Lad, it printsmyPos=2, provingthat cycl e() is
changing the nyPos parameter.

Palindrome We can iterate a sequence in prime order until the last element in the sequenceis
reached, theniterate the sequenceretrograde until thefirst element inthe sequenceisreached, then
repeat.

Integer palindrome(lntegerList L, Integer Reference pos, |nteger

Ref erence inc) {
I nteger curPos = pos;

Integer x = cycle(L, pos, inc);

If (curPos + inc != pos){
inc =inc * (-1); // change direction
pos = cur Pos;

}

Ret ur n(x) ;

Thismethod callscycl e() todo most of itswork. Likecycl e() , this method updates pos,
but it also must update its increment argument, i nc, because whenever it hits the end of thelist,
we want it to reverse the direction of traversal rather than start over. The extrawork done by this
method i sto change theincrement and reset the position when either end of thelistisreached. Here
isan example of invoking pal i ndr onme() .

IntegerList L = {10, 11, 12};

I nteger nyPos = 0;

Integer nylnc = 1; // can be any positive or negative integer
For (Integer i =0; i <2 * Length(L); i =1 + 1)

Print (pal i ndrone(L, pos, inc));
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prints10, 11, 12, 12, 11, 10. Notethat the end of thelist is printed twice. This makesit a
so-called even palindrome. It would be an odd palindromeif itwere 10, 11, 12, 11, 10.Itisleft
as an exercise for the reader to adapt pal i ndr one() to generate odd palindromes.

Permutation Iterate the supplied sequence in prime order until exhausted, then permute the
entirerow by i nc steps and repeat from the beginning.

I nteger pernute(lntegerList L, Integer Reference pos,
I nteger Reference count, Integer inc) {

I nt eger curPos = pos; /1 save current position

Integer x = cycle(L, pos, 1); // update pos and get |ist value

count = count + 1; // increnment counter

If (count == Length(L)){ /1l have we output L itens fromlist?
count = O; /'l reset count
pos = curPos + inc; /1 permute position for next tinme

}

Ret ur n(x) ;

Here is an example of invoking per mut e() .

Integer inc = -1;

I nteger pos = O;

I nteger perm = 0;

For (Integer i = 0; i < 3 * Length(L); i++)
Print(permute(L, pos, perm inc));

prints10, 11, 12, 11, 12, 10, 12, 10, 11.Becausei nc = -1, it skipsback oneplaceinthe
row every time. Thetrigger for it to skip is when it has output as many elementsasarein thelist.

Transpose The dodecaphonic pitch classes are not tied to any octave. In order to realize music
from atone row, its intervallic content must be translated to actual pitches of the musical scale.
Oneway to do thisisto supply a pitch offset that transposes across pitch space (i.e., without lim-
iting it just to the range of pitch classes).

I nteger transpose(lnteger p, Integer off){
Return(p + off);

The C mgjor diatonic scalein the fourth piano octave can then be given as follows:

IntegerList Cmj = {C, DL E, F, G A B}; // define C major scale
For (i =0; i < Length(Cmaj); i =i + 1){

L[i] = transpose(L[i], 4 * 12); // shift all up 4 octaves
Print(Pitch(Cmj));
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Table 9.5

interpTendency Example

Row A 0 2 4 6 8 10 12
f=0.00 0 2 4 6 8 10 12
f=025 3 4 5 6 7 8 9
f=050 6 6 6 6 6 6 6
f=0.75 9 8 7 6 5 4 3
f=1.00 12 10 8 6 4 2 0
Row B 12 10 8 6 4 2 0

Thisprints{Cn4, Dn4, En4, Fn4, Gn4, An4, Bn4}.

Interpolated Tendency Mask  We can produce a hew row that is a mixture of two other rows.
Let'shaveavariablethat varies continuously between 0.0 and 1.0 such that when it is 0.0, the out-
put row is exactly the same as the first row; when it is 0.5, the output is exactly halfway between
thefirst and second; and when it is 1.0, the output is exactly the second row. For example, suppose
thefirst pitchesin each row are 3 and 9, and the interpolation parameter is 0.5. Then the expected
result would be 6 because 6 lies halfway between the two values. If the interpolation parameter
were 0.0, we'd select 3, and if it were 1.0, we'd select 9.

Table 9.5 shows what happens if row A ={0, 2, 4, 6, 8, 10, 12} and row B ={12, 10, 8, 6, 4,
2,0}, and f isset successively t0 0.0, 0.25, 0.5, 0.75, and 1.0. When f = 0, we sel ect the prime row,
when f = 1.0, we select the retrograde row, and in between, we select weighted mixtures.

We use unit interpolation to find intermediate values that lie a certain distance between two
known points. If u isthe upper bound and | is the lower bound and f is a control parameter in the
unit distance from 0.0 to 1.0, then

y=f-(u=1+I Unit Interpolation (9.9)

setsytoavalueclosetouif 0 < f; it setsytoavaluecloseto | if f < 1; it setsy to avalue exactly
halfway between u and | if f = 0.5. Hereis the function for unit interpolation:

Real wunitlnterp(Real f, Integer |, Integer u){
Return(f * (u —-1) +1);
}

ThisisaReal function becausef must be aReal to take on fractional values. When we use it
asfollows, we convert the Real result back to an| nt eger by rounding:

I nteger interpTendency(
Real f, /1 factor ranging from0.0 to 1.0
List L1, Integer Reference posl, // list 1andits position paraneter
List L2, Integer Reference pos2, // list 2 andits position paraneter
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I nteger inc /1 amount by whi ch t o adj ust position
) |

Integer x = cycle(Ll, posl, inc);

I nt eger y cycle(L2, pos2, inc);

Return(lnteger(Round(unitinterp(f, x, y))));

Thisfunction can perform acouple of neat tricks. First, we can have thefunction return exactly L1
orL2 bysettingf = 0.0o0rf = 1.0, respectively. By settingf = 0. 5, we get the average of the
two rows. By gradually changing the value of f from 0.0to 1.0, we mutate L1, transforming it grad-
ually until it becomesL2. Also, thelengths of L1 and L2 need not bethe same. If L1 hasalength of
5and L2 alength of 6, it will take 5 - 6 iterations before the pattern repeats. Both lists use the same
increment, but redesigning thisto use separate incrementswould provide for even more possibilities.

Linear Interpolation Linear interpolation allows us to map arange of values so that it covers
aproportionately wider or narrower range. Figure 9.14 shows linear interpolation from the range
1-4 on the left being mapped to the range 3-9 on theright. The value 3 on the | eft corresponds by
linear interpolation to 7 on the right. Linear interpolation maintains the linear proportions of the
two number lines: 3istwo-thirdsof theway from 1 to 4, and 7 istwo-thirds of theway from 3t0 9.
Linear interpolation is a slight generalization of unit interpolation, as follows. If X, iS
the upper bound and x,.,, isthelower bound, and xisaparameter intherange Xy, < X < Xnax then
y= =Xmn_ Ly gy Linear Interpolation (9.10)
Xrmax ~ Xmin
setsy to aposition within therange Y., < Y < Vnax that isproportional to the position of x within
itsrange. Here's the definition of linear interpolation in MUSIMAT:

Real |inearlnterpolate(
Real x, /1 value ranging fromxMn to xMax

Figure9.14
Linear interpolation.
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Real xM n, /1 mninmumrange of x
Real xMax, /1 maxi mum range of x
Real yM n, /1 target mnimum range
Real yMax /1 target maxi mumrange

) |
Real a = (x — xMn) / (xMax — xM n);
Real b = yMax — yMn;
Return(a * b + yMn);

We also can use linear interpolation to map an entire function to a different range. We do so by
applying linear interpol ation to every point on thefunction. For example, we can scaleachromatic
mel ody to occupy awider or narrower tessatura as follows:

IntegerList stretch(lntegerList L, Integer yMn, Integer yMax) {

Integer xMn = Mn(L); /1 find the list’s mnimm
I nteger xMax = Max(L); /1 find the list’s nmaxi num
For (Integer i =0; i < Length(L); i =i + 1) {
L[i] = linearlinterpolate(L[i], xMn, xMax, yMn, yMax);
}
Ret urn(L);

For example, invoking st r et ch() with these arguments
IntegerList x = stretch(L, 24, 47);
will scale the row to cover atwo-octave range and offset it upward by one octave. If theinput is
IntegerList L = {0, 8, 10, 6, 7, 5, 9, 1, 3, 2, 11, 4},

thenx will be{ 24, 40, 44, 36, 38, 34, 42, 26, 30, 28, 47, 32}. Itcanasobeusedtocom-
press rows. With the sameinput, st ret ch(L, 0, 5) will produce{0, 3, 4, 2, 3, 2, 4, O,
1, 0, 5, 1}.

9.12.2 Deterministic Rhythmic Techniques of Joseph Schillinger

Joseph Schillinger, arefugee from Soviet Russia, became a prominent music theorist in New York
in the 1930s and counted among his students the famous jazz musicians George Gershwin and
Benny Goodman. In his book The Mathematical Basis of the Arts (1948) he was highly critical of
art theory, writing, “It istime to admit that esthetic theories have failed in the analysis aswell as
thesynthesisof art. Thesehave been unsuccessful bothininterpreting thenature of art andin evolv-
ing areliable method of composition.”

Hewaslooking to establish ascientific theory of art and to put practical methodsinto the hands
of artists, giving them a mathematician’s vision of the nature and extent of their domain. This, he
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hoped, would help free musicians from the deadening weight of musical tradition, much as
Schoenberg hoped atonal composing techniques would do the same.

Schillinger envisioned development of “instruments for the automatic composition of music,”
including rhythm, melody, harmony, harmonization, counterpoint, and timbre. His namefor such
instruments was Musamaton. He collaborated with Leon Theremin to create a device he dubbed
the Rhythmicon, which he used for “the composition and automatic performance of rhythmic
patterns.” Helooked toward the use of such devicesby anyone, not requiring special training, “ suit-
able for schools, clubs, public amusement places, and homes.”

Hewrotealarge, deeply flawed, two-volumetome, The Schillinger Systemof Musical Composition.
Some of hisideas seem banal, others areincomprehensible, and he expressed hismusical formalisms
using a pseudomathematical notation of his own design, accompanied by often cryptic explanations
that usually served to mystify the reader. He criticized the work of famous composers such as
Beethoven, rewrote compositions of J. S. Bach to “improve” them, and in general displayed an arro-
gance that undercut his message (Backus 1961). Nonetheless, for the intrepid, there are interesting
ideasin hiswork, particularly regarding rhythm, an otherwise quite neglected subject in music theory.

He began with the observation that music is atime-based art where continuoustimeis broken
into pulses. Schillinger’sideaisthat rhythm arises through the “interference” of two sources of
pulse. For example, consider two harmonically related pul se generators (figure 9.15). Themajor
generator produces three pulses in the same time as the minor generator produces two. Schill-
inger called the resultant pattern pulse interference, although this is a confusion because
the result is actually the product of the two functions, whereas interference implies addition
(see section 7.7).

All the pulseinterference patterns that can be produced by the ratio of any two integersform an
inversely symmetrical pattern around their midpoint. Transitions in the pulse interference func-
tions represent rhythmic stress points in the resulting rhythmic pattern. Their interpretation
depends upon the musical context. For example, theinterference pattern shown in figure 9.15 can
be interpreted trivialy in any of the three ways shown in figure 9.16.

Pulses

Major
generator 1

Minor
generator 1

“Pulse
interference” 1

Midpoint

Figure9.15
Pulse interference.
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Figure9.16
Schillinger’s pul se interference patterns.

OO mn[® > Wo

The melody rises and falls as the function in the grid rises and falls.
The rhythm starts a new note on each transition.

UL

Rhythm

Figure9.17
Generating a melody with Schillinger’s interference patterns.

Such patterns can be applied to many musical contexts. For example, we can create a melody
using the pulseinterference pattern shown in figure 9.15 asatrigger function to select apitch from
another function representing pitch displacement (figure 9.17). The function shown in the grid is
an arbitrary shape that determines the melody; the function labeled Rhythm is an independently
generated interference pattern that determinesthe rhythm. Applying theinterference pattern tothe
melody shape produces the sequence of notes shown to the right in figure 9.17.

The pulse interference pattern is projected across the x-axis, and the diatonic scaleis projected
acrossthey-axis. Notes are placed where the transitionsin the rhythmic pattern intersect the pitch
displacement function. The interference pattern determines the note's duration. The composer
John Myhill adapted this technique in his 1965 composition Scherzo a Tre Voce for computer-
synthesized tape alone (Ames 1967).

9.12.3 Representing Music with Functions

The basis of Schillinger’'s compositional ideais to map an arbitrary curve to musical notation by
quantization (see volume 2, chapter 1). Of course, the process works in reverse as well: the grid
infigure 9.17 can be used to generate the corresponding pitch curve and rhythmic function of any
piece of notated music. Mathews and Rossler (1968) developed a graphical language for repre-
senting scores of computer-generated soundsthat usesthisapproach. They represented music with
continuous time functions that were quantized to obtain pitch and discretized to obtain time.
Mathews produced an interesting demonstration of theflexibility of thisapproach for composing.
He began by generating pitch and rhythm functionsfor two traditional tunes, the English military
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anthem The British Grenadiers and the American tune When Johnny Comes Marching Home.
Then he created a new melody by performing linear interpolation on the two sets of functions.
When theinterpolation parameter was set at 0.0, the method produced The British Grenadiers, and
set at 1.0, it produced When Johnny Comes Marching Home. 1 n between, one heard something that
sounded like amutated combination of both. In hisexample, he varied the interpol ation parameter
gradually from 0.0 to 1.0, with the result that the synthesized melody first resembled Grenadiers,
but Johnny gradually emerged from the chaosin the middle and took over. Though it is graceless
asamusica étude, Mathews's effort nonetheless is a startling demonstration of how malleable
music can be under these kinds of transformations.

9.12.4 Nondeterministic Serial M ethods

Deterministic methods produce the sameresult every timethey are presented with the sameinputs.
The methods discussed in this section rely on randomness, so they are nondeterministic methods.

Sampling without Replacement We can generate arandomly selected 12-tonerow, for example,
by putting 12 ballsin an urn, each marked with one of the chromatic pitch classes, and draw them out
oneat atimewithout replacement, thereby guaranteeing that no pitch classis chosen morethan once.

Randon( 0, 11) returnsarandominteger between0and 11 with equal probability. But it could
return the same value multipletimes, so we must keep track of which pitch classes have been cho-
sento ensurethat it eventually picksone of each. Thisfunction takes oneargument, N, determining
the length of the row.

I nt eger Li st randonmRow( I nteger N) {

I nt egerList L; /1 keep track of pitches chosen so far
I nt egerList M /! used to build up random 12-tone row
I nt eger i;

// set all list elements to zero, which nmeans "unused"’

For (i =0; i <N i =i + 1) {L[i] =0}

/1 build up M nmarking off elenents in L when they are chosen
i =0;
Wiile (i < N {
Integer x = Random(0, N — 1); // returns integer random val ue

If (L[x] == 0) { /1 hasn’t been chosen yet?
L[ x] = 1; /[l mark it "used"
Mi] = x; /1 save result
i =i + 1; /1 increnent control variable
}
}
Return(M;
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Note that the second loop keeps repeating over and over until Randon{() has finally selected
al Npitch classes. It then returnsthe newly created 12-tonerow in M Hereis an examplerow cre-
ated by r andonRow( ) :

{0, 6,2, 9, 7,5, 4, 10, 8, 3, 1, 11};
Every pitch classis represented exactly once.

Shuffle Wecan create arandom permutation of arow rather asonewould shuffleadeck of cards.
If we distinguish between the cards and their position in the deck, shuffling consists of swapping
the positions of all cards a pair a atime. First, we need away to swap the position of two cards
in the deck. We can swap the position of two elementsin | nt eger Li st likethis:

I nt egerList swap(lntegerList L, Integer from Integer to) {

Integer x = L[to]; /| save target val ue
L[to] = L[from; /1l swap from — to
L[from = x; /1l swap to — from
Ret urn(L);

To shufflean entiredeck of cards (or row of pitch classes), wevisit each positioninthelist from
first to last in order and swap the card at each position with a card at a randomly chosen other
position. Because we use Randont( ) to choose the position of the other card to swap, the “ other”
position can be any position in the deck, including the currently selected position; thus we may
occasionally swap acard with its own position, leaving it where it was. However, in a subsequent
step, that card might be chosen to be swapped elsewhere.

I ntegerlList shuffle(lntegerList L) {
I ntegerList M= randomRow Length(L)); // elenents to swap

For (Integer i =0; i < Length(L); i =i + 1) {
Integer j = Mi];
L = swap(L, i, ]);

}

Return(L);

Thefirst step isto generate anew row with r andonRow( ) , whichisstoredin| nt eger Li st M
Successivevaluesof i and successive elements of Mgive the indexes of the elementsin L that are
to be swapped. Suppose we have

L ={0, 6, 2,9, 7, 5, 4, 10, 8, 3, 1, 11}; // source row
M={5, 1,0, 4,6, 7,9, 3,10, 8, 11, 2}; // row created in shuffle

Then eachrow intable 9.6 showstheintermediate values of L asitselementsare being swapped. The
pattern starts out like this: swap the value in position 0 and the value in position 5; swap the value
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Table 9.6
An Example of Shuffling a Set
i = 0 1 2 3 4 5 6 7 8 9 10 11
L= 0 6 2 9 7 5 4 10 8 3 1 11

0 5 6 2 9 7 0 4 10 8 3 1 11

1 5 6 2 9 7 0 4 10 8 3 1 11

2 2 6 5 9 7 0 4 10 8 3 1 11

3 2 6 5 7 9 0 4 10 8 3 1 11

4 2 6 5 7 4 0 9 10 8 3 1 11

5 2 6 5 7 4 10 9 0 8 3 1 11

6 2 6 5 7 4 10 3 0 8 9 1 1

7 2 6 5 0 4 10 3 7 8 9 1 11

8 2 6 5 0 4 10 3 7 1 9 8 11

9 2 6 5 0 4 10 3 7 9 1 8 11
10 2 6 5 0 4 10 3 7 9 1 11 Z\
11 2 6 8 0 4 10 3 7 9 1 11 5

in position 1 with itself; swap the value in position 2 and the value in position 0; swap the valuein
position 3 and the value in position 4; and so on. Theresult isthat every element of theinput row is
swapped randomly with another element, but there’s a chance it might be swapped with itself.

Random Tendency Mask We can use arow to specify an upper boundary and another row to
specify alower boundary, and then pick apitchin thisrange. We can pick any pitch intherange, either
themedian pitch or arandom pitch or even al pitches, depending upon what wewant to useit for. This
examplereturns arandom val ue lying between two rows that act as fencesto limit the random range.

I nt eger

I nteger x =
I nteger y
It (x <)

randTendency( | nt egerLi st L1,
I ntegerlList L2, |nteger

cycl e(Ll1l, posl, inc);
cycle(L2, pos2, inc);

Ret ur n( Randon(x, y));

El se

Ret ur n( Random(y, x));

I nt eger

Ref er ence pos2

Ref er ence posl

I nt eger

inc) {



Composition and Methodology 331

For example, if L1 and L2 are as shown in the following table, the values in the middle row are
random values chosen from between.

Row L1 0 8 10 6 7 5 9 1 3 2 11 4
Output row 0 1 8 6 7 5 &5 3 5 4 9 7
Row L2 4 0 2 00 1 9 1 S5 7 6 3 8
9.125 Serialism

Schoenberg and hisschool wereamplifying musical trendsof their timeto deconstruct tonal expec-
tation and key-centerednessin European art music. Rowsand their treatment were chosen to defeat
the tendency to hear tonal centeredness of any kind. Functional harmony was banished; even the
too frequent repetition of a pitch was taboo lest it lend atonal center to the music.

But it would be adisserviceto Schoenberg and hisschool toimply that their musicfollowed adecon-
structionist agendato the exclusion of al else. They offered theintervallic structure of the row and the
organization of set forms as the new ligatures holding their music together. Perle and Lansky (1981)
write,

Perhaps the most important influence of Schoenberg’s method is not the 12-noteideainitself, but dlong with
ittheindividual conceptsof permutation, inversional symmetry and complementation, invariance under trans-
formation, aggregate construction, closed systems, properties of adjacency as compositional determinants,
transformations of musical surfaces through predefined operations, and so on.

But deconstructionism, once set into motion, rarely stopsuntil it hasdevoured everything. Some
composers of the post—World War 11 era observed vestiges of other traditiona techniquesin the
music of Schoenberg and Berg. They noted that Schoenberg and Berg treated the 12-tone row as
a theme to be developed, a practice that harked back to the classical technique of theme and
variations—thematicism. They idolized thework of Schoenberg’s pupil Anton Webern because he
eschewed thematic development, building up compact, jewel-like compositions from as few
as three notes. For example, in his Concerto for Nine Instruments written in 1934, all pitches
are derived from the simple motive B-B,-D (prime form) and its retrograde, inversion, and
retrograde-inversion. His systematic treatment of pitch, rhythm, dynamics, and articulation was
taken by these younger composers as a model for anew form of music.

The composer Olivier Messiaen in France extended the 12-tone pitch-ordering technique of
Schoenberg’s school to al other parameters of music, although he was working with modal pitch
structures, not 12-tonerows (M essiaen 1942; Drew 1954/1955). Inspired by Webern and Messiaen,
other composers, including PierreBoulezin Franceand Milton Babbitt in the United States, adapted
Messiaen's ideas back to atonal practices, and totally organized music, or serialism, was born.
According to Stuckenschmidt (1969), “ Serial techniques are essentially a systematic transference
of Schoenberg's 12-tone technique to elements of musical sound other than pitch.”

Thisideainterlocked with two others. Just asthe tonesin a 12-tone row were decoupled in sig-
nificance from each other, the serialist composers decoupled al parameters of the musical note
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from each other. Pitch, register, tone color, and dynamic level became independent. Just as all
tones were used in a 12-tone row, the serialist composers employed the entire available range
of every other musical parameter—high to low, loud to soft, fast to slow, bright to dull—without
preference.

The dodecaphonists observed the tonal equivalence of the equal-tempered scale and sought to
construct a new musical aesthetic that reflected this equality. To do so, they developed a 12-tone
method that deconstructed tonal expectation and key-centeredness. The notion of tonal equiva-
lence was extended by the serialists to project a uniform proportionality between all musical
parameters and all combinations of musical parameters.

Stuckenschmidt (1969), who witnessed the premiers of the European serialist composersin the
1950s, wrote, “ Theimpression made by all these works, even on alistener who had read the com-
mentaries beforehand, was one of chaos’ (214).

The composer Gyorgy Ligeti (1965) wrote, “Now that hierarchical connections have been
destroyed, regular metrical pul sations dispensed with, and durations, degrees of loudness, and tim-
bres have been turned over to thetender mercies of serial distribution, it becomesincreasingly dif-
ficult to achieve contrast” (16). These compositions often projected a static quality, a musical
equivalent of aphabet soup (see section 9.15 for why these effects occur). Ligeti (1965) summed
it up: “ Serial musicisdoomed to the samefateasall previoussortsof music; at birthit already har-
bored the seeds of its own dissolution” (14).

9.13 Stochastic Techniques

With every musical parameter now serially ordered, there was even less familiar structurefor lis-
tenersto rely upon to orient themselves in the music. The composer lannis Xenakis (1955) criti-
cized serialism asfollows:

Linear polyphony destroysitself by itsvery complexity; what onehearsisinreality nothing but amassof notes
in various registers. The enormous complexity prevents the audience from following the intertwining of the
lines and has as its macroscopic effect anirrational and fortuitous dispersion of sounds over the whole extent
of the sonic spectrum. There is consequently a contradiction between the polyphonic linear system and the
heard result, which is surface or mass.

Echoing the same sentiment, the composer Gottfried M. Koenig (1970) wrote, “ The troubl e taken
by the composer with series and their permutations has been in vain; in the end it is the statistical
distribution that determines the composition.”

Believing that the listener experiences only the statistical aspects of serial music, these com-
posers reasoned that a better approach would beto compose directly using probabilistic instead of
serial techniques. Xenakis (1955) writes,

This contradiction inherent in [seria] polyphony will disappear [and] what will count will be the statistical
mean of isolated states and of transformations of sonic components at a given moment. The macroscopic
effect can then be controlled by the mean of the movements of elements which we select. The result is the
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introduction of the notion of probability, which implies, in this particular case, combinatory calculus. Here
in afew words, is the possible escape route from the “linear category” in musical thought.

Xenakis (1971) wasreacting against serialism and also aligning himself with aworldview then
developing inthe physicsof quantum mechanics: “Itisamatter here of aphilosophic and aesthetic
concept ruled by the laws of probability and by the mathematical functionsthat formulate that the-
ory, of a coherent concept in a new region of coherence.” Xenakis's attempt to align music aes-
thetics with anatural theory isnot anew enterprise, of course, but dates back at least to the early
Renai ssance musi ¢ theorist Gioseffo Zarlino, who championed the view (as did others) that music
imitates nature (see section 9.17.5).

While some of Xenakis's examplesin his book Formalized Music describe methods for orga-
nizing music for traditional instruments, elsewhere in this work he presents a more abstract kind
of sound organization. He asserts, “All sound isan integration of grains, of elementary sonic par-
ticles, of sonic quanta.” X enakiswasinfluenced by the semina work of Dennis Gabor, whoin 1947
observed an isomorphism between the Fourier series and aquantum analysis of sound (seevolume 2,
chapters 9 and 10).

Given the burden of computation required by a statistical approach to composition, it isnot sur-
prising that composers like Koenig and Xenakis turned to computers to help compose musical
works. Xenakis (1971) enthused, “With the aid of electronic computers the composer becomes a
sort of pilot: he pressesthe buttons, introduces coordinates, and supervisesthe control s of acosmic
vessdl sailing in the space of sound, across sonic constellations and galaxiesthat he could formerly
glimpse only as a distant dream.” These composers believed that statistical composing systems
using computerswould allow them to shift their attention from the surface of themusic toitsinner
structure.

9.14 Probability

Suppose aplayer with eyes closed strikesapiano key at random. What isthe chance that the struck
key will be middle C? A standard piano has 88 keys, so to afirst approximation, we'd expect the
possibility to be 1 out of 88. But becausethewhite keysarelarger than the black keys, all outcomes
are not equally likely. To study this more closely, let's define some terms.

= Sample space  The set of possible outcomes.

= Event The outcome of arandom process, such asaroll of the dice.

= Probability Therelativeliklihood of an event, usually expressed asarea humber in the range
O<p<l

= Probability distribution A function, graph, or listing of the probabilities of the sample space
that shows how probability is distributed among the possible events.

= Uniformdistribution If all eventsinasamplespaceareequally likely, theresulting distribution
issaid to be uniform.
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= Discrete distribution A distribution is discrete if the events in the sample space can be indi-
vidually distinguished. Tossing coins or dice or picking anote on akeyboard are examples of dis-
crete distributions.

= Continuous distribution A distribution is continuous if the events in the sample space cannot
beindividualy distinguished. Temperature and frequency are examples of continuous distributions.

= Randomvariable Let sbethe sample space consisting of both sides of acoin, which can berep-
resented asthe set { Heads, Tails} . When acoinisflipped, outcome Rmust be one of Heads or Tails.
In order to construct the probability distribution, we set arandom variable x in turn to each possible
outcome of the sampl e space sand determine the probability that xisequal to outcomeR, asfollows:

f(X)EP(X:R):{-Sy X = Heads
b5, x=Talls

whichisread as* The probability distribution function f of random variablex isdefined asthe prob-
ability that x equals outcome R, which is.5if xisheadsand .5 if x istails” The random variable
indexes the probability distribution function in order to determine the value of the function at that
index.

We can use these terms to classify chance operations for further study. For example, tossing a
coin has a sample space consisting of two outcomes, Heads or Tails, and the probability is 1/2 for
either Heads or Tailsif the coinistrue, so its discrete probability distribution is uniform. Tossing
asingle die has six possible outcomes; if the dieistrue, each outcome has a probability of 1/6, so
its discrete distribution is also uniform.

9.14.1 Discrete Distribution

The sample space of one die has d = 6 outcomes. Suppose we roll awhite die d,, and ablack die
d,. If wedistinguish the event {d,,= 1, d,= 2} from the event {d,,= 2, d,=1} and tally up the
combination of all possible outcomes, we find that the sample space is the product:
d, - d, = (6 - 6) = 36. Thestatesare enumerated in table 9.7. Each number in thetablegridisthe

Table 9.7
Sample Space: Sum of Two Dice

Black Die
White Die 1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12
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6/36
5/36
4/36
3/36
2/36

2 3 45 6 7 8 9 1011 12

Figure9.18
Probability for the sum of dice.

sum of thetwo dice. Note that only one dice combination sumsto 2, one sumsto 12, and six com-
binationsyield 7. We' d rightly expect that the more combinations sum to the same val ue, the more
praobabl e those outcomes will be. So we'd expect aroll of two dice to be most likely to sumto 7
and least likely to sum to either 2 or 12. The corresponding probability distribution for the sum of
the diceis shown in figure 9.18.

Interestingly, if we roll two dice and tally them separately, the probability distribution of all
facesisuniform. But if we sumtwo dice, some combinations are more likely because some com-
binations are more numerous than others, as shown in figure 9.18.

A fundamental insight of probability theory isthat if arandom variable x has distribution f(x)
and arandom variable y has distribution f(y), then the distribution of the sum of the two random
variablesf(x + y) isthe convolution of f(x) and f(y) (F. R. Moore, 1990). (To understand the math-
ematical reason for this, see volume 2, chapter 4.) Figure 9.18 shows the convolution of two
uniform distributions.

9.14.2 Continuous Distribution

Suppose aviolinist with eyes closed stopsthe G string (which is pitched afourth below middie C)
somewhere along itslength. What isthe chance that the violinist stopsthe string at exactly mid-
dle C, 261.626 Hz? Because the string is continuous, there are in fact an infinite number of fre-
guency gradationsalong itslength, just asthereareaninfinite number of pointsalongitslength.”
Sothelikelihood that theviolinist will stop thestring at any particular pitchisinfinitesimal. How
do we study continuous distributions if every event is infinitely improbable? We finesse
this problem by assigning probabilities to subsets of the sample space, effectively breaking the
continuous space into discrete regions. We ask questions like, What is the probability that the
violinist stops the string within a half step of middle C? A positive probability can be assigned
to such an event.

This example shows that probability only operates on discrete sample spaces, and if we must
operate on a continuous variable such as frequency or temperature, we must first break the con-
tinuum into a discrete sample space. If we take this region size to the infinitesimal limit, we are
in effect operating on a discrete sample space of infinitesimal dimensions. But then we are back
to the situation where the probability of each infinitesimal outcome isinfinitely small.
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9.14.3 Uniform Distribution

Let’s return to the example of striking piano keys at random. Assume (incorrectly) that the out-
comes are all equally likely and that the probability of actually striking akey is 1. Then the prob-
ability of striking a particular key (such as middle C) is the probability of striking any one key
divided by the number of keys, or 1/88.

If the eventsin a sample space are all equaly likely, we can define the uniform probability dis-
tribution function f(x) as

f0=Px=R =1, (9.11)

where Risaparticular outcome (e.g., the struck key ismiddle C), sisthe number of eventsin the
sample space, x is the random variable, and P(x = R) is the probability that xisR.

The number of keys s on an organ keyboard is 60, so striking middle C in arandom attempt is
somewhat more likely on thisinstrument. Along the same lines, the chance of striking any key in
themiddle octave of thepianois12/88. The probability of striking any pitch classC is8/88 because
there are eight C keys on the standard piano.

9.14.4 Nonuniform Distributions

It's time to face up to the fact that more area on a piano keyboard is covered by white keys than
black, so thelikelihood of striking ablack key at random islessthan striking awhite one. Theratio
of theareaoccupied by all thewhitekeysk,, to thetotal keyboard areak, expressesthe probability
of striking awhite key:

p(w) = t—w (9.12)
a

where p(w) isthe probability of striking awhitekey. Therearen = 2kindsof keys. If p(w) = 1/n,

the probability distribution is not uniform. If p(w) > 1/n, striking awhite key is more probable.

By inspecting a piano keyboard, we can estimate that the ratio of white key areato total key areais
p, = 3/4. By thisanalysis, the odds are that awhite key would be randomly selected about 75 percent
of thetimeand ablack key theremainder of thetime(figure9.19). Thisplotisaprobability distribution
function because it expresses how probability is distributed over the sample space.

L et sbethe sample space of all white and black piano keys, which can be represented asthe set
{White, Black} . The outcome R must be one of White or Black. We construct the probability dis-
tribution function by setting a random variable x in turn to each possible outcome of the sample
space s and determining the probability that x is equal to outcome R. Unlike in the coin example,
this distribution is not uniform:

.75, x = White

0 =Px=R) = {.25 x = Black
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White Black
Sample space

Figure9.19
Piano key probability distribution.

In generd, if thesamplespace s= { Xy, X3, - . ., X} , the probability that some event Risequal to
aparticular x in sisthe function
f(x)=Px=R) (9.13)

for any x. Thisisread as, “The probability that a random event R will result in an outcome x is
defined by the function f.” For example, f(Black) = P(R = Black) = 25 percent, and
f(White) = P(R = White) = 75 percent.

9.145 Generating Outcomes from Probability Distributions

Probability distributions allow usto analyze random systems like dice and coins, but we can also
use them to synthesize random numbersthat are distributed in probability according to our choos-
ing. We can use such systems to drive compositional processes to automatically generate music
according to rules that we supply.

Say, for instance, we wish to use a random system to create a melody so that it favors lower
pitchesin the scale. Let’slimit the sample space to one octave of the chromatic scale. We can rep-
resent this as a probability inequality:

f(x) =P(R=C)>P(R=C# >P(R=D) >--->P(R=B).

To be specific, suppose we want to create a probability distribution function that is 12 times more
likely to pick C than B, 11 times more likely to pick C; than B, 10 times more likely to pick D than
B, and so on. The probability distribution function would look like the one in figure 9.20.

We know what we want, but how do we get it? So far, the only things we have to work with are
arandom number generator, Randon() (see appendix B, B.1.27) and a probability distribution
function (figure 9.21).

9.14.6 Cumulative Distribution Function

Let'srotate each of theweightsinfigure 9.21 and then concatenatethem. Their sumis78, sowedivide
thelength of each weight by 78 so that theweights sum to alength of 1.0 (figure9.21). We have effec-
tively divided up the x-axisin the unit interval into 12 areasthat are proportional to theweightsinthe
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Figure 9.20
Chromatic probability distribution.
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Figure9.21
Chromatic probability distribution.

origina distribution. Now we pick arandom number intheunitinterval withtheRandon() function,
seewhichinterval the number would fall in, and then determinethe chosen pitch. The probability that
aparticular interval will be chosen is proportional to the extent of its footprint on the x-axis.

How can we represent this formally so that a computer can do this? First, the statement

Real List f = {12.0, 11.0, 10.0, 9.0, 8.0, 7.0, 6.0, 5.0, 4.0, 3.0, 2.0, 1.0};

defines the weights for each pitch, lowest to highest, left to right. Note that the type of list f is
Real Li st .
Next, we normalize the weights so that they sum to 1.0 (see appendix A, A.3):

2 f(n) = 1.0.

Normalizing is done in two steps:
1. Find the sum of al weights:

Real sun(Real List L){
Real s = 0.0;
For (Integer i = 0; i < Length(L); i =i + 1){
s =s + L[i];
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Return(s);
}

Given the definition of Real Li st f above, Pri nt (sun(f)) prints78.

2. Divide each weight by sun{ f) so that the sum of the weights equals 1.0:

Real Li st nornalize(Real List L, Real s){
For (Integer i =0; i < Length(L); i =i + 1){
L[i] = L[i]/s;
}
Return(L);
}

Given the definition of Real Li st f above, the statements:

Real List r = normalize(f, sum(f));

Print real ToRational (r)); // real ToRational is a built-in function
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prints{ 12/ 78, 11/ 78, 10/ 78, 9/ 78, 8/ 78, 7/ 78, 6/ 78, 5/ 78, 4/ 78, 3/ 78, 2/ 78, 1/ 78}.

After thesetwo steps, r will look likefigure 9.20 except that all valuesare scaled down by 78. (The

built-inr eal ToRat i onal () function is described in appendix B, B.2.2.)

Next, we create a function such that each step along the x-axis accumulates all the weights to
its left with its own weight (figure 9.22). The first column has a height of 12/78, the second of
12/78 + 11/78, the next of 12/78 + 11/78 + 10/78, and so on. Thisfunction is called acumulative

distribution function.
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Figure9.22
Cumulative distribution function.
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If weindex they-axis of figure 9.22 with arandom valuein the unit interval, the corresponding
x-axis value will be one of the 12 pitches of the scale. Furthermore, the choice will more likely
fall on a step that occupies a wider footprint on the y-axis, corresponding in this case to the
lower pitches of the scale, just as we wanted. We can create the cumulative distribution function
infigure 9.22 asfollows:

Real Li st accunul at e( Real Li st L){

For(Integer i =1; i < Length(L); i =i + 1){
L[i] = L[i] + L[i - 1];

}

Return(L);

}

Starting with the second element inthelist (indexed as 1), wereplace thiselement with itsorigina
value plusthe val ue of the previous element. Aswe proceed through thelist, each list element will
beequal toitself plusall previous elements. Given the preparation of theReal Li st r performed
above, Print (accunmul ate(r)); prints{0. 15, 0.29, 0.42, 0.54, 0.64, 0.73, 0.81,
0.87, 0.92, 0.96, 0.99, 1.0}.

We have prepared the cumulative distribution function, and now we can accessit with arandom
value to select a pitch. Pick a number in the unit interval to be the next note of the melody:

Real R = Random();

Rwill fall within the range of one of the 12 stepsin figure 9.22 because both Randon() and the
cumulative distribution function exactly span the unitinterval, 0to 1. For example, if Requals 0.1,
then by inspection of figure 9.22, we can seethat Rlieswithin thefirst step, which coverstheinter-
val [0, 0.15], so the pitch that this value of R selectsis C.

To automate this, we start at the top end of the cumulative distribution function and work
down. Aswe go, we compare the value of Rto the current step size. We've gone one step too far
when the value of R exceeds the step size, so we return the previous step as the answer, and stop.

I nteger getlndex(IntegerList L, Real R){
I nteger i;
For (i = Length(L) — 1; i >=0; i =i — 1){
If (R>L[i]){
Return(i + 1);
}

}

We caninvoke get | ndex() asfollows:

Real R = Random();
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Figure9.23
(Boring) musical example of weighted random values.

Integer p = getlndex(f, R); // where f was defined previously
Print(p);

If Ris0.1, then p prints0. Now let's bring all the pieces together. Here is a program that creates
amelody of 25 pitches favoring pitches that are at the low end of the chromatic scale:

Real List f = {12.0, 11.0, 10.0, 9.0, 8.0, 7.0, 6.0, 5.0, 4.0, 3.0, 2.0, 1.0};
St r i ngLi st n = { " C' , n C#'l , " DI , n D#I' , n EII , " FII , " F#II ,
"G, GH, AN AR, MBY, Uc')

f = normalize(f, sunm(f)); // replace f with its normalized form
f = accunul ate(f); /1 calculate cunulative distribution function
StringList s; /1 a place to put the result
For (Integer i =0; i <25, i =i + 1){
Integer p = getlndex(f, Random());
s[i] = n[p];
}
Print(s); /1 print the mel ody

Running this program will generate something like figure 9.23, depending upon the values pro-
duced by Randon( ) . Aswe see, lower pitches are favored in approximately the proportions we
specified. Thelonger the samplemel ody, the morelikely the pitch choiceswould conform on aver-
ageto the distribution function.

Unfortunately, thismelody isdreadfully dull, but it strictly obeys our requirements. Thisgoesto
show that one only getsback from an approach likethisexactly what one specifies. A more graceful
melody might risetoitsclimax gradually, thenfall at the end. Thefollowing example accomplishes
this by selecting among a set of probability distributions at different points of the melody.

Integer N = 13; //each list specifies 13 pitches

Real List a = { //force choice to be pitch C
1, o, 0, 0, O, O, O, O, O, O, O, O, O

}s

Real List b = { //force C#, D, D#, E or F
o, 1, 1, 1, 1, 1, 0, 0, O, O, 0, O, O
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RealList ¢ = { //force F#, G Gt A A#, or B
o, 00 00 00 0,00, 1, 1, 1, 1, 1, 1, O
b

RealList d = { // force pitch ¢ an octave above
o, o0 00 0,0 0,0 0,0 0,0 0,0 00 0h00 0,1
3

/1 indicate what percentage of the score is conpleted
Real progress(Integer p, Integer L){
Return Real (p) / Real (L);
/! L is the total nunber of notes and p is the current note
}
randomvel ody( Real Li st a, RealList b, Reallist c, ReallList d){
I nteger K = 25; /1 we'll play 25 notes
I nteger highPoint = Integer(K * 2.0/3.0);
normal i ze(a, sum(a)); nornalize(b, sumb));
normal i ze(c, sun(c)); nornalize(d, sum(c));

StringList s; /1 a place to put result
For (Integer i =0; i <K, i++){
Real Li st f;
If (i == 0O i == K-=-1) // force first and |ast notes to
f = a; /! be pitch C
Else If (progress(i, K) < 0.30)// less than 30% of the way?
f = b; /] force | onwer hexachord
Else If (progress(i, K) < 0.60)// between 30% and 60%
f =c; /1 force upper hexachord
Else If (i == highPoint)// force high point to be high c
f =d;
Else If (progress(i, K) < 0.80) // between 60% and 80%
f =c; /1 force upper hexachord
El se /'l otherwi se force | ower hexachord
f =b;

f nornalize(f, sunm(f)); // replacef withits nornalized form
accurul ate(f);
Integer p = getlndex(f, Random());
s[i] =n[p]l; // nis StringList defined in previous exanpl e
}
Print(s);
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Figure9.24
(Less boring) musical example of weighted random values.

Running this program will generate something like figure 9.24, depending upon the values pro-
duced by Randon{( ) . The distributions responsible for each section are shown in the figure.

The musical examplein figure 9.24 is certainly an improvement, but | doubt it would win any
prizes. Certainly acomposer of amelody takesits whole shape into consideration during writing,
but successive weighted random selections are completely independent of the past and future.
Many composers have used techniques like thisto obtain freedom from predictable musical con-
texts. But we must have a way to correlate past and future choices to the present before random
choicetechniquesare of usein those musical stylesthat manipulate listener expectation. The next
section lays the foundations for a mathematics of expectation.

9.15 Information Theory and the Mathematics of Expectation

Informationisaproperty of amessagethat istransmitted from asender to areceiver viaasignaling
system (see section 6.1). We know intuitively what information is, but when welook more deeply,
it has some unusual characteristics. For example, it is possible to quantify the amount of informa-
tion in amessage.

Suppose you receive aletter from afriend announcing her engagement. Theletter only contains
information if you don’t already know that she's engaged, that is, if you were uncertain about the
contents of the letter. For example, if afriend had told you the news by phone before the letter
arrived, the letter carries no information; in fact, it is redundant. We see from this example that
information and redundancy have a curious relation to uncertainty.

Shannon and Weaver (1949) devel oped information theory to study the quantitative aspects
of information. They were not concerned with the qualitative meaning or value of information
but strictly focused on how much information was communicated by different kinds of mes-
sages. Consider the problem, for instance, of music dictation. Traditionally, music students are
taught music dictation by a professor who plays music that the students must learn how to write
down. Suppose we are students who are required to take a class that the syllabus calls Music
Dictation from Hell 101. Our sharpened #2 pencils are at the ready, poised over blank music
paper.

On the first day, the professor says, “Class, | am going to play one note, middle C, over and
over again for the next hour. Be sureto writethem all down correctly.” Hethen goesto the piano
and playsC, C, C, C, C, C, . ... Any time someone coughs or there is aloud disturbance, we
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can't hear the piano, sowewriteC, C, ?, C, C, ?, C, . ... No matter, we know that the missing
notes are C.

On the second day, only the students who need this class to graduate show up. The professor says,
“Class, | amgoingto play the C major scalefor thenext hour. Be sureto writethemall down correctly.”
SowewriteC,D, E,F, G, A,B,C,D,E,....Occasiondly, we nod off, missing anote or two, so we
writeC, D, ?,?,G, . ... Nomatter, weknow exactly what the missing notesare. Asbefore, the message
isamost totally redundant, but the redundancy alows usto recover from any transmission errors.

On the third day, a miserable handful of students stragglesinto theroom. “Class, | am going to
play each of the 88 keyson the piano in random order, but you' Il beglad to know that | won't repeat
any key until I’ve played every one of them. Be sureto writethem all down correctly.” We scribble
furioudly: C3, G4, B)5, F7, G1, . .. . It seemsimpossibly difficult at first. Any disturbance in the
room meanswe'veirretrievably lost that note because we can’t predict what it will be. But we dis-
cover that it becomes easier as we go al ong because we know the professor won't repeat any note
until he's played all the others. By the time he has played 78 notes, if we missanoteit’s not too
bad because there are only ten possible notes |eft that he could play. And when he has played 87
notes, the eighty-eighth note is a certainty; we don’t even need to hear it to write it correctly. The
information content of each subsequent note declineswhileitsredundancy increases because each
new note played narrows the choices of what notes can be played subsequently.

On the fourth day, you and | are the only two students desperate enough to show up. The pro-
fessor says, “Class, | am going to play each of the 88 keys on the piano in random order, and | may
repeat keys any time | like. Be sure to write them all down correctly.” The only source of infor-
mation about what notewill be played next isthe noteitself. Information in each noteisvery high,
redundancy is very low. But we hear patterns occasionally as we go along. We write, “Repeated
By5four timesinarow” or “ Played melody of Moonlight Sonata” asashorthand. These shorthands
alow usto recover information and squeeze out redundancy in what we write, because otherwise
we'd have to enter all the notes or write out the melody of the Moonlight Sonata. (This kind of
information recovery, by the way, is similar to one stage in the process used by MP3 encoders to
compress musical sound.)

Onthefifth day, the professor does not come, but there’ sanote on the piano that says, “Go down
to the beach and write down every note you hear in the ocean’s waves. Be sure to write them all
down correctly.” We go to the beach. Overwhelmed by the multitude of frequenciesin each splash
of the waves, we cannot write down anything.

Throughout theweek, the professor played patternsthat went from great certainty to great uncer-
tainty. We became aware that the amount of information carried by what the professor actually
played was a function of our uncertainty about what could be played. The more we knew about
what was coming, the less information was conveyed by what was communicated. Every con-
straint the professor imposed on hisfreedom of choice resulted in adecrease of information in the
music itself. We observed the value of redundancy to help prevent information loss when noise
disrupts the communications channel. We also learned that we have emotional reactions to dif-
ferent degrees of information and redundancy.
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9.15.1 Entropy and Redundancy

Shannon and Weaver (1949) formalized their ideas about information using the concept of entropy,
which they adapted to their purposes from the physical sciences. In chemistry, entropy is a measure
of thewaysinwhich the energy of amolecular systemisdistributed among the motionsof itsparticles,
its thermodynamic probability. In information theory, entropy is a measure of the waysin which the
information of asignaling systemisdistributed amongitscommunications. A highly entropical micro-
particle distributes its energy widely among its possible mations. A highly entropical signal requires
alarge number of independent factsin order to fully communicateit. Interms of the Music Dictation
from Hell example, days 1 and 2 were low-entropy days and the rest were high-entropy days.

9.15.2 Surprisal

Onday 1 of Music Dictation from Hell, the probability that the next note would be the same asthe
preceding notewas 1.0, because there was no unexpectedness or surprisal about what notethepro-
fessor would play. Asthe probability of an event decreases from 1.0 toward O, the surprisal goes
from zero to infinity. But what is the exact trgjectory of thisrelation?

Recall day 4 of Music DictationfromHell. Astheprofessor playsnotesat random over theentire
range of the keyboard, suppose you and your friends devise a game to pass the time, betting on
which key the professor will play next. You wager that the next note will be below the midpoint
of the keyboard.8 The probability is44/88 = 1/2 that you will beright. If the professor’s next note
isas you predicted, you are pleasantly surprised, and your friends mark down 1; otherwise they
mark down 0. Since there are only two possible outcomes, the amount of surprisal requires one
binary digit, called one bit, to represent (see volume 2, chapter 1).

Suppose you take abigger risk and wager that the next note will be in the bottom quarter of the
keyboard. The probability is22/88 = 1/4. Sinceyour risk has doubled, you'd be twice as surprised
in the event you guessed correctly. You'd need two bits to represent the amount of surprisal. With
two bits, you can represent a magnitude of 4.

Wagering that the next note isin the bottom eighth has probability 11/88 = 1/8, requiring three
bitsto represent theamount of surprisal becauseyou can represent amagnitude of 8 with threebits.
Probability of 1/16 requires four bits of surprisal; probability of 1/32 requires five bits. These
examples can be expressed as follows:

1

= o Probability and Surprisal (9.14)

p

where p isprobability and sis surprisal. Equation (9.14) finds probability given surprisal. To find
surprisal given probability, we solve (9.14) for s

— log,t = _| __Inp
s_I092p log,p o (9.15)

where Inx isthe natural logarithm to the base e.
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For example, the probability p of predicting the next individual key the professor playsis 1/88,
and its corresponding surpisal is 6.46. One advantage of surprisal isthat where probabilities mul-
tiply, surprisals merely add. For example, the probability of guessing two individual keysin suc-
cession is 1/882 = 1/7744, but the surprisal is merely 6.46 + 6.46 = 12.92.

We can extend (9.15) to represent the surprisal for every key. Let each key be labeled x;, i = 1,
2, ..., M, where M = 88 isthe number of keys. Let the probability that the ith key is pressed be
P;. Then the surprisal of the ith key’s being played can be defined as

s; =—-log, P;. Surprisal (9.16)

The negation in (9.16) reminds us that the surprisal of an event increases as its probability
decreases.

Suppose the professor playsatotal of N notes. If theith key isplayed N, times, then the average
surprisal of all pitchesin the melody would be

M
H(X) = Z%Si : Average Surprisal (9.17)

i=1

where X represents all possible keys on the piano keyboard.
As the total number of notes N increases to infinity, the ratio Ni/N tendsto P,. By combining
thiswith the definition for 5 given in (9.16), we have

M
H(X) =K P;log, P;. Uncertainty (9.18)
i=1

H(X) is ameasure of the uncertainty of the system, and K is a positive constant of proportion-
ality. By suitable adjustment of K, we may choose any base for the logarithm. Use of base 2 log-
arithmsisfairly standard, but in general Shannon and Weaver defined theinformation in asystem
Xas

M
1(X) ==K} PiInP;. Information (Entropy) (9.19)

i=1

They noted a striking resemblance of this equation to the equation relating thermodynamic prob-
ability to entropy:

M
H= —kZV\/i InW,, Thermodynamic Probability (Entropy) (9.20)

i=1

where W is the thermodynamic probability of each state, k is Boltzmann's constant, equal to
1.3807 x 10-23 JK-1, and H is the resultant entropy. They then related entropy to information by
the simple expedient of the ratio k/K.®
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When log, X is used, the unit of entropy is called a bit (though this definition is more flexible
than the bitsin acomputer memory). When Inxisused, the unit iscalled anat. For log,y x the unit
iscaled ahartley.10

Summarizing equations (9.19) and (9.20), Shannon (1948) makes the following points:

= Entropy H of acommunications channel will be zero “if and only if all the P; but one are zero,
thisonehaving thevalue unity. Thus, only when weare certain of the outcome doesH vanish. Oth-
erwise H is positive” This case correspondsto day 1 of Music Dictation from Hell.

Only absolute certainty banishes entropy absolutely.

= “For agiven n, H isamaximum and equal to logn when al the P, are equal (i.e., 1/n). Thisis
aso intuitively the most uncertain situation.” This case corresponds to day 4 of Music Dictation
from Hell.

The most uncertain situation has the maximum entropy.

= “Any change towards the equalization of the probabilities P, P,, . . ., P, increases H.” Con-
versely, any change that makes probabilitiesless equal reduces H. For example, onday 3 of Music
Dictation from Hell, H was gradually reduced as notes that were played were removed from the
pool of possible notes.

9.15.3 Department of Redundancy Department

We can use the definition of maximum entropy to show the relation of entropy to redundancy.
Redundancy relates the actual entropy H(X) to its theoretical maximum, log N, as follows:

R(X) = 1— %2 . Redundancy (9.21)

Because redundancy is normalized for the length of the communication, it is actually more useful
than entropy as away to compare sequences.

Information theory presents us with the somewhat counterintuitive outcome that the greatest
amount of information is associated with the greatest degree of uncertainty. But information isnot
the same thing as knowledge.

I nformation relatesto the breadth of what could be communicated. Knowledgeisa distillation
of the regularity and order arising from a communication.

9.16 Music, Information and Expectation

Ordinarily, music, like most systems, contains some entropy and some redundancy. In Music Dic-
tation from Hell, we saw that the extremes of entropy and redundancy kill our interest. If thedegree
of redundancy istoo high (ason days 1 and 2), the music istoo predictable, and the listener even-
tually gets bored and stops listening. If the degree of entropy istoo high (ason days4 and 5), the
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music is too unpredictable, and the listener eventually gets frustrated and stops listening. In
between iswhere music happens: when entropy and redundancy sustain afluid, dynamic balance,
there is enough regularity to orient the listener in the music but also enough novelty to preserve
interest. This suggests that, in general,

Composing is about the manipulation of interest, affect, and attention.

This shouldn’t be too surprising: after all, the human neocortex is a very refined organ of expec-
tation. A fundamental job of the neocortex is anticipating what may happen next. One of theways
we entertain ourselves is by exercising this faculty in play.

Susan Langer (1953) characterized music asakind of emotional algebra: “Music conveys gen-
eral forms of feelings, related to specific ones as algebraic expressions are related to arithmetic
[expressions].”

Leonard Meyer (1956) proposed an “affect theory of music,” writing “Emotion or affect is
aroused when atendency torespond isarrested or inhibited. . . . What amusical stimulusor aseries
of stimuli indicates. . . [is] not extramusical concepts and objects but other musical events which
are about to happen. . . . Embodied musical meaning is, in short, aproduct of expectation” [italics
added]. Meyer has precisely defined musical meaning, and it bears repeating:

Expectation isa prediction based on current and past experiences. Musical meaning isafunc-
tion of expectation.

Aristoxenus said much the same when he wrote,

Musical cognition impliesthe simultaneous recognition of apermanent and achangeable element . . . for the
apprehension of music depends upon those two faculties, sense perception and memory; for we must perceive
the sound that is present, and remember that which is past. In no other way can we follow the phenomenon
of music. 1

If audition and memory are the engines that drive expectation in music, expectation itself is
the beginning and end of music. Freyd (1987) devel oped what she calls “representational
momentum” to characterize expectation of movement: “ The perceptual system isgeared to per-
ceivetransitionsin real time” (428). In other words, the brain constantly anticipates the future.
This must be so; how else would we catch a baseball, drive a car, or comprehend the rise and
fall of amelody? Freyd (1993) writes, “Just astimeisadimension in the external world, insep-
arable from the other physical dimensions, so might time be a dimension in the represented
world [in the mind]” (105).

Many traditional compositional practices are aimed at securing and maintaining the listener's
interest through expectation. Consider the following musical motive:

[Aerss

If | then play
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fie===

you become aware that | am sequencing a motive rising by diatonic steps, and you may expect |
will repeat it. If | meet your expectation by extending the sequence

BT,

representational momentum increases and entropy decreases. | risk losing your attention because
you now recognize the pattern, and since thereis hardly any new information in it, you may start
to lose interest. If instead of the previous motive, | play as afina motive

G

| have frustrated your representational momentum by shifting your attention from the horizontal
melodic sequence to the vertical harmonic resolution. Surprise renews interest. Thereis aso the
satisfaction of arriving at a complete musical thought by cadencing.

9.16.1 TheGolden Mean
Here isthe entire phrase just described:

1 2 Cadence
I

'y fr— 1
p—— T [ [ T

Notice that the sequence’s momentum is broken about two thirds of the way through by the
cadence. It is very common for musical patterns to veer off in a new direction near ratios of the
golden mean. This proportionality appearsin musical structuresof all kindsand all levels of com-
positional scope, ranging from motivic fragments to cycles of works. For example, the boundary
between the exposition and devel opment section in many Mozart sonatas beginsin the vicinity of
(and sometimes even exactly on) the measurethat dividesthe movement by the golden mean (Putz
1995; Kay 1996). Similar arrangements appear in the works of Beethoven, Webern, and many
other composers (Novden 1964). Did these composersintentionally structure their music to have
these proportions? We know that M ozart wasfascinated by mathematics, but there'slittle hard evi-
dence one way or the other. On the other hand, in hiswork Music for Strings, Celeste and Percus-
sion, Béla Bartok used the golden mean so accurately, so often, and at so many structural levels
simultaneously that it is easy to assume he did so intentionally (Lowman 1971).

But proportional analysis of music only goes so far. Music more resembl es objects shaped by
natural forces than objects shaped by axiom. For example, Putz (1995) found that large structures
in Mozart's sonatas came statistically much closer to the golden mean than smaller structures. He
attributed this—correctly | believe—to the tendency of natural proportional structures, such as
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segment sizes of shells and branching patterns in plants, to become increasingly approximate at
the extremes of scale.

Another reason for the limited success of proportional analysis of music is that a high degree
of strict proportionality on many levels of scaleis highly redundant, and thisis inconsistent with
the compositional exploitation of expectation and surprise. Structural predictability can only be
useful to acomposer up to apoint because music isdesigned to gain and maintain interest, and this
reguires a certain degree of structural ambiguity. Consequently, materials may be ordered, com-
bined, disordered, and recombined in a manner that defies easy analysis. Meyer (1956) writes,

Weak, ambiguous shapes may perform avaluable and vital function . . . for the lack of distinct and tangible
shapes and of well-articulated modes of progression is capable of arousing powerful desiresfor, and expec-
tations of, clarification and improvement. . . . some of the greatest music is great precisely because the com-
poser has not feared to let his music tremble on the brink of chaos, thus inspiring the listener’s awe,
apprehension and anxiety, and, at the same time, exciting his emotions and his intellect.

Information theory and its relation to expectation and surprise show up even at metalevels of
the composition process. Wherever thereis a belief, there is an opportunity for its deconstruc-
tion, with all the same consequences for expectation and surprise. For example, it seems John
Cage's primary aim was not to maintain an audience’sinterest. Rather, he wanted to allow nat-
ural processes to manifest directly in his music, in part, | suppose, because this would decon-
struct compositional methodology based oninterest and expectation. Where Schoenberg and his
school sought to erase the expectation of tonal harmony, Cage and others sought to erase the
expectation of expectation itself. (Note that this still requires a sense of expectation.) Thus,
deconstructionism can be seen as the play of information and expectation in the realm of belief
systems.

9.17 Formin Unpredictability

Musicislikeafield, bordered on one side by order and regularity and on the other by surprise and
irregularity, and the most effective musical domains lie in the middle ground between these bor-
ders. Redundant elements communicate a sense of order that isembodied, for example, inthereg-
ularities between the various parts of a musical composition. Taste is reflected in the entropical
elements, and styleisrevealed in the pattern of trade-offsmade by the composer between order and
taste. If we appreciate the sense of order, taste, and style in music, we appreciate the intelligence
that informs the composer’s work.

Theeffortsinthischapter to generate compositionsby rule have so far shown no particular musi-
cal intelligence. Because al values chosen by the Randont() function are strictly independent,
themusic created directly fromit isunsatisfying; it lacksthe glue—redundancy—that bindsmusic
together. But there are mathematical forms, called fractals, that reveal adeep inner structure, very
similar tothecomplex inner structures of music, that combinevarying degrees of predictability and
unpredictability in one contour.
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9.17.1 Self-Similarity

Consider the Welerstrass function shown in figure 9.25. Like ocean waves, it is shaped from point
to point with abalance of predictability and unpredictability. Thisbal ance extends across different
levels of magnification: the shape of the smaller parts resembles the shape of the larger parts, and
viceversa, demonstrating self-similarity at various scal es. For exampl e, the contoursinsidethetwo
boxed sections of the curve in figure 9.25 are similar. This calls to mind the proverb “The more
things change, the more they remain the same.” A structure is self-similar if, when magnified, its
structure remains similar to the original scale. But what defines similarity in this case?

L et’sexamine how energy isdistributed in the partials of the Wel erstrass function. Figure 9.26a
shows the power spectrum of this function on a linear scale (see volume 2, chapter 3). A power
spectrum is basically a means to observe where thereis energy in asignal. Most of the energy in
thissignal isnear 0 Hz, and energy drops off quickly withincreasing frequency, but it'salittle hard
to see what's really happening. A clearer picture emerges from figure 9.26b, which depicts the
same spectrum, but with log frequency and log amplitude shown on the x- and y-axes, respectively.
Viewing the power spectrum as alog-log plot reveal s the essential detail of the spectral plot. The
lines through the peaks of both plots show the ratio of 1/f, where f is frequency. The tips of the

Figure9.25
Welerstrass function.
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Figure9.26
Weierstrass function power spectrum.
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spectral components seem to track this 1/f line. We say that the Wel erstrassfunction has a spectral
tendency of 1/f, meaning that theintensity of frequency nf has1/ntheintensity of frequency f. This
correspondsto aroll-off of high-frequency energy at therate of about —3dBSIL per octave. So how
does this characterize similarity? And what does this form of similarity have to do with music?

9.17.2 Fractal Geometry

Theordinary materials of Euclidian geometry, such aslines, surfaces, and volumes, are organized
by their dimension, which can beintuitively defined asthe number of numbers needed to uniquely
locate apoint in space. To locate a point some distance along aline or curve, one number suffices,
so lines and curves are one-dimensional. One number also serves to measure the distance from a
point on the circumference of acircle, or to measure aong the edge of an object.

For apoint on aplane, two numbersare required, so aplaneistwo-dimensional. We can orga-
nizethe two numbersin avariety of ways. Typically, we establish an orthogonal coordinate sys-
temwithlinear dimensionsand expresspointsin Cartesian coordinatessuch as[x, y]. But we could
consider other non-Euclidian two-dimensional “ spaces,” such astelephone numbersthat consist
of athree-digit exchange number followed by a four-digit line number. We could also
consider the nonlinear two-dimensional surface of a Mobius strip (figure 9.27) or a deformed
surface such as a balloon. Three numbers are required to describe a point in 3-D space, and so
forth.

The characteristic size of objectsin Euclidian spaces changesin aregular way as the extent of
their linear dimensions change. For example, if alineisdoubled in length, its characteristic size
aso doubles. Doubling the length of a square’s side multipliesits area by 4. Doubling the length
of acube’'s side multiplies its volume by 8. Abstracting from these examples, if D is dimension

Figure9.27
M. C. Escher, Mobius Strip I1, 1963.
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and L isascaling coefficient, then the characteristic size s of an object isgiven by s= LP. Solving
for D, we have

p=Ins Dimension (9.22)
InL

Euclidian geometry coversthecaseswhere D = {1, 2, 3,...}, D € | . However, therearestruc-
turesthat look like curves, such asthe onein figure 9.25, but that don’t behave like curves because
position along the curve can't bedescribed asaone-dimensional offset from some other point. Such
shapes do not yield integer values for D and do not abey the scaling rule for Euclidian geometries.
These shapes are not mere pathological12 curiosities. They reflect the structures of coastlines, the
branching of plantsand blood vesselsinthe lungs, the annual flood tides of the Nile, and many other
natural phenomena, including music. To accommodate such geometrical anomalies, mathemati-
cians have had to devise more nuanced definitions of dimension, allowing for fractional dimen-
sions. Objects with fractional dimension were nicknamed fractals by Benoit Mandelbrot (1977).

The Koch Snowflake A simplefractal example isthe Koch snowflake. To generate this shape,
begin with atriangle, such as an equilateral triangle with sides of length 1. Then, for each side,
divide the length by 3, and build another triangle with its base upon every middle segment and its
apex pointing outward. Last, discard the base segment, leaving only the sides. The first four
approximations are shown in figure 9.28.

The shape becomes ever more detailed, and in the limit asthe number of iterations goesto infin-
ity, the distance between any two points along the curve becomes infinite, even though the area
bounded by the curve remainsfinite. Therefore, in the limit, it isimpossible to determine alength
along the boundary. The structure shows similarities at all levels of magnification, so it is
self-similar, which makes sense, considering how it is constructed.

The Koch snowflake and the Weierstrass function are examples of deterministic fractals
because they are defined by an algorithm or mathematical formula. As shown in figure 9.28, the
regularities of deterministic fractals are self-similar. There are also nondeterministic fractals, or
randomfractals, that more closely resemblethe natural shapesof coastlines, mountain ranges, and
natural musical signals. The irregularities of random fractals are statistically self-similar.
Although deterministic fractals are infinitely self-similar, the self-similarity of natural fractal
shapes tends to break down at very large and very small scales.

AL

Figure9.28
Koch snowflake.
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Figure 9.29
Vf spectra. (Voss and Clarke 1975; 1978.)

9.17.3 Sdf-Similarity in Music

Richard Voss and John Clarke, when they were graduate students at the University of California
in Berkeley, observed that a great deal of music, when examined over along enough time span,
appeared to have spectral tendency of 1/fV, 1 <v < 2. They observed this by connecting a spec-
trum analyzer to the output of an AM radio. Thefrequency componentsreveal ed self-similar musi-
cal structure, especially for frequencies below 1 Hz. Since frequencies below about 50 Hz
correspond to rhythmic and structural elementsin music, they reasoned that the compositional
structure of music—sections, phrases, motives, and note durations—exhibit a 1/f spectral ten-
dency, revealing an even balance between entropy and redundancy.

Figure 9.29 shows someof their results. The Scott Joplin piano ragswereaveraged over anentire
recording, perhaps an hour of music. Voss and Clarke (1974; 1978) attributed the high variation
in this curve between 1 and 10 Hz to strongly characteristic rhythmic elementsin Joplin’s music.
Therock music station recorded over a 24-hour period shows a spectral bump at about an hour’s
duration, perhaps corresponding to station breaks. Wondering how universally this result would
hold, Vossand Clarke repeated the experiment with recorded music from awidevariety of musical
ages, locations, and styles. All their subjects showed 1/f spectral tendencies, especially at very
low frequencies. They believed they’d found experimental evidencethat music favorsthis spectral
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tendency universally. Although the effect may not be universal, approximate self-similarity of
musical structures has been widely demonstrated.

9.17.4 Generating Scaling Signals

The work of Voss and Clarke has evoked a great deal of interest and some controversy. Musicol-
ogists have surveyed agreat deal of music for fractal elements, and composers have experimented
with fractal designs. To do either requires a way to observe and generate fractals. Following are
some techniques to generate fractal signals.

Generating Deterministic Fractal Signals Although it appears to be random, the generating
equation for the Weierstrass function is strictly deterministic, like the Koch snowflake. In fact, it
isjust avariation on Fourier synthesis, summing anumber of sinusoids at various harmonics (see
volume 2, chapter 9). Unlike Fourier synthesis, the harmonics and their corresponding amplitudes
arein an exponentia rather than alinear sequence:

N
w(t) = ZrkHSin(nf_kt) : Weierstrass Function (9.23)
k=0

Figure9.25 showsthe Weierstrassfunctionfor r = 0.5,H = 1.0, and N = 32. If wecould hear the
waveform in figure 9.26 it would sound like arich pipe organ tone.

In equation (9.24) the parameter r, called the lacunarity, controls the texture of the spectrum.
It can usefully vary over therange O <r < 1. H is called the Hurst exponent, or more intuitively,
the self-similarity parameter or long-range correlation parameter. It hastherangeO<H < 1 and
controls the spectral tendency because it determines the amplitudes of the harmonic sequence. H
isrelated to the fractional dimension D = 2 — H (Falconer 1990). AsH goesto 0, high frequencies
in the spectrum become stronger until, when H = 0, the spectrum no longer drops off in amplitude
with higher frequencies. The Weierstrass function varies in dimensionality between 1-D and 2-D
as H varies. Near H = 0 the curve is so dense that it seems to fill up the whole plane and so has
dimensionality near 2-D.

Brownian Noise and the Random Walk We can relate the independent values of a uniform
random number generator in such away that they show interdependence and correlation across
time and so achieve self-similarity. As amodel of this process, consider the random walk of a
drunk person who repeatedly stands up and stumbles off in an independent random direction,
falls down, and starts off again and again. Clearly, where the drunk was a moment ago deter-
mines the possible places he will fall next, so there is a sense of history, albeit a quixotic one,
to the process. If U isauniform real random sample and x,, is the current point, then Brownian
noise is defined as

X, = Ug+ X,_1. Brownian Noise (9.24)

Because subsequent points depend upon current and previous points, thisis arecursive process.
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Figure 9.30
Brownian motion.

Brownian motion was first identified by Jan Ingenhousz in 1785, but it was named for Robert
Brown, who rediscovered it in 1827 while watching the dance of pollen grainsin a drop of water
under a microscope. Albert Einstein identified thisin 1905 as the effect of molecules of water,
excited by heat, striking the pollen grains. Brownian motion describes the movement of micro-
particlesin liquids and gases. Their movement is subject to Newton'sfirst law of motion, so their
inertiawould make them want to travel in astraight line, but they can move only so far on average
(the mean free path) without bumping into other microparticles, which sends them off in new
directions. (Calculusalert!) A functionisintegrated by adding each subsequent point on the func-
tion toits previous point. Brownian motion can be viewed astheintegral of uniform random noise.
Figure 9.30 shows an example of Brownian motion in two dimensions.

Because this movement depends not on an absol ute position but rather on its previous relative
position, therange of xistheoretically without bounds. For example, if U;happensto favor positive
outcomesin thelong run, x,, could grow toward positive infinity. Because computers have limited
precision, an adjustment must usually be made to keep the random walk within computable limits.
Hereis asimple Brownian number generator (F. R. Moore 1990):

Real browni an(Real x, Real w, Real B){
Real R
Do {
R = x + Random( -w, w);
} Wile ( R>B O R< -B);
Return R
}

Parameter x iseither theinitia valueof therandomwalk or thevaluelast calculated by br owni an() .
Parameter wis called the window parameter because it determines the maximum amount by which
the value of x can change at one time. Parameter B is the bounds, limiting the Brownian motion
to within its range. This method departs from strict Brownian motion by retrying the random
choice until the new value lies within this range.
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Figure9.31
Brownian noise and its power spectrum.

We call thebr owni an() method each time we want anew Brownian number, passing it either
aninitial value or the value of its previous output. For example, the following code generated the
function shown in figure 9.30.

Real x = 0.0;
Real y = 0.0;
For (Integer i = 0; i <1000; i =i + 1) {
X = brownian(x, 0.5, 0.5);
y = brownian(y, 0.5, 0.5);
Pl ot Poi nt (x, y); /1 plot a point on a graph at location [x, Y]

A Brownian noisesignal and its power spectrum on alog-log plot are showninfigure 9.31. The
straight line in the figure traces the contour of 1/f2 for reference.

Fractional Brownian Motion Thepreceding Brownian number generator producesahigh degree
of local similarity because subsequent points are constrained to remain relatively close to previous
points. But becausethe randomincrement at each step isindependent, Brownian motiontypically only
shows sdlf-similarity in aregion of its spectrum, so its fractal quaity degenerates with scaling.

Fractional Brownian motion (fBm) islike Brownian motion, but the increments are no longer
independent. Instead, just aslow-frequency ocean waves extend their influence over many cycles
of higher-frequency waves, in fBm, local rapidly fluctuating values are influenced by broader,
slower-moving values extending proportionately over the entire spectrum. AsfBm is magnified,
it retainsits statistically self-similar shape, and so it isfractal regardless of magnification.

Think of it thisway. If we had an ideal tape recorder that accurately recorded all frequencies,
and we gradually increased the speed of atape recording of Brownian noise, the character of the
noise would change (from arelatively low-frequency “whoosh” to a higher-frequency “whish”).
But arecording of fBm noise will sound the same regardless of playback speed. All speeds sound
the same because both the signal and the spectrum are self-similar at al levels of scale. A number
of methods can be used to generate fBm noises.
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Randomized WeierstrassMethod One way to generate fBm noise is to add a random phase
term to the Weierstrass function:

N
w(t) = ¥ rsin(nr i+ @(x)), (9.25)
k=0

where ®(X) = nUSrka. In the function @, the parameter x allows us to set the strength of the
effect. Thestrength of phase randomization isscaled asfrequency risessothat the overall spectrum
remains approximately 1/f, depending upon the choice of parameters.

Voss'sMethod Martin Gardner (1978) reported a fractal noise generator attributed to Voss. A
set of random variablesx, are summed on each samplen, and theresult isoutput. Therandom vari-
ables are updated at different rates. If ((M)x =0, then the kth variable is assigned anew random
number U, Theindex krangesfrom0to N—1. So x,israndomized every sample, x; israndomized
every other sample, x, is randomized every fourth sample, and so on, until finallyxy_; is only
randomized every 2N-1 samples. We can express the formula as follows:

N-1
f(n) = Z{(((ﬂ))2k= 0), (X« Ugelse x) } (9.26)
k=0

where U, ia source of random numbers. We can code this method as follows:

Real VossFracRand( Integer n, ReallList L) {
Real sum = 0.0;
Integer N = Length( L );
For(Integer k = 0; k <N k =k + 1) {
I'f (Md(n, Pow(2, k)) == 0) {
L[ k] = Random(-1.0, 1.0);
}
sum = sum + L[ k ];

}
Ret urn(sum ;

The following creates and prints alist of 128 fractal noise samples over four octaves:

Real Li st L = {Randon(), Randon(), Random(), Randon{()};
Real Li st R
For (Integer n = 0; n < 128; n=n + 1) {
R[n] = VossFracRand(n, L));
}
Print(R);
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Figure 9.32
Voss's fractal generator.

Figure 9.32 shows how this noise is constructed by this method. Each function changes at arate
twice asfast as the previous function, and the functions are summed. Random values in the rapidly
changing functionshaveonly local influence, whereasval uesin theslowly changing functionsextend
their influence over many samples of the summed result, giving the result afractal characteristic.

Spectral Filtering Method We can generate noise with an arbitrary spectral tendency by scal-
ing the power spectrum of uniform noise. In fact, completely arbitrary noise functions can be
obtained thisway, fractal and otherwise. The method isto computethe Fourier transform of anoise
signal, scale its power spectrum as we like, then retransform with the inverse Fourier transform
(seevolume 2, chapter 4).

9.17.5 Composing with 1/f Noise

Intheir experiments Vossand Clarke (1978) showed that a 1/f spectral characteristic waswidespread
inthestructureof music. They conjectured that compositionscreated with a 1/f spectral characteristic
would sound the most like music. To test this hypothesis, they synthesized melodies of three types
using acomputer: thefirst type made tone and rhythmic selections with auniform 1/f9 noise gener-
ator, the second type used an fBm L/f 1 noise generator, and the last used a Brownian 1/f 2 noise gen-
erator. For each generator type, they created melodies of two octave compass, using pentatonic,
diatonic, and chromatic scales. They only conducted informal listening tests, but they reported that
the consensus of listeners was that the fractally generated examples sounded the most like music.
Mandelbrot’s (1977) reaction to the work of Voss and Clarke was to note that “[music] teachers
insist that every piece of music [should] be‘composed’ down into the shortest meaningful subdivi-
sions. Theresultisboundto bescaling!” (375). Though thework of Vossand Clarke hasdrawn wide-
spread interest and seems self-evident, it has been subjected to some skeptical analysis by, among
others, the musicologist Nigel Nettheim (1992), who sought to evaluate and confirm their results.



360 Chapter 9

Nettheim complained, for example, that analyzing long swaths of music broadcast over aradio
would combine spectral contributions from many composers and ages, including announcer’s
messages, commercials, and other extraneous nonmusical material. For his own observations, he
limited the analysis window to the duration of individual musical works and observed greater
diversity of spectral tendency for different kinds of music. Healso found that thefractal dimension
was often closer to 2 (Brownian) than 1 (fractal). Nettheim’s results were extended by Boon and
Decroly (1995). Neither Nettheim nor Boon and Decroly refuted the basic premise of Voss and
Clarke that there is an approximate self-similar structure to the power spectrum of music at low
frequencies, but they showed that there is greater spectral variation, and pointed the way to more
rigorous application of the technique in musicology.

Plato said, “ For when there are no words (accompanying music) it is very difficult to recognize
the meaning of the harmony and rhythm, or to see that any worthy object is imitated by them.”13

By “any worthy object,” Plato meant any natural object. To Voss, the appearance of fractal
structure in music bolstered the theory that art imitates nature. Thisidea has been championedin
virtually every age from the ancient Greeks to the present. But few natural processes seem to be
inherently musical. So the question arises, If art imitates nature, exactly what is being imitated?
Voss's answer is that musical signals, like so many other biological and natural signals, revea a
self-similar character.

9.18 Monte Carlo Methods

Lejaren Hiller and Leonard I saacson (1959) are generaly regarded as the first to seriously study
composition of music with computers. They used the llliac computer at the University of Illinois
to create an experimental composition entitled Illiac Suite for String Quartet in 1957. As with
Xenakis'swork, chance techniques play alarge role in this work, though for quite different pur-
poses. Hiller and Isaacson (1959) write,

The process of musical composition can be characterized asinvolving aseries of choicesof musical elements
from an essentially limitless variety of musical raw materials. Therefore, because the act of composing can
be thought of as the extraction of order out of a chaotic multitude of available possibilities, it can be studied
at least semi-quantitatively by applying certain mathematical operationsderiving from probability theory and
certain general principles of analysisincorporated in anew theory of communication called information the-
ory. It becomes possible, as a consequence, to apply computers to the study of those aspects of the process
of composition which can be formalized in these terms.

Hiller and Isaacson wanted to use computers to model the composing process itself unlike
Xenakis who saw them merely as an aid to human composers. So Hiller and Isaacson’s investi-
gation was conducted in thethen-novel field of cybernetics. Their approach wasto reducetherules
of various compositiona styles—ranging from rudimentary species counterpoint to free atonality—
into a set of numeric determinants that could be incorporated into programs running on the llliac
compuiter.
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Figure 9.33
Random sieve method.

Any techniquethat usesprobability to study complex systemscan becalled aMonte Carlo method.
These methods were so named because of the similarity of probabilistic simulations to games of
chanceand because Monte Carlo, the capital of M onaco, wasfamousfor gambling. Thesetechniques
arenow used in many of the physical sciences. Hiller and | saacson pioneered their usein music. Two
notable methods they used are the random sieve method and Markov chains.

9.18.1 Random Sieve Method

With thismethod, choices made by arandom number generator are accepted or rejected depending
upon whether they obey certain rules, rather as a sieve strains out some objects and allows others
to pass. One version of this method is outlined in figure 9.33. We begin at the Start state, and if
weare not done, we generate arandom val uethat we subject to tests. If it passesall tests, we accept
the new value, and if we are not done, we go on to the next choice. If it does not pass all tests, we
check to see how many timesin arow we've failed to pass the tests. If we've failed so often that
we believe we are stuck, we abort the process and restart. If we're not stuck, we try again with a
different random choice.

For instance, Experiment One and Experiment Two (as movements of the llliac Suite were
called) were based on the rules of species counterpoint that were formalized by Fux (1725) in his
work Gradus ad Parnassum. Fux’s method is still widely taught in counterpoint classes today.

Hiller and | saacson expressed Fux’srulesin numerical termsthat could be represented in acom-
puter program. If arandom choice would construct a harmony that violates the encoded rules of
counterpoint, for example, movement by parallel or direct unisons, fourths, fifths, or octaves
(figure 9.34), then their system would discard the choice and try again until no rules were vio-
lated. Thesuccessful choiceswerethen appended to theend of the musical composition being gen-
erated, and the process was repeated until the composition was of the desired length. They
conducted numerous tests of this kind at each step of the composing process.
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They found that for complex rule setsthe situation can sometimes arise where thereisno choice
that doesn’'t break some rule. As atrivial example, suppose one rule establishes a range that the
melody must lie within, but another requiresit to skip outside of this range. The program would
never finish running because no solution exists. The approach taken in figure 9.33 alows the pro-
gram to restart if the number of unsuccessful trials exceeds some predefined threshold.

9.18.2 Backtracking

A finer-grained recovery techniqueisto backtrack if forward movement seemsimpossible. To do
so, the current choice that appearsto be stuck isaborted and the previous choiceisrepea ed aswell,
forcing a new choice for the previous state. Then progress is attempted from there. If this still
doesn’t work, thenext previouschoiceisrepealed, and so forth. Stanley Gill (1963) wasapparently
the first to demonstrate the use of backtracking for composition in a 1963 piece composed for the
BBC in the style of Arnold Schoenberg.

Gill avoided stalemates between conflicting rules by prioritizing them. When evaluating the suit-
ability of aparticular choice, hisprogram cal cul ated ascore of demerits based on how many rulesthat
choicewould violate and how important the violated rules were. The choice with thelowest demerits
was accepted unless no choice produced a scorelow enough, in which case the program would back-
track. Gill’s program extended a small number (eight) of competitive versions of a composition in
progress. At each step, one would be extended by a certain length (one beat), then evaluated for its
goodness. Versions that were unfruitful were eventually abandoned automatically by his method.

Prioritizing the rules allowed Gill to adjust the rate of composition. If the criteriafor extending a
sequenceweretoo severe, the programwould make no progress; if they weretoo lenient, it would rap-
idly produce acomposition of poor quality. He scaled the demerit score at each step by an adjustable
coefficient that allowed him to mediate the rate of composition. The adjustable coefficient wasitself
determined by anegative feedback process so that therate of composition remained relatively steady.

9.18.3 Searching

Therandom sieve method generatesmusic much asonemight try to find one’ sway through amaze:
the rules are like the walls of the maze, and the random number generator is how one chooses a
new direction to try. Backtracking is a strategy for recovering from dead ends. In any event, what
these methods are doing is searching for solutions—looking for away through the maze.

In general, two search strategies can be used, depending on the purpose (Ames 1983).
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Comparative Search  Wemay beinthe maze purposely inorder to map it. In that case, we want
to systematically enumerate every possible solution from every possible entry point to every pos-
sibleexit. We canthen comparethegoodness (in Knuth’ssense of theterm) of all possiblesolutions
and arrive at the optimal one. In this case, we'd use a deterministic method of choosing a new
direction at each step to be sure we traversed the entire maze from every possible direction of
attack. We'd use backtracking to get out of dead ends.

Constrained Search We might simply want to exit the maze as quickly as possible without
having to compare all possible solutions. Thisis agood approach if the time to find a solution
islimited, if any solution will do, or if we believe good-enough solutions are plentiful. We may
beforced to use this approach if the mazeis so extensive that comparative searchisnot feasible.
Composing music and playing chess can be thought of as very extensive mazes indeed, so this
technique is often used in these cases. We'd use a random method of choosing a new direction
at each step and employ backtracking to get out of dead ends. Gill’smethod of scaling the demer-
its of each choice israther like adjusting the height of the barriers of the maze, allowing us to
jump over low hurdlesto speed progress (possibly to thedetriment of the quality of the solution).

Bach Chorale Har monization with Constrained Search  One of the gold standards for mod-
eling composition with computersis to replicate or create new worksin the style of J. S. Bach's
389 choral e harmoni zations.14 The chorales were originally simple unaccompanied melodies that
Bach arranged in ahomophonic chordal style to be sung by church choirs. Because the styleis so
definite and regular, and because virtually every composition student is required to study them,
these chorales have become a kind of standardized “laboratory rat” for such tests.

Kemal Ebcioglu (1986; 1988) used constrained search with prioritized rules and backtracking
to model composing two-part species counterpoint, and he later used these techniques in his
impressive program for harmonizing the chorale melodies of J. S. Bach. He programmed a com-
puter with general rules about harmonic part writing based on the theories of Schenker (1935) and
added specificinformation about Bach’s choral esusing alogic programming language. He created
new chorale harmonizationsthat emulated Bach's style very closely. In fact, some of Bach’'s cho-
rale harmonizations emerged verbatim from his system.

9.19 Markov Chains

Evenif wewereableto identify all the rulesthat characterize aparticular musical style (and that's
abig“if”), thereis still agreat dea of difference between music that breaks no rules and music
that shows taste. Certainly a critical element of a composer’s aural sensibility is a sensitivity to
musical context, but none of the methods di scussed so far take the surrounding music into account
to determine subseguent choices.

Markov chain techniques are sensitive to their immediately preceding context, so they
can create contextually appropriate outcomes. Markov chains use recently chosen states to
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“Oh Su- san- na, ohdon’tyou cry for me, For| come from Al -a-bam -awith a ban-jo on my knee.

Figure 9.35
Chorus from Oh Susanna by Stephen Foster.

influence the probability of subsequent choices. Another advantage of Markov chainsis that the
rules driving the process can be readily discovered from existing compositions. Thus, it is possible
to use Markov chains to compose music that is like other music. Harry Olson (1952) used them to
construct musi cal examplesthat resembled theworksof the composer Stephen Foster, and Hiller and
I saacson (1959) used them to compose amovement of thellliac Suite. Thetechniqueiswidely used.

9.19.1 Markov Chain Orders

Markov chains are ordered by how much recent history is taken into account when determining
the next state. Following Olson’slead, |et’sanalyze a Stephen Foster song, Oh Susanna, using var-
iousordersof Markov process. By focusing just on the chorus of thetune, we can keep theanalysis
from becoming too long-winded. Figure 9.35 shows the chorus, which has 25 notes (not counting
rests), labeled R, to R,,.

9.19.2 Zeroth-Order Markov Process

Since the weighted choice technique (see section 9.14.4) takes no account of any previous states,
it is defined as the zeroth-order Markov process, H,,. Even simple weighted choice is useful for
matching the static event frequency of datadrawn from the real world.

We create the probability density function for Oh Susanna by counting how many times each
pitch isvisited as aratio of the total number of notes:

C D E F G A B
4/25 5/25  5/25 2/25 5/25  4/25 0

The counts are expressed asafraction of thetotal number of notes. A tablelike thisof event occur-
rences is called a histogram.

Feeding the Oh Susanna probability density function into the wei ghted choi ce technique woul d
generate anew melody with pitches in roughly the same proportions as Oh Susanna, but the new
melody would probably havelittle if any of the musical character of the original.

9.19.3 First-Order Markov Process

Since music unfoldsin time, the context of each note consists of the note or notes that precedeit.
If we want to incorporate context into our analysis, we must study how notes succeed each other
in the melody. For each note, |et’s tabul ate the note that follows it. We can distill from thisinfor-
mation what the probability of the next note will be, given the current note.
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Markov Analysis We create afirst-order Markov analysis by the following steps:

1. Catalog the note transitions. We pair each note in the melody with the note that follows it.
If we let thefirst note (F) be the current note, then the second note (also F) is the next note. So
thefirst transition in the melody is F — F. If we now make note 2 (F) be the current note, then
the next noteisnote 3 (A). Sothe second transitionisF — A. ThethirdtransitionisA — A, and
SO on.

Thetransition table (table 9.8) tabulates thisinformation. Each cell standsfor atransition from
aparticular current noteto aparticular next note. Therow indexesthe current note, and the column
indexesthe next note. Thus, thefirst transition, F — F, isindicated by alinrow F, columnF. The
second transition, F — A, isindicated by a2 in row F, column A. Thethird transition, A — A, is
indicated by a3inrow A, column A, and so forth.

2. Tally up the number of transitionsin each cell (table 9.9). What we end up with isessentially
a set of zeroth-order Markov histograms in the rows. When we go to generate a melody based

Table 9.8
Markov Order 1 Transitions for Oh Susanna

Next
Current C D E F G A B
C 0 9,11, 19 0 0 0 0 0
D 10, 24 23 12,20 0 0 0 0
E 8,18 22 21 0 13 0 0
F 0 0 0 1 0 2 0
G 0 0 7,17 0 6, 14 15 0
A 0 0 0 0 5,16 3,4 0
B 0 0 0 0 0 0 0
Table9.9
Markov Order 1 Talliesfor Oh Susanna

Next
Current C D E F G A B
C 0 3 0 0 0 0 0
D 2 1 2 0 0 0 0
E 2 1 1 0 1 0 0
F 0 0 0 1 0 1 0
G 0 0 2 0 2 1 0
A 0 0 0 0 2 2 0
B 0 0 0 0 0 0 0
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onthisanalysis, we select a particular histogram row depending upon which noteisthe current
note.

3. Convert therowsinto cumulative distribution functions. First we normalize each row. We want
to adjust each histogram so that the sum of its probabilities equals 1. (If any row sumsto O, we set
al elements of that row to 0.) Thisis shown in table 9.10.

4. Transform each column into a cumulative distribution function by summing each cell with all
cellsintherow toitsright (table 9.11). Thetableisfinally in acumulative distribution format we
can use to synthesize afirst-order Markov melody. It determines subsequent notes based on how
probablethetransitionisintheorigina melody. The method of traversing thisfunctionisthe same
asthat described in section 9.14.6.

Markov Synthesis When using table 9.11 to generate a melody, we pick a starting note at ran-
dom from the sample space, {C, D, E, F, G, A} (pitch B isignored because nothing transitionsto
or from it). Let’'s make F the current note. Table 9.11 shows that there is a 50/50 chance that the

Table 9.10
Normalized Markov Order 1 for Oh Susanna

Next
Current C D E F G A B
C 0 3/3 0 0 0 0 0
D 2/5 1/5 2/5 0 0 0 0
E 2/5 1/5 1/5 0 15 0 0
F 0 0 0 12 0 12 0
G 0 0 2/5 0 2/5 15 0
A 0 0 0 0 2/14 2/4 0
B 0 0 0 0 0 0 0
Table9.11
Markov Order 1 Distribution Function for Oh Susanna

Next

Current C D E F G A B
C 0 1 1 1 1
D 2/5 3/5 1 1 1
E 2/5 3/5 4/5 4/5 1 1
F 0 0 0 1/2 12 1 1
G 0 0 2/5 2/5 4/5 1 1
A 0 0 0 0 2/4 1 1
B 0 0 0 0 0 0 0
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next note will be F or A. (This may be easier to follow by reference to table 9.10.) Suppose A is
chosen; it is now the current note. Then there is a 50/50 chance that the next note will be G or A.
Suppose G is chosen; it is now the current note. Now it is twice as likely that E or G will be the
next note than that A will be. We proceed like this until we have enough notes. Figure 9.36 is an
example generated automatically from this data set with starting pitch F. Only the pitches were
synthesized; the rhythms were copied from the original to aid comparison. This method carriesa
hint of the musical character of the origina into the synthesized melody.

A first-order Markov processasks, Giventheimmediately preceding state x,, _;, what isthelike-
lihood that the current state R is x,? Thisiswritten using conditional probability notation,

q= P(R = Xn|xn,1),

whichisread as* Given the condition that x,,_; isthe preceding state, let g be the probability that
state R equals x,.”

Directed Graph Ancther way to represent thefirst-order Markov transition information we have
developed isto show it asadirected graph, which illustrates the flow of possibilities from state to
state. States are represented by circles, and transitions from state to state are represented as arcs
(lines with arrows). The directed graph of the chorus for Oh Susanna is shown in figure 9.37.
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Figure 9.36
Oh Susanna chorus synthesized by first-order Markov process.

Figure9.37
Directed graph of Oh Susanna, first-order Markov analysis.
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The diatonic pitches of the scale are shown in circles. The arcs are labeled with their transition
probabilities.

When synthesizing a melody, notice that once we leave pitch F, we can never return to it,
because no pitch besides F ever transitions to F. Pitch B is unreachable. Markov synthesisisfree
to cycle among the remaining pitches. Because it contains cycles, it is a directed cyclic graph
(DCQG). If there were no cyclesin the graph, it would be adirected acyclic graph (DAG).

9.19.4 Second-Order Markov Process

Second-order Markov analysis basically asks, Given two events in sequence, what is the proba-
bility of the next event? We express the probability as

q = P(R = Xn|xn71, Xn72) ]

which isread as*“Let g be the probability that R equals x,,, given that x,,_; and x,,_, precedeitin
sequence.” We could represent the first few second-order transitions for Oh Susanna like this:

F:F>AF:A->A A:A-AAA-5G A:G>G,G:G— E,...

How many possible second-order transitionsaretherefor the diatonic scale? First-order Markov
analysisinvolvestwo notes (current and next) and so has 72 = 49 orderings. Second-order Markov
analysis involves three notes (previous, current, and next), and by the rule of enumeration, there
are 73 = 343 possible orderings. We still want to represent the transitions as a two-dimensional
matrix so that, as before, each row represents a zeroth-order Markov density function that deter-
minesthe probability of the next note. We can manage this by marking the rows asthe pair of pre-
vious and current pitches, and the columns as the next pitch. For the diatonic scale, this requires
49rowsand 7 columns, still apretty big table, but to save room we can leave out any rowsthat have
no transitions.

The analysisis shown in table 9.12. To conserve space, the transition event order and the nor-
malized probability distributions are shown in the sametable. For example, thelisting for thefirst
transition, F:F — A, reads 2 (1.00), which meansthe target pitch A isthe second notein the mel-
ody (counting from 0), and the probability of thistransition is 1.00. Sometimesmorethan one note
shares the same transition. For example, E:C — D is shared by notes 9 and 19.

Figure 9.38 shows an example second-order melody synthesized from table 9.12. The melody
length and rhythms are the same as the original to facilitate comparison, although they could also
be synthesized from a Markov analysis. Note the direct quotation of the original in the first
six notes. Becauseit takes more of the preceding musi ¢ into account when choosing the next note,
mel odies created from higher-order Markov synthesis carry over more of the exact phrasing of the
original melody.

If we start the Markov synthesis on other than the F:F transition, we enter the analysis matrix
at adifferent position, and different patternsare synthesized. Table 9.13 showsafew example note
sequences generated from beginning table 9.12 at different initial transitions.
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Table9.12
Second-Order Markov Analysis of Oh Susanna
Next
Current C D E F G A B
D:C 0 11 (1.00) 0 0 0 0 0
E:C 0 9,19(1.00) 0 0 0 0 0
C:D 10(0.33) 0 12, 20 (0.67) 0 0 0 0
D:D 24 (1.00) 0 0 0 0 0 0
E:D 0 23(1.00) 0 0 0 0 0
D:E 0 0 21(0.50) 0 13(0.50) 0 0
E:E 0 22 (1.00) 0 0 0 0 0
GE 8,18 (1.00) 0 0 0 0 0 0
F:F 0 0 0 0 0 2(1.00) 0
E:G 0 0 0 0 14 (1.00) 0 0
G:G 0 0 7 (0.50) 0 0 15 (0.50) 0
A:G 0 0 17 (0.50) 0 6 (0.50) 0 0
FA 0 0 0 0 0 3(1.00) 0
G:A 0 0 0 0 16 (1.00) 0 0
A:A 0 0 0 0 5(0.50) 4(0.50) 0
Table9.13
Other Second-Order Markov Note Sequences from Oh Susanna
bbc b C b E G GET CDEG G GAGGETCDTCDTETETDTDC
EEC E C DEEDUDTCDTCDT CDEGGETCDTETGGTETCTD
cb ¢ bcb< CDZEGGET CDT CDTETETUDTUDTCDTEGGAG
bbb b b cbCDUEGGET CDT CDETETDTUDTCDEGGAG
ED E D DCDTCDEZEDTUDTCDETEDTUDTCDTEEDTUDTCD
DE D E E D DCDEEDDTCDEGGETCDEGGTETCTD
/N N \ N
“Oh Su- san- na, oh don’t you cry for me, For | come from Al-a-bam-awitha ban- jo on my knee.
Figure 9.38

Oh Susanna chorus synthesized by second-order Markov process.
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9.19.5 Third-Order Markov Process
Third-order Markov transitions require three notes of context. The first few transitions are
F.-F:-A->AF:A:A-AAA:A->GAA:GCGoG,....

Theanalysisisshownintable9.14. Asintable 9.12, thetransition event order and the normalized
probability distributions are shown in the same table to conserve space.

Figure 9.39 shows an exampl e third-order mel ody synthesized from table 9.14. Again, the mel-
ody length and rhythms are the same as the original to facilitate comparison, although they could
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“Oh Su-san-na, oh don’tyou cry for me, For | come from Al-a-bam -awith a ban-jo on my knee.

Figure 9.39
Oh Susanna chorus synthesized by third-order Markov process.

Table9.14
Third-Order Markov Analysis of Oh Susanna
Next

Current C D E F G A B
C:D:C 0 11 (1.00) 0 0 0 0 0
G.E:.C 0 9, 19 (1.00) 0 0 0 0 0
D:C:D 0 0 12 (1.00) 0 0 0 0
E:C:D 10 (0.50) 0 20 (0.50) 0 0 0 0
E:D:D 24 (1.00) 0 0 0 0 0 0
E:E:D 0 23 (1.00) 0 0 0 0 0
C.D:E 0 0 21 (0.50) 0 13 (0.50) 0 0
D:EE 0 22 (1.00) 0 0 0 0 0
G:GE 8(1.00) 0 0 0 0 0 0
A:GE 18 (1.00) 0 0 0 0 0 0
D:E:G 0 0 0 0 14 (1.00) 0 0
E:G:G 0 0 0 0 0 15 (1.00) 0
A:G:G 0 0 7 (1.00) 0 0 0 0
G:A:G 0 0 17 (1.00) 0 0 0 0
A:A:G 0 0 0 0 6 (1.00) 0 0
FFEA 0 0 0 0 0 3(1.00) 0
G:G:A 0 0 0 0 16 (1.00) 0 0
FA:A 0 0 0 0 0 4 (1.00) 0
A:AA 0 0 0 0 5(1.00) 0 0
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Figure 9.40
Degenerate cycle.

aso be synthesized from a Markov analysis. The transition probabilities are now so constrained
that amajor chunk of the original melody isquoted (motive A inthefigure). Only the last measure
(motiveB) isdifferent. To see how thiscameabout, notethat the Markov synthesissimply repeated
the melodic fragment C. So B isreally just part of C, which is part of A. What happened?

Basically, we hit acyclein our analysiswhere a state returns back on itself (see section 9.19.3).
Cyclesthat can't be escaped oncethey are entered are degenerate. Thegroup{ C, D, B} infigure 9.40
is adegenerate cycle. The other states are cyclic but not degenerate. This becomes an increasing
problem with higher-order Markov synthesis.

9.19.6 Nth-Order Markov Process

The general form of an Nth-order Markov process can be expressed as X = M (x) , whereM isa
Markov analysisfunction of order N, xisthe sequenceto beanalyzed, and X isthe set of probability
distribution functionsthat result from the analysis. Nth-order Markov synthesis can be expressed
as y = MgL(X) wherey is the melody synthesized by the process.

As the order increases, we're more likely to get significant chunks of the original in the syn-
thesized melody. At a sufficiently high order, depending upon the material, we will get the entire
original. This happens for our example melody with fourth-order Markov synthesis. Thus,
athough arbitrary-order Markov processing is theoretically possible, for most redlistic applica-
tions, analysis beyond about the fourth order may not be particularly meaningful.

9.20 Causality and Composition

On hearing Lejaren Hiller's lliac Suite, John Pierce (1983) reported that it “ sounds pleasant, but
it wanders, and so does the listener’s attention.” Markov techniques are strictly reactive to the
immediately preceding events and do not lend themselvesto following an overall plan.
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It isworth pausing for amoment to |ook at our assumptions about therole of causality in music.
A systemiscausal if it referencesonly current and past input and past output. Causal systems may
not reference future input or current or future output. That is to say, a causal system can’t know
thefuture. (Theseideasareformalized in the discussion of the canonical filter in volume 2, chapter 5.)
Certainly, listening to music we've not heard before isacausal process: we can’'t know what we'll
hear until we hear it, and we can’'t know our reaction until we haveit.

Itiseasy to assumethat becauselistening is causal that composing must somehow be, too. Some
formsof composition, such asimprovisation, are primarily causal, and many of thetechniquesdis-
cussed in previous sections, especially Markov chains, give the impression that composing
starts with the first note and proceedsto the last in adirect sequence. Thisis hardly ever the case
in practice.

If arole of the composer isto manipul ate expectation, then the composer must be of two minds,
one part imagining what the listener’'s expectations will be in time, and the other part keeping a
“timeless’ plan of the composition in mind. We may think of such a plan as a static design, like
an architectural drawing of abuilding. But any such planisitself the result of the composer’s pur-
suing an underlying goal: the aim, motive, or reason why the composer iswriting the music. The
act of reducing one'svision of acomposition to afinished scoreisateleological process, aprocess
that works backward from the composer’s goal .

Composer Herbert Bielawa and Paul Craner developed ateleological process to automatically
compose chorale harmonizations.1> Early in hisharmony theory teaching career, Bielawahad stu-
dentstally the types of chordal root movementsin the Euro-classic music they were studying. No
matter what the piece was, as long as it was Euro-classic, they would come up with very similar
graphs. He eventually boiled it down to arule: good progressions are up a second, down a third,
and either way afourth or fifth (dominant to tonic).16 The method Bielawa devel oped to embody
thisrulewasin essenceasimplefirst-order Markov process, but with atwist. To overcometheaim-
lessness of Markov chains and solve sometricky problemswith cadencing, hisprogram composed
backward, beginning with the final cadence.

Ordinarily, onewould want “good” root movements (up afourth or down afifth) to be selected
most often and down athird less often. And athough “bad” root movements were rare, they did
happen occasionally in real music, so these also had small but nonzero probability. However, to
compose the music backward, Bielawa had to flip the probabilities so that all the “good” root
movements had to be temporarily “bad” ones, and vice versa. Ultimately, retrograding the gener-
ated composition automatically made good progressions out of the bad ones.

9.21 Learning

Hiller and I saacson’s experiments were in the spirit of research efforts to embody expert know!-

edge about real-world problemsin computer programs, known as Artificial Intelligence (Al).
Theclassical Al approach attemptsto reducethe subject knowledgedomaintoitsessential rules,

much as Fux did for counterpoint. Based on what we've seen of Monte Carlo techniques, at least
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the following difficulties can beidentified with using rule-building systemsto model intelligence:

= Determining appropriaterulescan bedifficult (orimpossible), even for experts, if theknowledge
isnot available to consciousness. Rule-building Al techniques are difficult to apply to subjective
elements such as taste, preference, and style.

= Unlike people, rule systems cannot of themeslves adapt to new information or incorporate new
rules. That is, they cannot learn of their own accord but require theintrospection and programming
skill of trained experts.

= Themorerulesthere are, the harder it can beto add new ruleswithout breaking or distorting thelog-
ical structures aready encoded. Aswe saw with the random sieve method (section 9.18.1), it is easy
to introduce rules that contradict each other. The system becomes more fragile as rules are added.

= True expertise means knowing the rules of adiscipline as well as the exceptions that prove the
rules. So there must be rules about when the regular rules apply and when they don’t. This calls
for metarulesthat enable or disable other rulesin certain contexts. Thisleadsto hierarchies of rule
systems. As a system of rules grows more complex, it becomes progressively harder for it to
change or adapt to new information and novel circumstances. It becomes more brittle as the depth
of hierarchy increases.

Capturing real-life expertise by compiling lists of rulestendsto createrule systemsthat are brit-
tle and fragile. In contrast, human knowledge remains relatively flexible in the face of novel
insights and developments. It does not seem likely that human learning happens by piling up lists
of rules. If that were true, then the more we know, the longer it would take usto react to circum-
stances, assuming somefinitetimeto evaluate each rule. Rule-based classical Al isnot avery prob-
able model of human cognition.

Whatever musical knowledgeis, it certainly seemsto arise from experience and isthus|earned.
We appear tolearn music by using cognitive strategiesthat are built into our brains. We apply these
cognitive strategies to our experience of music, and somehow the result is knowledge of music.
From this knowledge arises affinity for certain forms of music, and musical taste arises. What are
these cognitive strategies? What is learning, and how can we model it?

9.21.1 A Sdf-Learning Grammar

Teuvo Kohonen (1989) has described “a self-learning grammar, the rules for which are automat-
icaly and systematically constructed on the basis of exemplary material.” The method, which he
calls dynamically expanding context (DEC), is like Markov analysis, but instead of fixed-order
analysisit uses an order of analysis that grows automatically as necessary to resolve conflictsin
the rules. Thus general rules are gradually replaced with specific ones, mastering the maximal
degree of complexity with the minimal amount of exemplary materials. This exhibits a form of
learning because the rules evolve with increased experience.

DEC isaform of unsupervised learning because no a priori knowledge of music is embedded
inthe DEC method. However, tofully exploit the method, it is necessary to carefully formulate the
exemplary material. Like the Markov process, DEC can be driven to synthesize compositions.
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The method is best illustrated by considering an example that Kohonen provides. Consider a
melody as a sequence of musical elements to which letters have been assigned:

ABCDEFG...IKFH...LERJ....

Aswithfirst-order Markov analysis, we start by examining the transitions. We eventually notice
that there is a three-way conflict for which symbol may follow F: it may be G, H, or J. Using
Markov techniques, we would assign probabilities to the outcomes based on their frequency. But
Kohonen's approach is to resolve this conflict by enlarging the context. We take the symbol in
front of Ffor additional context (like dynamically jumping to asecond-order Markov analysisfor
just thisrule). But thereis still atwo-way conflict because the successor to E:F could be G or J.
Adding a second symbol before F fully disambiguates the three cases. While third-order analysis
isrequired for F, it is overkill for other symbols, such as H, which is fully defined by the
second-order rule K : F — H, andfor C, whichisfully defined by afirst-order rule B — C. We
wish to avoid overspecifying the production rul es because—as we saw with higher-order Markov
processes—too much context means the rules are too specific and rigid. DEC thus dynamically
expands rules only to the extent required to resolve conflicts.

DEC Analysis Kohonen’smethod isto iteratively scan the training data starting with low-order
rules and apply progressively higher-order rulesto problem cases until al conflicts are resolved.
When a conflict is observed, the existing rules are marked invalid, and new rules are substituted
that contain more context. Iteration over the input continues until no further changesto the rules
are necessary.

For example, consider rule construction for F. Itsfirst appearanceis F — G. Becauseit is not
aready in memory, we create an entry for it asfollows:

Rule no. L eft part Right part Valid
1 F G true

Next we find F— H inthe input and observe that it conflicts with rule 1. This requires two
actions: firstinvalidaterule 1, then (becauseit isnot already in memory) insert asecond-order rule
for K: F— H.Memory now lookslike this:

1 F G false
2 K:F H true

Finally, wefind F — J intheinput, and observing its conflict with first-order rule 1, we enter it
as a second-order rule:

3 E:F J true

Having exhausted theinput, weiterate agai n from the beginning. When we cometo F, we search
memory and discover theinvalid rule F — G. We now expand its context by one order, creating
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anew rule E: F— G. However, we now observe conflict between E: F— G and E: F — J.
We must invalidate rule 3 and enter a new third-order rule 4, as follows;

3 EF J false
4 D:E:F G true

Aswe continueto scan theinput for F, we'll eventually discover theinvalid rule 3, which weeval-
uate at a higher order and enter as anew rule 5:

5 L:E:F J true

Further iterations over the input do not cause any changes to the rules, so we are done, and we
observe that rules 2, 4, and 5 remain valid.

DEC Synthesis Suppose so far we have generated the sequence CDEF. To extend the sequence
with avalid next symbol, we first search through memory for first-order rules F — ?. We find
rulel, F— G,whichisinvalid. Finding no other valid first-order rules, wetry second-order rules
E:F— ?andfindrule3, E: F— J, whichisalso invalid. Having exhausted second-order
rules, welook for third-order rulesD : E: F— ? andfinalyfindrule4, D : E: F— G, which
isvalid, so the next new symbol we generateis G.

Like Markov synthesis, the output is made up of subsequences of the original material, so that
the flavor of the original is preserved, but not its ordering. DEC synthesis, like Markov synthesis,
contains a random element, but unlike in Markov synthesis, the occurrence of successive notes
doesnot follow their probabilitiesin theinput. DEC synthesis proceeds as though we always used
the highest-order Markov analysisavailablefor each rule. Kohonen suggeststhat if theresultsgen-
erated this way are too normative, more variance in the productions can be achieved by using
lower-order rules, ignoring their validity.

9.21.2 TheNatureof Learning

One could say that Markov techniques and Kohonen’s DEC technique “learn” to recognize the fea
tures of the materialsthey are given. But they are unable to generalize from what they know to what
they do not. If we study a corpus of music, say, thefugues of J. S. Bach, we not only learn theindi-
vidual works, but asan automatic by-product our cognitive apparatus also digtills out a sense of what
afugueis, so that if we later hear afugue by Mozart, we recognize its form; we don't have to be
retrained. TheMarkov and DEC techniques, likeall methodsconsidered sofar, fail to generalizeat all.

There are other important characteristics of natural learning that are also missing, such as pat-
tern completion, for example, our ability to identify major or minor harmonies from a fragment
of melody. If | show you aletter that ispartially occluded, you are still ableto recognizeit (fig-
ure 9.414a). If it istoo occluded to narrow it down to one letter, you can still easily identify the possi-
bilities (figure 9.41b). In my college music appreciation classes, the professor would often test our
knowledge of the musical repertoire we were studying by playing arandomly selected excerpt of
music by “dropping the needle” (a phrase referring to the days of vinyl records). Even if we had
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listened to a piece only afew times or the excerpt lasted no more than a second or two, we would
instantly be able to identify it. It's an incredible skill our brains have, if you think about it.

Another difference between natura cognition and the kinds of machine cognition described so
far isthat people can apply multiple simultaneous constraints, but standard computers act sequen-
tially. When improvising music, a multitude of constraints operate simultaneously, guiding the
musician’s choices in the moment.

Our ability to handle multiple simultaneous constraints allows us to mediate the influence of
syntax on semantics, and vice versa(McClelland, Rumelhart, and Hinton 1986). Consider the sen-
tence“| saw the Grand Canyon flying to New York.” We seethat syntax constrains the assignment
of meaning but does not determine it. We understand through the interplay of multiple sources
of knowledge. Such structures of knowledge have been variously called frames (Minsky 1974),
schemata (Bobrow and Norman 1975), and scripts (Schank and Abelson 1976). But rather than
being static objects in memory, scripts appear to interact with each other to capture meaning in
novel situations. How do we do this? And can machines do it, too?

9.22 Music and Connectionism

We have all learned skills, such as playing a musical instrument, juggling, or riding a bike, that
we can do without understanding how we do them. We usually learn and teach these skills by
example, not by rule. How do welearntoimprovise music? How do we devel op apersonal musical
style? How do we learn to distinguish the characteristic musical swagger of Beethoven's music
from Schubert’s? We know what we know, but we don’t necessarily know how we know it. Since
we are clearly able to learn these things, an obvious place to look for solutionsisthe brain.

9.22.1 Neural Models of Cognition

Neurobiology has shown that the brain can be modeled as amassively interconnected set of neurons
operating in parallel. Cognitive psychologists and computer scientists have studied the properties of
brain models using artificial neural networks. These models store knowledge in the connection
strengths between simple processing units, much as our brains store knowledge in the connections
between neurons. Because many neurons are acting concurrently in parallel, thesemodelsare called
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Figure9.43
Simple feed-forward network.

paralld distributed processing (PDP) or connectionist models of cognition. Because the connection
strengths between neurons is quantifiable, knowledge in a network is represented in a quantifiable
way. Whereas knowledge in rule-based systems tends to be brittle, knowledge in networks can
change and adapt as new knowledge is acquired and old knowledge is forgotten.

9.22.2 Artificial Neural Networks

An artificial neural network is simply an interconnected set of simple computational units (fig-
ure 9.42a). Usually, the processing performed by all unitsisthe same. Each unit receivesinputs
from other unitsand producesasingle output, which can be connected to one or moreother units.
Each connection between units has a unique strength that can be adjusted, so the influence of
the units upon each other can vary. In the network shown in figure 43b, the connection strength
between unitsi and j is called w;;, and the connection strength between unitsi and k is w;,. A
strong positive output fromi would tend to inhibit kif wi, isnegative and to excitekif the weight
is positive. If the weight w; is zero, then the driving unit i has no influence on the driven unit j.

A simplefeed-forward network having three layersis shown in figure 9.43. The output of each
unitisfannedintotheinput of each unitinthenext layer. Each unitintheinput layer x; isconnected
through weights M;; to hidden units hy, which connect to the output unit y, through weights W.
The hidden layer is so named because its values are not directly observable from outside the net-
work. (There are always weights on the lines connecting units, but conventionally they are not
explicitly drawn so as to keep down the clutter in the interconnection diagrams.)

Theprocessing performed withintheindividual unitscan beassimpleasjust summingall inputs
to producethe output. More typically, the unitswill usethe sum of their inputsto index anonlinear
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function of some kind. The function result is then output from the unit. We can express the input
to each unit h; from the input row of the network x; as follows:

N;
hy =f (Zwijxi], (9.27)
=

where w; is the weight from the ith to the jth unit, N; is the number of input units, and f is some
nonlinear function (Dolson 1989). Equation (9.28) also describes the connection from the hidden
units to the output.

The nonlinearity of the function in each unit is the key to giving neural networks the ability to
make decisions. Without thisfeature, the output of aunit would simply beproportional toitsinput.
A nonlinear function allows quantitative changesin theinput to result in qualitative changesinthe
output, such as turning a unit on or off. This capability allows neural networks to translate from
subsymbolic activation levelsto symbolic knowledge. The two most common choicesfor nonlin-
ear functions are the hard-limiting signum function:

x<0, -1

SgN(X) =1 x=0, 0 (9.28)
x>0, 1

and the soft-limiting logistic function (figure 9.44):

1
1+ex

f(x) = Logistic Function (9.29)
Thelogistic function played arole in the development of modern neural network theory because
it was a component of the proof of an important neural learning technique, back propagation
(Rumelhart, Hinton, and Williams 1986). In practice, it is just one of many possible “squashing
functions’ that map real values into a bounded interval.

Therearemany waysof connecting units. If thereareonly feed-forward connections(figure9.45a),
there are no loops in the network, and the computation of the output is fairly straightforward. If
there are feedback connections (figure 9.45b), computation of the output can get complicated

1.0

0.0

Figure9.44
Logistic function.
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Figure 9.45
Network topologies.

because the output of unit A could depend upon unit B, which depends upon C, which in turn
dependsupon A, and so on. Feedback networksmay bepartly interconnected (figure 9.45b) or fully
interconnected (figure 9.45c¢) so that al outputs go to al inputs.

Feedback networks can go into oscillation unless they are carefully designed. For every recur-
rent network, thereisacorresponding feed-forward network (Minsky and Papert 1969), so | focus
on feed-forward networks here.

Finaly, thereisthe question of assigning weightsto the connections. Thisiswherethingsget inter-
esting. It is possible to assign weights directly to configure a network to perform a particular
cdculationif weknow what theweights should be. More often, wedon't know what weightsto assign,
but we would like the network to discover them. Some networks allow a supervised learning method
to be employed that automatically adjusts the weightsin the network until atraining pattern applied
tothe network’sinputs producesthe desired val ue on the output. These networks can learn to produce
adesired outcome from a pattern that is applied to their inputs. We only have to show such networks
what to do, not how to do it. “ Here we have a mechanism whereby we do not actually have to know
how to writethe program in order to get the systemto doit” (Rumelhart, Hinton, and Williams 1986).

Aswith musical taste and related subjects, we know what we like without necessarily knowing
why we likeit. If we can show a hetwork examples of good and bad taste, then we can train it to
share our tastein music. Once these associations are learned, we can use the network synthetically,
to mimic our aesthetic judgments, for example, as a component in acomposing program, or ana-
lytically, to understand the structure of our aesthetic choices by studying the network’s solution.

So far, thisis not much different than Markov and DEC techniques, which can also mimic. But
what anetwork can do that Markov and DEC techniques cannot is spontaneously generalize from
experience. If we show atrained network an input pattern that it has not previously encountered,
it will make an educated guess based on the examplesit has seen so far. Thus, knowledgein asuit-
ably trained PDP network can retain a degree of flexibility and adaptability to the unknown.

Pattern completion is another form of generalization that networks can perform. If | play you
afew notesfrom the middle of afamiliar tune, you can generally pick up thetune and sing therest
of it. Pattern completion is crucial to our experience of music because this is how we perceive
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regularity and novelty. We can even model creativity asgeneralizationif wethink of it asproviding
novel responsesto novel conditions.

9.22.3 Computing Taste, a Neural Evaluator of Intervals

Asasimple example, let’s teach a network to appreciate our taste in musical intervals. Of course,
for asimple task like this we could simply write out atable, such astable 3.5, stipulating which
intervals we find consonant and dissonant. But suppose we know what we like without knowing
why. We provide a trainable network with example intervals and provide additional input that
gives approval or disapproval based on our preferences, which the network will learn.

Once the network is trained, we can inspect its interconnection strengths to deduce what it
knows about our preferences, thus aiding our ability to capture hard-to-explain knowledge. How-
ever, theinterpretation of trained networksisusually nontrivial. Network analysis may be straight-
forward for simple networks and simple problems. But for more complicated tasks, the network’s
solution will tend to be distributed throughout the network, carried inthe overall pattern of activity,
rather than being localized in any particular unit, so the network as awhole must be analyzed for
these cases (Rumelhart, Hinton, and Williams 1986). Also, the network may not necessarily find
the optimal solution.

The following example uses an effective training method called back propagation of error,
whichisavailablefor feed-forward networkslike the one shown in figure 9.43. Remarkably, even
fairly trivial-looking networks like that one can learn and retain multiple independent facts, just
as humans can.

We must specify the significance of the network’s inputs and output, which range numerically
from 0.0 to 1.0. There are many possibilities to choose from, but the best network designs show
aclear relation between the problem at hand and the network topol ogy, and use no more unitsthan
necessary. For this example, we use 13 input units: one for each degree of the chromatic scale
plus the octave, plus one extra to indicate whether we judge the interval consonant or dissonant
that is used during training. When an input unit’s activation is 1.0, that degree of the scale is
sounding. The consonance/dissonance judgment can be represented as a single output unit. Con-
sonanceisassociated with 1.0, and dissonance with 0.0. For the purposes of thisexperiment, let’s
say that we're not aware that the perfect and imperfect interval sare consonant and therest are dis-
sonant (see table 3.5). Instead, we train the network with examples of judgment and “discover”
this.

Having specified theinput and output units, we must decide about the hidden units. Threelayers
are generally sufficient to compute any function of interest with this method, so although multiple
hidden layers can be used, they are not necessary. At present, thereis no straightforward method
to decide how many hidden unitsto use. It is generally best to choose the smallest number that is
effective, both to simplify the calculations and to make the result as general as possible. So we
choose two hidden units for this example.

Overall, wehave 13 input units, two hidden units, and one output unit, for atotal of 16 unitscon-
nected by 28 weighted lines. Next we must train the network.
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Figure 9.46
Back propagation.

Back Propagation of Error  To start, we set al the weights to random values, rather as one
shufflesadeck of cardsbefore starting agame. If wethen apply apattern corresponding to some
musical interval to the network inputs x;, the output y, can be computed directly. Each hidden
unit h; receives the sum of all input units times their respective weights M;;. Each hidden unit
uses this weighted sum as an index into the logistic function to produce its respective output.
The output unit y, similarly receives the sum of all hidden units times their respective weights
W, (figure 9.46).

Because we randomized theweights, it ishighly unlikely that the output of the network will ini-
tially agree with our judgment of an interval’s consonance. Let us call the judgment we'd prefer the
network to learn the target, t,. The network’s error in judgment is the difference between
the network’s actual output and the target: € =y, —1,. If the output unit's activation level is less
thanthetarget level, theerror can bereduced by connecting the output unit more strongly to hidden
unitsthat are producing apositive value. If the output unit’s activation level isgreater than thetar-
get level, the output unit needs to be connected more strongly to hidden units that are producing
a negative value. We can adjust the weights connecting the output unit to the hidden units, but
thiswill not fix the problem by itself because the hidden units themselves a so contribute to the
error.

Adjusting the hidden unitsis more challenging because we don't have explicit target valuesfor
them—only the output units have targets. Nonethel ess, the same basic strategy can be employed.
We determine the proportion of error each hidden unit is responsible for and adjust weights con-
necting them to theinput unitsto minimizethiserror. The general strategy isto propagatetheerror
backward through the network, adjusting the weightsaswe go in proportion to their responsibility
for theerror injudgment at the output, which ishow thislearning technique cameto be called back
propagation of error.17
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Figure9.47
Loca minimum.

We can obtain thetotal error on aset of k output units by summing the squares of the individual
errors. Squaring the error eliminates the problem of negative errors canceling positive ones. For
some input pattern p, the mean squared error is

N-1 X
gp= Y Vi~ )"
k=0

Every time we apply pattern p to the network, we compute €, then make small incremental
changes to the weights to reduce &,. We continue the process as long as each step continues to
reduce g,. Eventually, for a well-designed network, €, will become quite small. When it has
reached a predetermined threshold, we stop the training.

There are things that can prevent ¢, from becoming as small as desired. The network may not
beabletofind asolution if it hasfewer degrees of freedom than the problem space. There may not
be enough hidden units, or the problem may not be suitable for the type of network chosen.

A subtler difficulty can arise where the back propagation technique finds an answer but failsto
find the optimal answer. To visualize this, imagine letting a marble roll down the side of abasin
with a shallow region and a deeper region beyond, separated by aridge (figure 9.47). The marble
might be captured by the upper region of the basin if it does not have enough momentum to ride
up over the ridge into the deeper region.

Making small incremental adjustmentsto the weights of the network isakinto themarble'sroll-
ing down the basin. Once the network learns a suboptimal solution, it is unlikely to find a more
optimal one because we'd have to alow the error to grow for the network to make it up over the
ridge, but we typically stop training if the error starts growing. The shalow basin in this example
iscalled alocal minimum. This problem can be seriousbut israrely fatal. The suboptimal solution
the network finds still may be optimal enough. Or we can simply try again with different random
weights, which would be like placing the marble in a different part of the basin.

Training the Network to Recognize Consonance of Intervals Becausethere are 13 inputsto
thisnetwork, thereareatotal of 213 = 8192 possibleinterval patternswe could present to the net-
work. Whilewe could train the network on all possible patterns, we should not need to do so. Neu-
ral networks not only learn by example but also generalize from alimited set of examples, so the
solution they find to a subset of the total pattern space can remain valid for patterns the network
was hot trained on. The network accomplishes this by automatically discovering statistical regu-
laritiesin the patterns on which it istrained.
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Table9.15
Weights for Interval Consonance Learning Test, Hidden Units

M c G D E E F G G G A B, B C

ho -0.69 212 222 055 084 055 222 08 087 -103 223 205 -040
hy 114 298 29 121 107 114 290 109 101 086 -290 -307 138

In this example, we train the network on the 13 chromatic diads (intervals of two tones) in
table 3.5. Weassumethat the perfect and imperfect interval sare consonant, corresponding to an out-
put of 1.0 and the rest are dissonant, corresponding to an output of 0.0. We use two hidden units.
When the network haslearned our consonancejudgmentsfor theseintervals, we'll “ surprise” it with
more complex chordsto seehow well it can generalize. If the network hasdoneitsjob, itsjudgments
about these complex chords should be reasonable, even though it has never “heard” them.

Thenetwork wastrained to recognizethe 13 interval training patternsuntil the normalized mean
squared error of all patternswas below 0.001. Thisrequired about 14,300 adjustment cycles, using
only afew seconds of real time on my notebook computer. At that point, training was stopped. The
weights between the inputs and hidden units were as shown in table 9.15.

The rows show the weights connecting theinput unitsto thefirst hidden unit, h,, and the second
hidden unit, h;. The weights between the hidden units and the output unit were as follows:

W 0 1
Yo -65 75

So, the connection strengths from the first and second hidden unitsto the output unit were—6.5
and 7.5, respectively.

How the Network Learned the Training Patterns Let'sapply acouple of training patternsto
get an idea of how the network solved the problem.

Units C and c the octave above are activated. For the octave interval, the network output was
Y = 0.99for atarget of t, = 1.0, representing consonance (table 9.17). Referring back to equa-
tion (9.27), table9.16 showshow the network computed theoutput from thetraining pattern. Theoutputs
of the two hidden units are 0.25 and 0.93 for this example. The calculation for the output unit is shown
intable 9.17. The octave produces a strong reading of consonance (Y, = 0.99 = 1.0) on the output.

Theresults of applying the tritone interval to the input units (units C and G, are activated) are
shown in table 9.18. The outputs of the two hidden units are 0.82 and 0.15 for this example. The
calculation for the output unit isshown in table 9.19. Thetritone produces a strong reading of dis-
sonance (Y, = 0.01=0.0) on the output.

Analysis of the Network’s Solution  Recall that the weights between consonant intervals and
the hidden unit h, are negative, and those between dissonant intervals and h are positive (see
table 9.15). By contrast, the weights between consonant intervals and the hidden unit h; were
positive, and those between dissonant interval s and h, were negative. This meansthat consonant
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Table 9.16
Training the Network on the Octave

Degree C G D E E F G, G G A B, B C
Input 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00
1st Hidden Unit

Weight -069 212 222 055 -084 055 222 08 -087 -1.03 223 205 -040
Product -069 0 0 0 0 0 0 0 0 0 0 0 -0.40
Sum -1.08

ho 0.25

2d Hidden Unit

Weight 114 298 -290 121 1.07 114 290 1.09 1.01 086 —290 -3.07 1.38
Product 114 0 0 0 0 0 0 0 0 0 0 0 1.38
Sum 2.52

hy 0.93

Note: Using the sum as the index into the logistic function produces the result.

Table9.17

Hidden Units for the Octave

Unit ho hl

Input 0.25 0.93

Weight -6.46 7.54

Product -1.63 6.98

Sum 5.35

Yo 0.99

Table 9.18

Training the Network on the Tritone

Degree C C D E E F G G G A B, B C

Input 1.00 000 000 000 000 000 100 000 0.00 000 0.00 000 0.00
1st Hidden Unit

Weight 069 212 222 055 084 -055 222 -086 -0.87 -1.03 223 205 -040
Product 069 O 0 0 0 0 222 0 0 0 0 0 0

Sum 154

ho 0.82

2d Hidden Unit

Weight 114 —298 290 121 107 114 —29 109 101 086 -290 -307 1.38
Product 114 0 0 0 0 0 29 O 0 0 0 0 0

Sum -1.75

h, 0.15

Note: Using the sum asthe index into the logigtic function produces the result.
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Table9.19

Hidden Units for the Tritone

Unit hO hl
Input 0.82 0.15
Weight —6.46 7.54
Product -5.31 111
Sum —4.20

Yo 0.01

intervals make the sum of h, more negative and the sum of h; more positive. Also, the weights
feeding the output unit negate activation from hy but not from h,. From the shape of the logistic
function, if the sum of the activation from the hidden units is greater than 0.0, the output will
beturned on, and if it islessthan 0.0, the output will be turned off. So the weights on the hidden
units have been trained to make the hidden units sum to a positive value for consonance and a
negative value for dissonance. Unit h, isturned on strongly for dissonance, and h; is turned on
strongly for consonance. Thisisjust what wewanted, and wedidn't haveto program the network
to find the solution; it figured it out by itself.

Testing the Network—Can It Generalize? Let’s see how well the network generalizes to
other intervals and chords. Although we only trained it on diads, the network provides encourag-
ingly good-quality guesses about the consonance of some more complex chords (see table 9.20).
Thediminished seventh chordisarguably the only bad guess, but maybeit’snot really so bad after
all. That chord is considered dissonant because of its tritone, but it can also be viewed as three
minor thirds stacked up, and the interval of aminor third is considered consonant.

So this worked pretty well. But remember that the network looks for statistical regularity, and
al our training examples and test exampl es have the pitch C in them asthe lower tone of theinter-
val. How does the network handle intervals and chords starting on another degree of the scale?
Let'stest the fifths between F and C and E and B (table 9.21). Both F-C and E-B should be con-
sonant. The fact that they are not suggests that the network has relied on the scale degree rather
than the interval to determine consonance.

Likeall learners, networks tend to search for regularity. But the most regular solutions are not
necessarily the best. For example, achild might incorrectly rely on the regularity of English verbs
and say “1 swimmed today” instead of “| swam today.” The network appearsto have stumbled for
the samereason. It appearsto have associated consonance and scal e positioninstead of consonance
and interval size because our limited training set failed to provide examples that would have vio-
|ated thisassumption. Thisnetwork has not discovered all the underlying relationsthat account for
our consonance judgments, and so it can’t generalize correctly in all cases.

We canimprovetheahility of anetwork to generalize by increasing theratio of training exam-
plesto hidden units. The greater thisratio, the more the network isforced to generalize. For the
preceding examples, the ratio is 13/2 = 6.5. Reducing the number of hidden unitsto oneis not
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Table 9.20
Network Consonance Guesses for Complex Chords
Pattern
Cod C G D B E F G G G A B B C Output Analysis Quality
Mgor 10 O O O 100 O 100 0 O O O 0.99 Strongly Good
triad consonant
Minor 10 0 O 100 0 O 10 O 0 0 0 0 0.99 Strongly Good
triad consonant
7th 10 0 O 0 10 0 O 10 O 0 10 O 0 0.83 Fairly Good
consonant
despite
dissonant
major 7th
Dim. 10 0 O 100 O 10 O 0 0 0 0 0 0.13 Fairly Good
triad dissonant
despite
consonant
minor 3d
Dim. 10 0 0 100 O 10 O O 100 0 O 0.77 Should Poor
7th not be
consonant
Cluster 1.0 10 10 10 10 10 10 10 10 10 10 10 10 o001 Highly Good
dissonant

Table9.21
Network Performance Starting on Other Degrees

Pattern

Chood C G D E E F G G G A B B C Output Andysis Quality

FC 0 0 0 o0 O 10 0 0 O 0 0 O 10 099 strongly Good
consonant

EB 0 O 0 O 10 O 0O 0 ©O 0 0 10 O 0.17  Shouldbe Poor
consonant

an option because the network would no longer be able to learn. But it would be appropriate to
expand the training set to include all the rest of the diad intervals. If we expand the training set
toinclude every diad on every possible scale degree, we have 80 training patterns, 44 consonant
and 36 dissonant. Thisis till asmall fraction of the 8196 total intervals. In practice, the mini-
mum number of hidden units that can solve this set of training patterns appearsto be four, for a
training ratio of 80/4 = 20. With these adjustments, the network correctly handles all the
judgments.
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9.22.4 Generalization as Creativity: Composing with Networks

To use a network to understand musical structure in time, we must have a neural representation
of time. Let's say we wanted the network to learn melodies. One approach would be to have as
many network inputs as there are notes in the longest melody. Or the network input could be a
fixed-size time window that slides over aregion of the melody. In either case, this kind of win-
dowing approach represents time as position and converts the problem of learning music into
learning spatial patterns.

For example, we could train a network such that when one measureis played, the network pro-
duces the next measure in sequence. Or we could train a network to generate the next note in
sequence by supplying it with some number of previous notes for context. This would require a
feedback arrangement in the network design so that previous outputs could influence subsequent
choices. The windowing and context methods could be combined so that the feedback units pro-
vide context for whole musical phrases. This could be used to study the motivic structure of mel-
odies, for example.

Peter Todd (1989) describes a process whereby anetwork was trained using the feedback con-
text method to learn a set of melodies. His approach used the back propagation method but also
included a set of feedback units that stored context information about the notes played most
recently (figure 9.48). Oncetrained, it could play back the melodies when keyed to do so by a set
of plan network inputs that acted like the buttons on the front of a juke box to select the desired
mel ody.

First, hetrained the network to play several melodies correctly. He then experimented with set-
ting the plan inputsto untrained values so asto force the network to generalize from the melodies
it was trained to reproduce and thereby to compose new melodies. In this way, Todd used gener-
alization asamodel of creativity.

Plan units Context units

O00O0

Hidden
units

Output
units

Figure 9.48
Feedback context method.
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Todd used very simplefolk mel odiesastrai ning exampl es, but he could easily have used anything
e se, including examples composed by astochastic process or some rule-based approach. Although
Todd's network learned only the surface of the melodies, it would be straightforward to extend it
toahierarchical set of networks such that alow-level network responsiblefor the note-by-note pro-
cess interacts with higher-level networks responsible for an overall compositiona plan.

9.22.5 Bach Chorale Harmonization with Connectionism

A common criticism of connectionist researchisthat neural network techniques seemtowork well
on relatively simple proof-of-concept problems but do not scale well to realistic-sized problems
traditionally studied in Artificial Intelligence such as playing chess and composing music. The
challenge of composing realistic music with neural netswastaken up by Hild, Feulner and Menzel
(1991), who developed HARMONET, a program to harmonize chorale melodies in the style of
J. S. Bach.18 Their aim was not only to demonstrate parity with moretraditional Al techniques but
toexploit the potential for net-based solutionsto go, asit were, beyond therulesand penetrate more
deeply into the core of acomposer’s style.

Infact, their approach turned out to be a hybrid of symbolic expert system for some parts of the
problem and neural networksfor other parts. In particular, they did afair amount of manual parsing
of the chorales to structure the data to create their training set. Then they trained a network with
this set to create a“ harmonic skeleton” of several chorales. The chorale melody then provided the
soprano line, and the harmonic skeleton provided abassline. Then they had to synthesize the alto
and tenor lines, which they did using astandard Al “generate and test” approach. Last, they added
passing eighth-note figures characteristic of Bach’s style using another network. All networks
used a standard back propagation architecture with context unitsto remember recent events, sm-
ilar to Peter Todd's approach.

Because Hild and his colleaguesdon’t just use networksthroughout, it'snot clear that thisisthe
breakthrough realistic-sized problem for connectionist researchin music. Nonethel ess, they stated
that an audience of music professionals had determined HARMONET's output to be“on thelevel
of animprovising organist,” and indeed printed scores of their harmonizations seem quite good.

9.22.6 Genetic Programming

We have considered compositional processes over thelast thousand years of human history. Time
and again, we see atrade-off between generating music and critiquing music. We seeit at all levels
of the process, from the smallest local detail of aprivate act of composition to the most public pro-
nouncements of music critics.

In every age, composers put forward their ideas in the context of culture, and critics evaluate
them in the same context. Successful works, ideas, and methods survive; unsuccessful ones are
scrapped and forgotten. Both composition and criticism adapt to cultural changes. Successful
adaptation may mean reproduction (in the sense that children are reproduced from their parents),
crossover (swapping elements between successful adaptations the way parents pass their charac-
teristicsalongtotheir children), mutation (where novel elementsareintroduced), permutation, and
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other reordering processes. What composers do in subsequent days and in subseguent epochs can
generally be seen as an evolution from antecedents. Thus, composition can be likened to anatural
selection process.

Any process that we can identify we can also model, and a useful computational model for
this view of composition is provided by genetic programming (Koza 1992). This technique
adapts some of the principles of biological natural selection to allow programs to evolve
spontaneously.

Suppose we start with acollection of primitive functionsto generate and modify basic musical
data (such as algorithms to generate and transform a tone row). These are supplied to a genetic
programming system, which creates a population of programs that invoke these primitive func-
tionsin various random ways. The genetic programming system then executes the popul ation of
programs, and their results are evaluated for how well they succeed. Thiscritiqueis provided by
yet another function we must supply that determines how well the programs perform their task,
that is, their fitness. Becausethey were generated randomly, most of the programs probably won't
perform very well, but we take those that perform best for subsequent devel opment and discard
the rest.

A new set of programsis created from those that survived the previous round by reproduction,
crossover, mutation, permutation, and so on. These are tested as before, and the process repeats
until some criterion of fithessis achieved.

Thegood newsis, thisapproach, likeartificia neural networks, avoidstherequirement of know-
ing what the solution should bein advance. The bad newsisthat the solutions may not be optimal;
and for realistic-sized problems, solutions may not be scrutable (see especially Todd and
Werner 1998).

9.22.7 Summary of Connectionism

A promised advantage of artificial neural networks is that the composer need not invent rules to
express preferences. Such preferences are an emergent property of the network. The fact that no
music theory is implied in the structure of a network is a benefit because it allows any theory
embodied in amodel to arise. The ability of a network to generalize from examples provides the
composer with ways to go beyond the model in amusically reasonable way.

Such networks can be used to study the psychophysics of sound, the perception of timbre,
pitch, and rhythm, tonal analysis, musical instrument fingering, sound synthesis, automatic
music classification, recognition directly from the waveform, emotionin music, musical phras-
ing and interpretation, automatic music manuscript transcription, and many other areas (Todd
and Loy 1989).

But both conventional Al and connectionist approaches seem to run out of power when scaled
up to the size of problems we'd like them to be able to solve. Perhaps hybrid systems, such as
HARMONET, that combine conventional Al techniqueswith artificial neural networkswill even-
tually succeed where the two approaches separately have fatered. Or perhaps we've simply not
found the right model for intelligence yet.
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9.23 Representing Musical Knowledge

Thetermsarrival and departureare often usedin musical analysisbecausethey capture something
true about our experience of music. These terms suggest a sense of time and place, and that the
music conducts us along a pathway structured by the composition.

Directed graphs embody this sense of place and transition, and we observed the usefulness of
directed graphsto characterize the unfol ding of amusical theme (see section 9.18.3). Petri’s(1979)
general net theory extends the directed graph to characterize causal systems of arbitrary morphol-
ogy and abstraction. Antoni and Haus (1982) adapted them to represent musical structure and
knowledge. Haus and Sametti (1991) describe a software tool, ScoreSynth, for analyzing and
synthesizing musical scores using Petri nets.

9.23.1 Petri Nets

Petri nets look like directed graphs but with additional elements. As with directed graphs, states
are represented as circles, and transitions between states are represented by the movement of
tokens along arcs connecting states (see figure 9.37 for an example of adirected graph). But with
Petri nets, multiple tokens flow through the net simultaneously. Transitions in the network state
cantrigger other actions, such as causing transitionsto occur in subnets, nested hierarchically. The
flow of time can be madeexplicitin Petri nets. They can handle deterministic and nondeterministic
(stochastic) operations. Representation of music structure with Petri nets is compact and expres-
sive. The elements of a Petri net can refer to musical objects such as notes, phrases, motives, sec-
tions, and the like, or they can refer to nonmusical objects that manage and control the
compositional process.

Thebasic Petri net elementsare places, transitions, and arcs (figure 9.49). Placesand transitions
are connected by arcs. Two numbers may appear inside a place. The upper number (n) indicates
how many tokens it currently contains; the lower (N) indicates the maximum number of tokens
it may contain. Transitions control the movement of tokensin the network. Places and transitions
can also contain subnets.

Places Transitions Arc
| [ |
pl p2 t1 t2
# of tokens m
Token capacity - =
Named place Named place Named Named transition An arc with
containing n representing a transition representing a multiplicity
tokens out of subnet subnet settom
a maximum
of N

Figure9.49
Petri net icons.
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TheFiring Rule The execution of anet is determined by the firing of itstransitions. The basic
rulefor firing is as follows (Haus and Sametti 1991):

A transition may fireif each one of theinput places, i.e., placeswhich are connected with oriented arcsto the
transition, hasat |east onetoken. Thetransition firing hastwo effects: to decrement the marking of each input
place by one token and to increment the marking of each output place, i.e., a place which is connected with
an oriented arc from the transition, by one token.

After the starting of a net, firings follow one another until there are no more transitions which may fire. At
the end of transition firings, the execution of the net stops (6).

For example, figure 9.50 shows an elementary sequence. Initially, the input place p1 contains
asingletoken, and the output place contains none. Thefiring ruleindicatesthat t1 canfire. It dec-
rements the token count in p1 by 1 and increments the output place by 1. Thisbasic firing ruleis
extended by the following additiona rules.

Capacity Each placein anetwork can be assigned a maximum capacity of tokens, represented
asthelower of the two numbersindicated inside places. (If no number isindicated, 1 isassumed.)
“Transitions cannot fire if the marking of one output place, at least, will exceed its capacity after
transition firing” (Haus and Sametti 1991, 6).

Figure 9.51 showstwo examples. In thefirst case, p2 isfull, sot1 cannot fire. The second case
represents a conflict, because only one transition can fire. The network determines whether t1 or
t2 will fire nondeterministically (stochastically).

Multiplicity 1f anumerical label is affixed to an arc, called the multiplicity value, then thefir-
ing rule must be modified: “A transition may fireif each one of the input places has at |least as
many tokens as the numerical label on the arc [multiplicity value] connecting the place to the
transition.” 19

Before After
pl t1 p2 pl tl p2

Figure 9.50
Petri net sequence.

pl tl p2 pl tl p2 2 p3
Figure 9.51
Effect of capacity on firing.
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Figure 9.52
Example of firing with multiplicity.

pl tl M1

M1.: play pitch A440

\Musical Musical

action object

Figure 9.53
Musical objects.

Firing now decrementsthe number of tokens of each input place by the multiplicity valueon the
arc connecting the placeto thetransition, and incrementsthe number of tokens of each output place
by the multiplicity value on the arc connecting the transition to the place. Figure 9.52 shows a net-
work with multiplicity ready to fire, and the results after firing.

Firing happensin three stages:

1. The network determines that t1 can fire because each of the input places has at |east as many
tokens as the corresponding multiplicity value on the arc connecting it to the transition.

2. Upon firing, the transition t1 subtracts the number of tokens from the input places specified by
the multiplicity values on the arcs connecting the places to the transition.

3. Thetransition then addsasmany new tokensin the output places asindicated by themultiplicity
values on the arcs connecting the transition to the output places. (Multiplicity does not conserve
the total number of tokens.)

Musical Objects, Musical Actions We can associate placeswith any musical significancewe
like. Places can represent individual notes, phrases, dynamics, motives, and so on. We associate
musi cal meaning to places by affixing labelsto themthat refer to defined musical objects. Infig-
ure 9.53 place M1 has been designated to be a musical object because its name starts with M.
When tokens flow into or out of amusical object, the associated musical action istriggered. If
themusical actionisanote, it isplayed; if itisaphrase, the phraseis played; if it is asubnet, the
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Figure 9.54
Timed net example.

subnet isentered. In figure9.53 musical object M1isabout totrigger itsassociated musical action.
When t1 fires, M1 will play pitch A440.

Timed Firing But how long will the note in figure 9.53 last? Petri nets have no inherent notion
of time or sequence. Many transitions can be qualified to fire at the same time, but the implemen-
tation of Petri nets gives no direct control over their order of firing. Also, the duration of firingis
assumed to beinstantaneous. We must add time structure to the network. Haus and Sametti (1991)
took the approach of associating timewith musical objects. “When atokenisput into aplace with
an associated MO [musical object] the token cannot be considered for thefiring of transitions con-
nected to the place until the associated MO has ended” (8).

Toillustrate, supposethat musical object MA isdefinedtolast 1 second (figure9.54). Every token
put into MA is not disposable for 1 second. We a so define MB to last 6 seconds per token. Tokens
put into places that are not defined as musical objects are immediately disposable. For example, if
MA has onetoken, then t2 isprevented from firing because the capacity of MA is1token. Similarly,
t3 can't fire because MA does not present its token to t3 until its duration of 1 second has elapsed.

The sequence of firings for figure 9.54 is as follows.

1. t1 fires, subtracting one token from p1 and adding one token to MB and five tokens to p2.

2. MB triggers an instance of its associated musical action, which will last 6 seconds.

3. t2fires, subtracting one token from p2 and adding one token to MA, which isnow at capacity.
4. MA triggers an instance of its associated musical action, which will last 1 second.

These steps transpire instantaneously because they are triggered by places pl and p2, not musica
objects. MB hasnot reached its capacity, and up to five moreinstances of MB can betriggered. How-
ever, no tokens are availablefrom t1 because pl is exhausted. MA hasreached its capacity, sot2 and

t3 are prevented from firing. MA’stoken will firet3in 1 second, so the network must wait until MA's
token isavailable. At thispoint, we can represent musical actionsin progress at time 0 (figure 9.55).

5. When 1 second has elapsed, t3 fires, passing the token from MA to MB. Another instance of
MB istriggered.

6. MA isnow empty, sot2fires, passing atokenfromp2to MA. Another instanceof MA istriggered.
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Figure9.55
Musical actionsin progress at time O.
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Figure 9.56
Musical actionsin progress at time 1.
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Complete result of network execution.

Musical actionsin progress at time 1 are shown in figure 9.56.

Fromthispoint on, MA and MB will betriggered only by the remaining tokensin p2, consumed
in 1 second intervals by MA, then passed to MB. The complete result of network execution is
shown in figure 9.57.

Refinement Morphisms  Petri nets can be developed through a process of refinement, where a
place or transformation can act as a placeholder to be given a more detailed description later.
“Refinements can define very complex PN [Petri net] models by means of simple PNs and hier-
archical structures, i.e., allowing models to be designed by either a top-down or a bottom-up
approach” (Haus and Sametti 1991, 10).



Composition and Methodology 395

Father net Daughter subnet

Figure 9.58
Petri net with subnet.

The placeholder nodeis called the father and the subnet it refersto is the daughter. To asso-
ciate a daughter subnet with a father place, the subnet must have an input place and an output
place. Input arcs to the father place are input arcs to the input place of the daughter net; output
arcs from the father place are output arcs from the output place of the daughter net. Transitions
can be refined in the same way. An example is shown in figure 9.58.

Building Blocks Some of the basic Petri net building blocks for music are as follows:
= Sequence (monophony). The musical object associated M1 tl M2
with each place is triggered as the token flows along. This @_,U_,
can be used to form amelody out of its constituent phrases
or amovement out of its sections.

= Parallel (polyphony). A single place triggers musical M1
objects M1 and M2 to execute concurrently. This can 9
be used to form a chord or to synchronize polyphonic 6 '

counterpoint. a

= Choice. Fromasingleplace, oneof two paths can betaken. M1
Since there are two paths but only one token, the net must . 9
(stochastically) choose one path. 0 -
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= Join. Two input placestrigger M1, so two instances of M1 ( ) 1
are created and run concurrently.

= Fusion. Only one of the two input places can trigger M1. 9 1
Oneinstance of M1 istriggered. 9

- Iteration. The Start place is provided with as many  Start M1 End
tokens as the required iterations. There must be room for e ' 9 e
them at the End. In this example, two instances of M1 exe-

cute sequentially.

Canon Perpetuus All of these structures can be joined to create more complicated networks.
For example, Antoni and Haus (1982) provideasampleanalysisof J. S. Bach’s* Canon Perpetuus’
from hisMusical Offering for flute, violin, and continuo bass.2° A brief overview of the flute part
will beillustrative. The pitches of the flute part in the score can be grouped into musical motives
asfollows:

Name Section

Fi bars 1-2

F, bars 3-10 and the following three notes
F; last note of bar 11 to first note of bar 13
F, the rest of bar 13 to bar 14

Fs bars 15-17 and the following note

Fend last note of the flute part

Using these named sections, the flute part can be analyzed as follows:
{Fl’ FZ’ F3’ F4’ F5’ i(Fll FZ)! rt(F3)1 F]_! FZ! FS; F41 Fend}y (930)

wherei() indicates inversion and rt() indicates transposed retrograde. This sequence structure
is represented by the Petri net shown in figure 9.59. Place Start contains a token, as does place
Ping. In the beginning only the transition leading from Start can fire. When the token reaches
F,, T4, canfirebut T4 cannot. So the token visits F; and goes down the right-hand armin thefig-
ure, eventually reaching T,. Both F; and Pong receive a token, but only the transition from F;
canfire. Sothetoken visitsF, through F, again. Now T, cannot fire but T can. Sothetoken visits
Fengs then Stop.
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Figure 9.59
Petri net model of flute part from “ Canon Perpetuus.”

Start R i(F) Stop
Figure 9.60

Petri net model of violin part from “Canon Perpetuus.”

We observe that the violin part of “Canon Perpetuus’ is the inversion of the flute part played
against the flute with a two-bar delay. Using F to represent the sequence shown in (9.30) except
for the final sequence {F,, Fo\g} , We can write the violin part as

R i(F), (9.31)

where Ris the two bars of rest. The Petri net for this sequence is shown in figure 9.60.

Petri nets model the behavior of discrete dynamical systems such as musical scoresin adirect
and intuitive way. They handle many concepts that are vital to the musical process, including
seguence, concurrency, conflict, and resolution. The resulting network descriptions naturally
facilitate deeper understanding of the underlying musical system. Petri net representations of
music can remove agreat deal of redundancy in amusical score, revealing the essential structure
of the work. They have been used to analyze music structures of significant size (Haus and
Rodriguez 1993). They provide a pragmatic method for hierarchical representation of musical
knowledge (Roads 1984). Petri nets can also be constructed from scratch to synthesize musical
scores, or nets that are the result of analysis can be modified for subsequent synthesis of related
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musical works. However, Petri nets can become explosively large when they are used to describe
realistically complex systems.

9.23.2 Predicate Transition Nets

High-level Petri nets, also called Predicate/Transition (PrT) nets, have been developed to over-
come the problem where Petri nets become unmanageably large when used to model realistically
complex problems (Genrich and Lautenbach 1981). The general ideaisto attach additional infor-
mation to the elements of the network to increase their descriptive power.

For example, in Petri nets, tokens are simple featurel ess counting devices. In PrT nets, tokens
have quantity and quality. In fact, they can have multiple quantities and qualities. Algebraic and
logical expressions (predicates) can be added to places, transitions, and edgesto describe network
state and firing. The expressions are evaluated based on the avail able types and quantities of the
tokens flowing through the system.

Consider asingleplace, caled Pi anol npr ov, which model sthe musical resources of the piano
part of a musical improvisation. Pi anol npr ov contains a collection of tokens representing
the pitches the pianist can play. The content of a place is called its marking. Suppose that
Pi anol npr ov ismarked by two C4 pitches, three E4 pitches, and two G4 pitches. Becauseit holds
pitches, we say place Pi anol npr ov isof typePitches. ThismeansPi anol npr ov canonly con-
tain elements of type Pitches (figure 9.61).

When an instance of a placeis created, it is given an initial marking. The initial marking of
Pi anol npr ov can be expressed as

Mo(Pi anol nprov) =(2- Ad) + (3-B4) + (2- G4).

Themarkingsof anetwork will vary asthetokensare consumed and produced acrossthenet during
operation.

An arc from a place to atransition carries tokens consumed by the transition, and an arc from
atransition to aplace carriestokens consumed by the place. Thelabel on an arcindicatesthe num-
ber and kind of tokensthat can be consumed or produced. We can specify that any quantity of any
type of token can travel an arc, or we can restrict the arc to certain quantities and types of tokens.
Thearc x in figure 9.62 is defined to be of type Pitches, and indicates that any number of tokens

Pianolmprov

Pitches

Pitches: {C4, E4, G4}

Figure 9.61
Pianolmprov 1.
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Pianolmprov Play
Pitches
X

Pitches: {C4, E4, G4}
X: Pitches
Mg (Pianolmprov) =2-C4 + 3-E4 + 2- G4

Figure 9.62
Pianolmprov 2.

Pianolmprov Play Listen
Pitches
X
x=C4

Pitches: {C4, E4, G4}
X: Pitches

My (Pianolmprov) =2-C4 + 3-E4 + 2+ G4
My (Listen) = &

Figure 9.63
Pianolmprov 3.

of type Pitches can be produced by Pi anol npr ov and consumed by transition Pl ay inasingle
transaction. By thisrule, one pitch, any combination of pitches, or al pitches can be played by the
piano at once.

Infigure 9.63 Pi anol npr ov isready to play any of itspitchesfor Li st en. Li st en beginsin
an empty state. However, by the rule stated beneath the PI ay transition, Pl ay can only fireif the
received token isthe pitch C4, so Li st en can only hear that pitch.

The network shown in figure 9.63 can be defined as follows:

P = {Pi anol nprov, Listen}
T={Play}
F = {(Pi anol nprov, Play), (Pl ay, Listen)},

where P isthe set of places, T isthe set of transitions, and F defines the arcs that connect places
and transitions. Because arcs link places and transitions, F isalist of place/transition pairs.

The combination of typed elements with capacities and predicates makes PrT nets more
expressive and representationally compact than Petri nets. Pope (1986) gives an example of the
use of PrT netsin amusical context and shows how PrT nets can be abstracted to become the
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template for deriving other related networks. In this way, PrT networks begin to take on some
of the characteristics of object-oriented computer programming languages, such as type inher-
itance and abstraction, but with the advantage of built-in facilities for modeling the behavior of
discrete dynamical systems such as musical scores (Pope 1991). In fact, graphical simulation
technigues and high-level computer language design are beginning to converge to the point that
practical tools for modeling and emulation of discrete dynamical systems are now commonly
available.2

What this approach lacks is a built-in mechanism for learning, abstraction, pattern completion,
and spontaneous generalization provided by the connectionist approach. Since both PrT nets and
connectionist frameworks model dynamical systems, perhaps a hybrid approach combining ele-
ments of both would prove sufficiently expressive for problems of realistic scale.

9.24 Next-Generation Musikalische Wirfelspiel

The tables used to generate Musikalische Wiirfelspiel compositions were each predetermined by
amaster composer, so a composition in the style of that composer is guaranteed if the method is
followed. The composer David Cope (2001) hasdevel oped aset of programs he calls Experiments
in Musical Intelligence (EMI) that has asimilar aim: EMI produces origina works in the style of
aparticular composer by recombining atomized musical quotations derived from that composer’s
works. But whereas the composers of Musikalische Wiirfelspiel had to compose their own atom-
ized musical tables, Cope's EMI system generates the musical tablesthat are the basis of the new
works to be composed by analyzing the target composer’s musical corpus under the direction of
atrained operator.

EMI performs its analysis using techniques drawn from natural language processing, aug-
mented transition networks, and other techniques drawn from Al to synthesize new compositions.
Like Markov and connectionist approaches, EMI recomposes the music of the target composer.
Theresult ishighly original (though not always very artful) music with the stylistic signature—in
both its surface and deep structure—of the identified composer.

Music expressesits own essential nature much the way that organisms are expressions of their
genes. If we can identify the genetic basis (so to speak) of acomposer’sstylein asufficiently for-
mal way, we should be ableto useit to create original compositionsin that style. Thisissue speaks
to the desire Schillinger first expressed that theories of art should be generative, not merely ana
lytical (see section 9.11.2).

Cope'saesthetic premiseisthat new music in thetarget composer’s style can be created through
recombinant techniques. EMI is an analysis/synthesis system that creates a database of musical
elements by analyzing a composer’s works and then interpolates among them in various ways to
realize new works. In outline, the method is as follows:

1. Theuser must select and encode acorpus of musical worksfrom thetarget composer into afor-
mat that EMI can digest. To facilitate pattern recognition, Cope suggests, the selected works
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should berelatively homogeneous, similar inoverall structure, range, and orchestration. For exam-
ple, Cope (1999) used Mozart’s middle symphonies (numbers 6-31) as an analysis set for anew
symphony in Mozart's style. He used a similar approach for a new piano concerto. Both works
have been recorded and are available commercially. This is the same initial step that must be
employed by any system that learns from a corpus of examples. Clearly, the operator’s selections
have dramatic impact on EMI’s subsequent steps.

2. EMI performsalexical analysisbased generally on Noam Chomsky’s theories of the structure
of natural languages, and ahierarchical tempora and harmonic analysis of the works based on the
ideas of Heinrich Schenker (1935).

3. EMI identifies what Cope calls signatures, which are unique characteristics of the com-
poser’s style, using pattern recognition techniques adapted from natural language processing.
The analysis ostensibly contains no a priori notion asto the signatures to be found, so the tech-
nigue can presumably be applied to music of any style. But in fact thereis great latitude in this
step for the EMI operator to refinethe process of signature selection based on the operator’sprior
experience with the composer’s style. Cope has reported, for example, that in the case of the
Mozartian symphony and piano concerto, hetook great painsto tune EMI’sanalysis parameters
to greatest advantage.

4. Driven by thisanalysis, EMI then breaksthe musical corpusinto its fundamental components,
which are now ready to be recombined.

5. EMI uses augmented transition networks driven by a random process, and makes refinements
by pattern matching based on extracted stylistic features, to recombine the music into an original
that preservesthe composer’ssignature style. The creative aspect of EMI reflectsmany of thetech-
niques described in this chapter. It can provide variation by interposing similar but distinct ele-
ments from the analysis. The recombination can take place on several levels of musical scope
because the hierarchical analysis provides compositiona rules for thematic, middle-ground, and
large-scale structures.

6. Theoriginal work isthen formatted for representation in common music notation to be played
by traditional instruments or converted to aformat such as MIDI so it can be synthesized.

In the hands of askilled operator, EMI can produce a believablefacsimile of acomposer’sstyle
fromacarefully selected corpusof thetarget composer’ sworks. Cope has al so published examples
in the style of J. S. Bach, Frédéric Chopin, and Scott Joplin, anong others.

Cope's EMI system is perhaps the most advanced automated composition system extant today
and therefore can serve asagood target for analysis and criticism. In thefollowing sections, | dis-
cuss some of the important questions raised by his work.

9.24.1 |sEMI Experimental?

Insofar as Cope defines his system as “ Experiments in Musical Intelligence,” it isfair to ask if
Cope's system is truely an experimental method.
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There is actually a seventh step in the EMI process, not an officia part of Cope's system but
obviously of crucial importance: editing. The operator selects among the generated compositions
for those good enough to be played in public. Editing is a necessary step because there would be
little audience for every one of the possible compositions such a system can create, just as there
would have been little audience for what Beethoven threw in his trash basket.

Although the quality of EMI’s compositions and their entertainment valueis crucial, these are
not their most important credential s the selected compositions, especially the ones created by the
author of the method, become official specimens, proof of the effectiveness of the method that cre-
ated them. But thereis a contradiction between hand-sel ecting the most convincing examples and
the requirements of atrue experimental method.

The experimental method in science is about testing suspected explanations regarding one's
observations. To get at the truth, one conducts experiments that must be carefully constructed to
avoid hidden biases and confounding factors, undetectabl e things that might influence the results
and lead the research astray. The most common confounding factor is pure chance, where through
luck one happens upon a population of specimens that erroneously validates or invalidates the
hypothesis.

Because of the danger of confounding factors in experimental design, the scientific method
reguiresthat conclusionsmust not be based merely on anecdotal evidence such asasingleinstance
or avery limited group of specimens or subjects. Regardless of the hypothesis Copeisexpressing,
and though the published examples of his EMI work are superlative, his specimens constitute
avery limited group and therefore must be considered only as anecdotal evidence of EMI’s
effectiveness.

But EMI should not be singled out here; this criticism can also be directed at every method dis-
cussed in this chapter. Hiller and 1saacson (1959), the other composersto use the word experiment
in the name of their composing system, were the first to face this problem. In creating their Illiac
Quite, they similarly had to generate official specimens that proved the effectiveness their meth-
odology. In their book Experimental Music, they claim that they used no preferentia criterion to
select example outputs from their program for inclusion in the Illiac Suite so as not to color the
results. Although their approach helps, it does not prevent their single published composition
(the llliac Suite) from being anecdotal evidence.

Use of the terms experiment and experimental in the arts is difficult because the terms are so
freighted with scientific meaning. However, there is a constellation of related words, such as
experienceand experiential, that sharethe sameroot and that capturetheimportance of personal
observation to both the arts and the sciences. If we think of experiment as meaning qualified
experience, | think we get closer to how artiststhink about being experimental intheir art. Artistic
experiment is about considering novel or unusual combinations of elements for the purpose of
increasing the horizons of surprisal. | spent anumber of years working at the Center for Music
Experiment at the University of California, San Diego, and this pretty well characterizes what
went on there.
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9.24.2 |IsEMI Intelligent?

When | heard EMI’'s Mozartian symphony and piano concerto for the first time, | definitely had
the experience of listening to Mozart, or perhaps a good Mozart imitator. To have captured
Mozart’s style so aptly is such a stunning technical and aesthetic accomplishment that it warrants
asking, IsEMI intelligent?

Turing (1950) suggested that if we can’t distinguish between an intelligent person’s choicesand
acomputer’schoices, then it isreasonableto say that the machineisbehavingintelligently. Insofar
as Cope defines his system as* Experimentsin Musical Intelligence,” itisfair to ask if Cope'ssys-
tem passes amusical equivalent of Turing’s test.

9.24.3 Aural Sensibility

Hiller and Isaacson (1959) attempted to directly encoderules of compositioninto their system, but
they realized that there were limitsto what they could accomplish just with the use of rules. Com-
posing is about more than following rules. They wrote, “ The composer istraditionally thought of
asguided in his choices not only by certain technical rulesbut also by his*aural sensibility, while
the computer would be dependent entirely upon arationalization and codification of this *aural
sensibility.’”

Other systems, such as DEC and neural networks, allow a composer’s “aural sensibility” to
emerge from experience by inference and generalization, emulating human learning. However,
EMI, arguably more successful to date than these other approaches, actually relies much lessthan
they do on reasoning and inference. Instead, it takes a brute force approach. By analyzing alarge
corpus of works, EMI’s analysis phase attempts to provide its synthesis phase with arich set of
optionsfor every choicefaced by thetarget composer. EMI’sanaysisdatabaseisessentially acom-
pendium of answsers to the question, What would Mozart have done in this situation?

Thisissimilar to the approach presumably taken by IBM Corporation’s chess-playing program
Deep Blue, which managed to defeat chess master Garry Kasparov in 1997. It seemsthat alarge
catalog of chess moves was created by analyzing many games of chess masters. During a game,
the program would move pieces based on context, sel ecting from among the movesthat were made
in similar situations by the masters the program was emulating.

Thisapproach is mostly about modeling the choices already figured out by masters and actu-
aly requireslittlelearning or reasoning about music or chess. What isneeded isareally big and
really fast database and a sophisticated search capability. And athough human composers and
chess players also learn by example, we are not wired to perform by exhaustive search.

Does this disparity in method disqualify EMI or Deep Blue from being called intelligent? Can
asystembeintelligent only if itsmethods are fashioned after our own? Turing urged us not to focus
ontheprocessbut ontheresult. Hewasless concerned about implicit use of reasoning and learning
than explicit behavior: Does a computer seemintelligent? If so, then it is! Just as we can admire
abeautiful sunset without worrying about how it was created, we should certainly be ableto enjoy
acomposition that pleases us without caring who, how, or what created it. | suspect Turing would
urge us to quit worrying about intelligence and to relax and enjoy the music.
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9.24.4 A Musical Intelligence Test

Cope (1999) comments in the liner notes of his album Virtual Mozart that he avoided analyzing
Mozart’s symphonies beyond #31 “because they are so well known that derivations would have
been recognizable.” But he goeson to say, “ The resultant work does show influences of these later
symphonies, however.”

It makes sensethat Mozart’slater symphonieswereinformed by hisearlier ones. But hasCope's
EMI system managed to do the same thing? Has EMI identified and devel oped some elements of
Mozart's earlier symphoniesinto a more mature style? If so, that would seem to be evidence that
Mozart’s aural sensibility lies within his music where EMI can accessit, and that EMI is ableto
find it, extract it, mature it, and use it as the basis of new compositions. Given what we know of
EMI’s process, this seemsimplausable. But according to Turing, we are to consider the system’s
behavior, not its inner workings, when deciding about intelligence. And so, like agood jury, let
us follow the judge’s orders, at least for now.

Cope’s observation that EMI evidently developed some elements of Mozart's mature style is
only anecdotal and subject to interpretation. How could we prove or disprove that EMI (or any
other system) can act to devel op a more mature style from aless mature one?

Turing's test methodology alows the experimenter to ask any question or pose any problem that
would help prove or disprove theintelligence of the system under test. But it's hard to ask questions of
amusical score. It iseasier to claim that achess program that beats amaster isintelligent becausethere
isaclear criterion: winning. The arts are more ambiguous.

But music can be analyzed. For exampl e, suppose we conduct atest of intelligenceon EMI such
as the following. We begin with two contrasting premises:

= |f acomposing automaton isdriven by arandom process, we should be ableto identify the“wan-
dering” quality in its output that was noted by Pierce (1983).

= If acomposer’ sworksareinformed by hisor her prior worksand therelated works of others, then
the same should be true of an artificial composer’s works.

Thissuggestsan experiment, asfollows. L et E; stand for the Mozartian symphony created by EMI
for theabum Virtual Mozart. Let theway EMI composed E, bethefunctionf of the set of Mozart
symphonies #6 through #31 as follows: E; = f (Mg, M4, Mg, ..., Mg;). Now suppose we com-
pose a set of N additional Mozartian symphonies using the same EMI technique:

E2= f(M7, ng- . ;M315 El)
E3 = f(MB, e |M3]_7 Ela EZ)

EN = f(El’ E2, ey EN_l).

In other words, each new EM1 Mozartian symphony replacestheearliest Mozart symphony inthedata-
base until al of Mozart's symphonies are eventudly replaced by new EMI Mozartian symphonies.



Composition and Methodology 405

As EMI symphonies progressively replace Mozart's in the database used to derive subsequent
symphonies, how does EMI's musical style evolve? Does the progression of symphonies:

= Present a coherent, self-consistent set of works, as do Mozart’s?
= Develop recognizable signatures of Mozart’s mature style?
= Suggest how Mozart might have devel oped with his symphonies had he lived longer?

If any answer isyes, that would be strong evidence that EMI has successfully encoded Mozart's
aural sensibility.

Does the progression of symphoniesdrift off in some other direction that isnot Mozartian? Do
subsequent EMI compositions become less musically interesting as the database is progressively
left to its own devices? If either answer isyes, then perhaps EMI has not encoded Mozart's aural
sensibility.

Of course there is al'so the possibility that EMI remains stylistically stagnant, continuing to
churn out endless minor variations on Mozart’s symphonies 6-31.

Cope reportedly conducted an experiment like this based on three works by Igor Stravinsky
(Holmes 1997). From time to time, he mixed in the work of another contemporary of Stravinsky’s
tomodel theway human composersareinfluenced by their peers. Copereported that over the course
of time EMI developed the style of a mid-twentieth-century Russian-American composer. This
effort of Cope'sseemsal ot cl oser to thetrue meaning of experiment. Thereisahypothesis, amethod,
and most important, repeatability. Otherscould conduct thisexperiment and the results could be sub-
ject to peer review, all important aspects of the scientific method. It would be particularly interesting
to know if stylistic stagnation resulted if the targeted style were not mixed with others. This might
open up an understanding of the interaction of personal creativity and social forces.

9.245 Taste, Goodness, and Design

If we stick to Turing's behaviorist approach to measuring intelligence, then | think this member
of thejury would haveto find EMI guilty of intelligence. But | believe we also have an obligation
to reflect upon the model whereby EMI creates its music and compare that to the human process
as best we can. And when we do, | believe the jury is still out.

Consider the fact that EMI requires a database of preexisting works. When examined from a
functional perspective, itsintelligence, like that of every other composing system discussed in
this chapter, is derivative of the music it emulates, derivative of the musical experience of its
operator in fine-tuning its analysis, and derivative of the knowledge of EMI’s creator. How
could it be otherwise?

In contrast, Mozart had no corpus of examples of his personal styleto draw upon when, asa
young child, he began to compose in his highly recognizable signature style. Of course he was
profoundly influenced by his teachers and by the music around him, but the origination of his
personal style was seemingly guided primarily by his superlative taste, which had no external
referent because, manifestly, no one else ever did manage to compose like he did. The same
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could be said of Beethoven, Schoenberg, and Stravinsky, for example. After hearing the child
genius Mozart perform his own compositions, the great composer Joseph Haydn is known to
have remarked to Mozart’s father, Leopold Mozart, “Before God, and as an honest man, | tell
you that your son isthe greatest composer known to me either in person or by name. He hastaste
and, what is more, the most profound knowledge of composition.”22

And of course, Mozart’s ultimate signature is the music he went on to create throughout his
career. Whilethe signature of hismusical styleremained relatively continuousthroughout hislife,
the compositional visions he brought to life seemed discontinuously to spring full-blown, like
Athena from the head of Zeus. The art of his mature works seemed to have no antecedent. This
characteristic of an artist’s work is one of the indicators that predicts enduring fame.

Haydn'staste, Knuth’s goodness (see section 9.2.1), and Hiller and | saacson’s aural sensibility
aredl key aspects of design. For example, there are an infinite number of waysto find the greatest
common divisor of two integers (including guessing), but we choose Euclid’s method (see sec-
tion 9.2.2) because its design appeals to us—it shows goodness. Design is a key underpinning of
mathematicsaswell: “Mathematics are the result of mysterious powerswhich no one understands
and in which the unconscious recognition of beauty must play an important part. Out of aninfinity
of designs a mathematician chooses one pattern for beauty’s sake and pulls it down to earth”
(Morse 1959).

At bottom, whether designing music or mathematics, we reach into ourselves and extract that
which most agrees with our natures and the problem that we pose to be solved. Thisisthe funda-
mental process of art. All elseisimitation.

9.25 Calculating Beauty

Hermann Helmholtz (1863) wrote,

To furnish a satisfactory foundation for the elementary rules of musical composition . . . we tread on new
ground, which is no longer subject to physical laws alone. . . . Hence it follows—that the system of Scales,
Modes, and Harmonic Tissues does not rest solely upon inalterable natural laws, but is also, at least partly,
the result of aesthetical principles, which have already changed, and will still further change, with the pro-
gressive development of humanity. (250-251; italicsin original)

From ancient times, we have sought arational explanation of nature through scientific enquiry.
Since art was considered an imitation of nature, science also studied art. The Pythagoreans were
perhaps the first to identify a connection between aesthetics and mathematics. beauty was found
toresidein certain mathematical divisionsof avibrating string, and not in others. The distinguish-
ing characteristic seemed to be the harmoni ous—beautiful—proportions of the division. Thusthe
Pythagoreans discovered what they believed was a way to study beauty objectively, to quantify
beauty by simple integer ratios. Thus beauty could be found in the proportions of a string or in
the proportions of the whole universe. This discovery powered aesthetic research and debate for
centuries.
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The Pythagorean observation of beauty in ratios cameto be studied under the name eurythmics,
the study of harmony and proportion. Asatheoretical device, it could be used to create and analyze
al forms of art: dance, architecture, music, sculpture, painting, and so on. From antiquity and
through the Middle Ages, the sciences of subjective and objective nature thrived together, united
as the branches of the quadrivium. “Mathematical science . . . has these divisions: arithmetic,
music, geometry, astronomy. Arithmetic is the discipline of absolute numerable quantity. Music
is the discipline which treats of numbers in their relation to those things which are found in
sound.”23

However, the quadrivium fell apart in the Renaissance. Natural scientists and mathematicians
became increasingly uninterested in the arts because—despite the Pythagorean premise—no the-
ory had successfully provided arational link between aesthetics and proportion. The science of
aesthetics fell by the wayside and was deemed unscientific (James 1993). The gulf between the
arts and sciences has continued to thisday. Some artistsrail agai nst reductionistic explanations of
creativity. Some scientists question whether aestheti ¢ experimentation can be scientific. But meth-
odological analysisreveal sthat the disciplines of art and science are cut from the same cloth. Com-
paring Euclid’s method with Guido’'s method, we saw that they are distinguished only by therole
of subjective choice—of nondeterminism—in art. Art is not science, but their methods are more
aike than different.

When applied to music, methodological criticism goes quickly to the core of the artist’s inten-
tion, allowing usto apprehend the deeper significanceof their art. Guido d’ Arezzo’smethod shows
his concern that music should be subordinate to the sacred L atin text. Schoenberg’'s combinatoric
methods show a desire to deconstruct conventional harmonic expectation. Schillinger’s methods
followed from hisdesire to devel op generative theories of art. Xenakis' statistical methods reflect
hisview of the quantum nature of sound. Cage's chance methods serve his aim to deconstruct the
expectation of expectation.

Methodological criticism, information theory, psychoacoustics, complexity theory, and other
approachesdiscussed in this chapter are making important contributionsto theoretical aestheticsthat
finally allow the dial ogue about the nature of art to move beyond its fixation with Pythagorean pro-
portionality. Perhaps the truest proportions in music are those that relate expectation, interest,
entropy, and redundancy; perhapsthe truest study of music structure requires understanding the non-
linearities of our perceptua and nervous systems as well as the self-organizing principles of nature.
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The wondrous potency of music, which moves the world and compels the spirit, captured in the net of
numbers.
—Walter Burkert, Lore and Science in Ancient Pythagoreanism

A.1 Exponents

If pand q are any real numbers, a and b are positive real numbers, mand n are positive integers,

aP

arPad = gP+a — = aP-a (ap)q = aPd (am)llﬂ = gm/n
ad

h 1 a 1/n al/n )

ap—g, b) pim a®=1 if az0 (ab)P = arbP

A.2 Logarithms

If ap=xwhereaisnot 0 or 1, then pis caled the logarithm of x to the base a. If X, y, and a are
real numbers, then by this definition and the rules for exponents, we can write

log, Xy = log, X+ log,y
IOga(X/y) = lOgaX_ IOgay
log, x¥ = ylog, X

Theirrational number eis called the natural base of thelogarithms, and log, X is also written as
Inx. When written without specifying abase, log impliesbase e, that is, Inx =logx = log.x. The
value of eisirrational; itsfirst few digits are 2.718281828. . . .

To change the base of alogarithm, use the formulalog, x = log, x/10g, a.
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A.3 Seriesand Summations

A seriesis any summation of arepeating pattern of terms. An example of an arithmetic seriesis
2+4+ 6+ 8+ ---. Each subsequent termiscomputed by adding or subtracting aconstant amount
to theimmediately preceding term.

A simplegeometric seriesmightbe2 + 4 + 8 + 16 + - - - . Each subsequent term is computed by
multiplying or dividing the immediately preceding term by a constant amount.

Mathematicians have devel oped a useful shorthand for representing series, sigma notation. For
example, the equation

s=§i(5-n)

is shorthand for the equivalent expression
s=6-1)+5-2+(5-3)+(5-4).

We can useit to form the sum of arithmetic and geometric series. The symbol X, the Greek char-
acter sigma, isused by mathematiciansto represent the sum of asequence of terms. The expression
to theright of thesigma, (5 - n), isthe summand. The numbers below and above the sigmaare the
limits of summation, and the variable n is the index.

This example,
4
s(t) = 25nt, (A1)
n=1

can be written equivalently as
St)y=(5-1)+(5-2t) +(5- 3t) + (5 4t). (A.2)

Thisisthe expansion of (A.1). Every pointt of thefunction sisdescribed by the entire summation.
The examples above are finite series because the sequences of terms are finite. In the case of an
infinite sequence of terms,

Xgs Xoy o oy Ky o o e

the corresponding infinite seriesis

X1+X2+"'+Xn+"':zxn'
n=1

Thenth term x,, of aseriesisthe general term. Aninfinite seriesis convergent if its value tends
toward a finite sum, otherwise it is divergent.
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A.4 About Trigonometry

Trigonometry is the study of trigons, which are triangles, especially right triangles, that are
inscribed within acircle (figure A.1).

The ratio of the diameter to the circumference of acircleistheirrational number 1 =3.14. . ..
Because the radius is half the length of the diameter, the circumference is 2r times the radius.

Angles are commonly measured in degrees, and the angle corresponding to a complete rotation
is360°. Thereare 2rn radians or 360° in acircle (see section 5.2.2). An angle can be measured either
clockwise or counterclockwise from a starting point. Conventionally, positive angles are measured
counterclockwise from the positive horizontal x-axis of the circle, and negative angles are measured
clockwise. Thus, for example, if we picture acircle on ablackboard, an angle of 0° conventionally
pointsto theright a ong the positive horizontal axis; 90° points straight up; —90° pointsstraight down;
and 270° = —90°.

A.4.1 SineRe€ation

Suppose we constructed atrianglelike the onein figure A.1 so that thelength of ¢ (whichisboth
the hypotenuse of the triangle and the radius of the circle) isfixed, but sidesa and b are elastic:
they can grow and shrink. Also suppose that point p is able to move around the circle, and that
point qisconstrained to follow it such that the angle Ogp isalwaysaright angle. Last, the inner
apex of thetriangle is always at the center of the circle. These rules basically mean that we are
limited to right triangles inscribed in a circle with the triangle’s base resting on the horizontal
axis. Astheangle 6 increases and point p moves counterclockwise around thecircle, thetriangle
changes shape in acharacteristic way (figure A.2). If we study the way in which theratio of b/c
changes as the angle 6 changes, we observe that this relation corresponds to sinusoidal motion.

FigureA.1
Right triangle inscribed in acircle.
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NN/

FigureA.2
Family of trianglesinscribed in acircle.

That is, the radius c, its angle to the horizontal axis 6, and the ratio b/c are connected to each
other by the sine relation:

sing = E—:) Sne Relation (A.3)
Consider, for example, when 6 = 0. Then cliesalong the positive horizontal axis, a=cin length,
and b = 0, since the “triangl€” has no height. Hence sin 0 = 0/c = 0. When 6 = 90°, c lies along

the positive vertical axis, b=canda= 0. Hencesin 90° = 1/1 = 1. See section 5.4 for more details.
A.42 CosineRelation

Consider the relation between sidesa and c in figure A.1. The angle 6 and the ratio a/c are con-
nected to each other by the cosine relation:

coso = %, Cosine Relation (A.4)
whichissimilar tothesinerelation except that itsva ues are shifted by 90°, that is, cos6 = sin (6 + 90°).
This makes sense because the cosine involves the ratio a/c instead of b/c, and side a is orthogonal

(that is, at a90° angle) to side b; hence it precedes the sine wave by 90°.
A.4.3 Tangent Relation

Last, consider theratio b/a, the ratio of the two elastic sides of thetrianglein figure A.1. Theangle 6
and the ratio b/a are connected to each other by the tangent relation:

tano = g. Tangent Relation (A.5)
When 6 = 45°, thetriangleis an isoscelesright triangle and a = b, so tan 45° = 1. When 6 = 0°,

tan ® = 0/a=0. But when 6 = 90°, tan6 = b/0 = .



Appendix A 413

A.4.4 Relating Tangent, Sine, and Cosine

We can rel ate these definitions to each other as follows:

_b a_ b _a b_b. a
tane—a, sinb = g, cose—(—:, a~cte
ano = ?Tr;eé . Relation of Tangent, Sne, and Cosine (A.6)

A.45 Reciprocal Trigonometric Functions

We form the reciprocals for sine, cosine, and tangent by reversing the order of their ratios. Each
of these reciprocals has its own name:

1 a

== =4 A7

coto v Cotangent (A.7)

sech = 1 = 9, Secant (A.8)
cosf a

Ccsco = i =< Cosecant (A.9)
snd b

A.4.6 Inverse Trigonometric Relations

The trigonometric functions determine the angle of the hypotenuse 6 from the sides a, b, and c.
But what if we know the angle 6 and want to use it to find the proportions of the triangle?

Theinversetrigonometric functions determinetheratio of the sidesfrom the angle of the hypot-
enuse against the positive horizontal axis. For instance, theinverse of sin 0 isarcsinex, alsowritten
asinx or sinx, where x is aratio of two sides. The cosine and tangent functions are similarly
named, for example, arctan x = atan x = tan-x.

But how do we define these functions? At first we might think, just inscribe atrianglein acircle
with angle®, measureitssides, thenfind their ratio. But thereisaproblem: becausewearemeasuring
angles on acircle, there are actually many angles—infinitely many at multiples of 360°—that
correspond to any particular proportion of sides. For example, if X = b/a= 1/1, thenthetriangleisan
isoscelesright triangle and atanx = 45°, but it isalso truethat atanx = 45° + (k - 360°), wherekisan
integer. So the inverse trigonometric functions are ambiguous.

But, ingenera, all weusually wantistheanglewhenk=0. Sowedefinearangeof principal values
that covers just these angles. The principal values of the arctangent, arccosine, and arcsine are

—90° < tan1x < 90°
0 < cosix< 180°

—90° < simix< 90°.
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A.5 Xeno'sParadox

Xeno of Eleareasoned that if one travels distance d from point A to point B, one must certainly
travel half the distance d/2 to point B before traveling the whole distance d. And from that point
one must again travel half the remaining distance d/4, and so on. Continuing in this way, he
reasoned, one would never reach point B because one must pass through an infinite number of
points and that isimpossible in afinite time.

Essentially, his argument is that if space and time are composed of indivisible points and
moments, these must have some magnitude, and wearefaced with the contradiction of amagnitude
that cannot be divided. If space and time are divisible ad infinitum, we are faced with the contra-
diction that aninfinite number of pointsand moments can be added up to makeamerely finite sum.
Xeno'spointisthat since multiplicity and motion contain these contradictions, they cannot bereal.
Therefore, as histeacher Parmenides said, thereisonly one Being, with no multiplicity, excluding
al motion and change.

Thisisaperfectly fine outcome if you are satisfied with it. If you are not, then a modern way
out of this problem is to consider space and time not as a densely packed infinity of points or
moments, but as sparsely packed such that no point is next to any other point. Thus, between any
two points or momentsthereisalwaysathird regardless of scale. The advantages of this approach
are twofold. First, the nondenumerable infinity of real numbers (and likewise of pointsin space
and of eventsin time) istherefore much larger than the mere denumerableinfinity of integersthat
Xeno envisioned. Further, the sum of an infinite series of real numbers can have afinite sum. This
|atter point isthe clincher.

A.6 Modulo Arithmetic and Congruence

If it’s 1:30, and your friend says she’ll meet you in 45 minutes, what time will it be when she
joinsyou? If you answered 2:15, then you used modulo arithmetic to obtain the answer. Since
there are 60 minutes in the hour, time-based cal culations must keep the number of minutesin
that range.

We could formalize the example this way. Using “minute arithmetic,” we could write
75 = ((15))40, Or 75 = 15 mod 60, expressed as “ 75 is congruent to 15, modulo 60.”

In general, if the difference between two integersr and b can be divided without remainder by
another number m, then r and b are congruent modulo m. Thisiswritten as

r=((b)), if (b—r)misaninteger. (A.10)

In the exampl e, the quotient of (75— 15)/60 isan integer, so 75 and 15 are congruent modul o 60.
A common use of modulo arithmetic isto obtain the remainder of integer division. Thevalue

bisthebaseandr istheremainder. The FORTRAN programming language providesaway to obtain

the remainder of two numbers with the function mod( b, m) ; the C and C++ programming
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languages define it with abinary infix operator % MUSIMAT, the programming language invented
for this book (see appendix B), defines the remaindering operation as follows:

I nteger Mod(lnteger b, Integer m{
Wiile(b >> m{b =b - m}
Wiile(b <= -m{b = b + m}

Ret urn(b);

}

Note that Mod() can operate on and return negative values. For example, ((-1));o = -1 and
((11))_40 = 1. In generd, the return value will be

-m<n<m for ((N))y-

There are timeswhen it would be convenient to force the remainder r to be a positive modulus
number even if the base b is negative. For example, in MUSIMAT, the index of aLi st must be
apositive integer. So MUSIMAT has a version of Mod() that returns only the positive wing of
modulo values:

I nt eger PosMbd( I nteger b, Integer m{
Wiile (b>m {b=b-m}
Wile (b<0) {b=Db+ m}
Ret ur n( b);

}

For example, Pri nt (Mod(—-13, 10)); prints—3, whereasPri nt (PosMd(-13, 10)); prints7
(seefigure A.3).

Both Mod() and PosMbd() preserve the position within the modulus interval, but PosMod()
aso requires the value to be positive. If we havealLi st of ten elements numbered 0to 9, we can
provideabaseof any positiveor negativevalueb toPosMod( b, 10) anditwill coercetheremainder
to liewithin the valid range of the Li st .

PosMod

—13 Mod -3 7

<! | | |l
Il I I =

—-20 —10 0 10 20

\ Mod 10 |

PosMod 10

FigureA.3
Signed and unsigned modulus operation.
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A.7 Whence0.161 in Sabine’'s Equation?

Wallace Sabine derived the constant 0.161 in his equation for reverberation time in a room and
verified it both experimentally and theoretically (see equation 7.31). His derivation provides a
fundamental view of statistical room acoustics.

In physicsthe mean free path is the average distance a particle can move in agas without acol-
lision. Sabine (1921) adapted the term to mean the average distance a wave front can travel in a
room before being reflected by awall. He demonstrated that an approximate valuefor the acoustic
mean free path is

MFP = %’ =d, Acoustic Mean Free Path (A.11)

where V isvolume and Sis surface area of the room. This approximation assumes that the sound
fieldintheroomisdiffuse, that is, the energy density isuniformly distributed throughout the room
(homogeneous) and istraveling with equal intensity in every direction (isotropic). Thisideal con-
dition can only be approximated in real rooms because different areas of a hall will have different
amounts of absorption, depending upon the hall’s geometry and absorptive properties.

The average number of reflections per second 1? is the speed of sound c divided by the MFP:

R7d av’
The average time between reflections isthe inverse:

At =

="

d_4v
-

Although air absorbs some sound, much more sound is absorbed by wallsduring reflections. So
aroom with smaller At will have a shorter reverberation time than aroom with greater At .

Intuitively, when the sound source is first turned on in a room, it pumps acoustic energy into
the room, and though the walls suck energy out, they don't remove it al. The energy remaining
intheroom increasesitstotal energy, and we hear an exponential buildup of sound level over time.
When therate of energy entering the room equal sthe rate of energy leaving the room, equilibrium
is achieved, and the energy density plateaus.

Energy density in a reverberant room can be likened to the mean water level in aleaky water
tank: thelevel inthetank is proportional to theinput rate of flow and inversely proportional to the
output rate of flow. If theinput rate of flow goesto zero, water will drain out and the rate of water
losswill be proportional to the remaining water level. Similarly, in aroom, therate of energy loss
is proportional to the remaining energy density.

Let the energy density in aroom at timet be denoted by the function W(t). (Calculus alert!) By
definition, the energy rate of changeisdW/dt. We can expressthe observationthat therate of energy
change is proportional to the remaining energy by writing
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dw _

IW = kw A.12
dt ’ (A.12)

wherek is aconstant of proportionality that can be determined for particular rooms. The constant k
specifies the steepness of the slope. For example, a highly absorptive room such as an anechoic
chamber would have arelatively largevalue of k, whereasaroom with reflective stonewallswoul d
have a small value because its reverberation decays much more slowly. Equation (A.12) isa
first-order differential equation. The requisite mathematical equipment to solveit is presented in
volume 2, chapter 6.

Let's assume atrial solution of the form

W(t) = ekt (A.13)

If we substitute this definition of the function W back into (A.12), we get (by the power rule) the

general solution

daw d

2= kW = ekt = kekt, A.14

dt dt ( )
When we switch off theinput power to measurethereverberation time, let's say thetotal energy

density intheroomisinitially W(0) = W,,. Also set k = 1/t, wheret isthetime constant of the expo-

nential curve. Then we can write the particular solution as

W(t) = Wpe ', (A.15)

which saysthat the power Win the room is a decaying exponential function of timet with time
constant .

The reverberation time Ty corresponds to the length of time it takes for the sound to become
inaudible, defined as the time required for the sound to decay by 60 dB SIL, that is, to amillionth
of itsoriginal intensity. Wewant to know thetime T required for energy to drop by afactor of 106
in aparticular room, that is, we want a solution to the equation

107°W, = W,e "V .
Solving for T, we obtain
Ty =log(10%t, or Tr=1381.

Recall the definition of the average time between reflections At from (A.11). Setting T = At, we
obtain

T, = 1382,
S

Using avalue of ¢ = 342 m/s for the speed of sound, and combining constants, we have Sabine's
equation:
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v

T, =0.161
R S

(A.16)

Intheliterature, the constant rangesfrom 0.160 to 0.164, depending upon the speed of sound used.

Soisthistheright constant?1sthistheright equation for thejob? Given the number of alternative
formulationsin the literature over the last hundred years, it would seem that Sabine's remarkable
achievement is not without flaws. Even if we correct for air absorption, his formulatendsto esti-
mate reverberation times that vary widely from actual results. Also, its statistical nature provides
no way to adjust it for environments that are not ideally diffuse.

Another problem isthat as average absorption & approaches 1, Sabine’s equation does not pre-
dict that reverberation time goes to 0, even though in an anechoic chamber it effectively does.
Eyring (1933) proposed areverberation formulain which the absorption coefficient is calculated
according to oz = —In(1 — @), so that (A.16) becomes

Vv

T,=0.161———
R -SIn(1-a)

(A.17)

which gives areverberation time of 0 when @ = 1, and reducesto Sabine’'sformulawhen o < 1.
Many other refinements and alternatives are now available. After a century, reverberation timeis
still the subject of active research.

A.8 Excerptsfrom Pope John XXI1’s Bull Regarding Church Music

The competent authority of the Fathers has decreed that, in singing the offices of divine praise through which
we express the homage due to God, we must be careful to avoid doing violence to the words, but must sing
with modesty and gravity, melodies of a calm and peaceful character. . . . But certain exponents of a new
school, who think only of thelaws of measured time, are composing new melodies of their own creation with
anew system of notes, and these they prefer to the ancient, traditional music. . . . By some, their melodies
arebroken up by hocheti or robbed of their virility by discanti, tripla, motectus, with adangerous element pro-
duced by certain partssung ontextsinthevernacular. . .. Themerenumber of the notes, in these compositions,
conceal from us the plainchant melody, with its simple, well-regulated rises and falls which indicate the
character of the Mode. These musicians. . . intoxicate the ear without satisfying it, they dramatize the text
with gestures and, instead of promoting devotion, they prevent it by creating a sensuous and innocent
amosphere. . . . We are prepared to take effective action to prohibit, cast out, and banish such things from the
Church of God. Therefore, . . . We prohibit absolutely, for the future that anyone should do such things, or
others of like nature, during the Divine Office or during the Holy Sacrifice of the Mass. . . . However, We do
not intend to forbid the occasional use. . . of certain consonant intervals superposed upon the simple eccle-
siastical chant, provided these harmonies are in the spirit and character of the melodies themselves, as, for
instance, the consonance of the octave, thefifth, thefourth, and others of this nature; but always on condition
that the mel odiesthemsel vesremainintact in the pureintegrity of their form, and that no innovation take place
against true musical discipline. . . . Made and promulgated at Avignon in the Ninth Year of Our Pontificate
(1324-1325). Corpusjuis canonici. (Hayburn 1979)



Appendix A 419

A.9 Greek Alphabet

Besides being the al phabet of amajor modern civilization, the Greek a phabet (table A.1) isuseful
not only for the study of mathematicsbut also for studentsbeing rushed for fraternities. It may also
come in handy when eating alphabet soup in Greece.

TableA.1

Greek Alphabet

Alpha A o lota I ! Rho P p
Beta B B Kappa K K Sigma z c
Gamma r Y Lambda A A Tau T T
Delta A d Mu M n Upsilon Y v
Epsilon E € Nu N \Y Phi [ [0}
Zeta Z ¢ Xi =) 1S Chi X x
Eta H n Omicron o o Psi v v
Theta (€] 0 Pi 1 T Omega Q ®
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Mathematics is the music of reason.
—James J. Sylvester

B.1 MUSIMAT

Why did | invent a new programming language when there are so many excellent ones already
available? The problem is that most programming languages are more general-purpose than is
required for the relatively specialized purposes of this material, and a proper introduction to such
agenera-purpose language would lead the discussion too far afield. | decided it would be of more
service to readersto specialize the language so that its features would match the examplesin this
book as closely as possible. That way, the focus would remain on the subject being coded rather
than on the language being used to codeit.

Nevertheless, MUSIMAT issimilar to other procedural languages such as C or C++ (see Stroustrup
1991), so if you aready know one of these, it should be easy to pick up MusIMAT. If you don’t
know any programming language, learning one should be easier after you learn MUSIMAT.2
| present everything you'll need to know about MUSIMAT in the following sections.

B.1.1 Basic Elements
Virtually all programming languages, including MusIMAT, share the following characteristics:

= Flow control  Specifying the order in which the steps are to be taken.

= Datatypes Namingthekindsof objectsto be operated onand describing their behaviors. Types
of numbers, such asinteger and real are common basic data types.

= Variables Names of placesto hold data of various types.

= Operators A set of actionsthat can be performed on data. Operationslike“add”, “assign”, and
“select” perform well-defined operations on the data.
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= Conditional evaluation Making decisions based on circumstances and taking appropriate
action.

= |teration If an algorithm isto be applied repeatedly to data, for instance, the way Euclid’'s
method does, then we need away to expressthis.

= Recursion If afuture output depends upon a current or previous output aswell as possibly the
current inputs, we say that the relationship is recursive.

= Data structures It is sometimes necessary to group data into collections, such as sets, lists,
arrays, and matrices. The types of these data structures can be homogeneous (all aike) or heter-
ogeneous (amixed bag).

= Named methods When we've developed a set of instructions that does something useful, we
want to beableto giveit aname, like* Euclid’smethod” or “ Guido’smethod.” Since programming
languages devel oped out of the mathematics of functions, we use functional notation to represent
the operation of methods.

B.1.2 Statementsand Expressions

Most methodsread, “Do this, then dothat.” Each “do this’ step isastatement. Sequences of state-
ments are read | eft to right, then down the page. The elements of each statement, called expressions,
determine what the statement is about. In many programming languages (including MUSIMAT),
semicolons (;) separate statements.

B.1.3 DataTypes

To begin, we need only two types of numbers, | nt eger, which is a positive or negative whole
number, and Real , which is an approximate real number. To keep things simple, let’s assume for
our purposesthat we have virtually unlimited precision for computations. Aswego along, | intro-
duce additional data types as needed.

B.1.4 Constants

A constant isany number whose val ue does not change. The number 3isaconstant | nt eger . The
number 3.14159. . . isaconstant Real .

MuUSIMAT also predefines two constants, Tr ue and Fal se, and gives them integer numeric
values of 1 and O, respectively.

B.1.5 Variables

Variablesare named placesto store data. Names areindicated by one or more upper- or lower-case
letters, likeQ n, or f r ed. Alphabetic caseissignificant, sof r ed denotesadifferent variablethan
doesFr ed. Numberscan also be used in variable names (for example, Fr ed33), but thefirst letter
of avariable name may not be a number.

Since they physically embody data, variables occupy space and time. Variables flow into
existence when they are defined, and generally hold their value until the end of the program
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unless additional steps are taken to change their value or to restrict their existence to a certain
region of the program.

B.1.6 Reserved Words

For the language to be unambiguous, we must reserve the meaning of certain words and symbols.
Reserved words are distinguished by an initial capital letter and are shown using a speci al
f ont . Reserved words include | f, Whi | e, Do, For, Repeat , El se, Hal t, Real , I nt eger,
Ret ur n. Someother symbolsare al so reserved. These symbolscan’t be used for anything but their
designated meaning.

B.1.7 Lists

We can group sets of variablesto keep track of their relations. An| nt eger Li st representsacol-
lection of | nt eger expressions, for example,

IntegerList iL = {1, 1+1, 3, 5-1};

definesalisti L containing the integers 1 through 4.
A Real Li st represents acollection of Real expressions:

Real List rL = {1.1, 2.2, 3.3, 4.4};
We can obtain the length of alist of any type. For example,

Integer n = Length(rlL);
Print(n);

prints 4.
B.1.8 Operatorsand Operands

The symbols + and — are operators, and the data they act upon are operands. Most operators take
two operands, and the operator lies between the operands, for example,a + b,andc / d.Such
operatorsare called binary infix, meaning that the operator lies between two operands. Initsbinary
infix form, the symbol — means subtraction, for example, a — b. The unary prefix — operator
comes before the expression it negates, for example, -3.

Multiplication in mathematics is typically expressed by the concatenation of variables, so for
instance at means the product of variables a and t. But this can be ambiguous, because at could
asorefer tothesingleword“at”. To avoid ambiguity, theinfix operator * indicates multiplication,
so the product of mtimesn iswrittenm * n.

B.1.9 Assignment
We can assign the value of an expression to avariable using the assignment operator =. For example,

Il hs = rhs;
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assignsthe expressionr hs to| hs. The object on theright-hand side of the=sign (i.e., r hs) can
be any expression. The object on the left-hand side (i.e., | hs) must be a variable name, with one
exception. For example, the statement

s =3 + 5

setsthe value of variable s to 8.
Theleft-hand side of an assignment can also indicate that acertain element of alististoreceive
the value on the right-hand side. For example,

IntegerList iL = {0, 1, 2, 3};
iL[2] = 10;

replaces the third element with 10, causing the list to become
{0, 1, 10, 3}

Note that lists are indexed starting at 0. So writing

i L[0] = 55;

causesthelist to be

{55, 1, 10, 3}

B.1.10 Relations

Relational operators compare numeric values. For example, intheexpressionx <y, if y isgreater
than x, the value of the expressionis Tr ue; otherwise the value of the expressionisFal se. Other
relational operationsinclude > for greater than, <= for lessthan or equal, and >= for greater than
or equal.

Because = has already been given the meaning of assignment, we must choose another way to
express equality, which we do by putting two equals signstogether: ==. For example, the expres-
sionx == y isTrue if x andy have the same value.

Inequality isexpressed by ! =, sofor example, x ! = y isTrue if x andy have different values.

B.1.11 Logical Operations

Logical operators compare truth values. For example, the expressionx And vy istrueif and only
if x == True andy == True. The expression x Or vy istrueif either x == True or
y == True.

B.1.12 Operator Precedence and Associativity

Intheexpressiona * x + b * y, whatistheorder in which the operations are carried out? By
the standard rules of mathematics, we should first form the products a* x and b*y, then
sum the result. So multiplication has higher precedence than addition. The natural precedence of
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operations can be overridden by the use of parentheses. For example, a * (x + b) * y forcesthe
summation to occur before the multiplications.

In the expression a + b + ¢, we first add a to b, then add the result to ¢, so the associativity
of addition is left to right. We could express left-to-right associativity explicitly like this:
(((a) +b) +c).

The rules of precedence and associativity in programming languages can be complicated, but
the programming examples in this section use the following simplified rules.

Expressions are evaluated from left to right, except

= Multiplications and divisions are performed before additions and subtractions.

= All arithmetic operations (+, —, *, /) are performed before logical operations (And, O,
== < >).

= Parentheses override the above precedence rules.
For details, see section B.3.
B.1.13 TypePromotion and Type Coercion

What if the valuesin an expression are not of the same type? For example, since both operandsin
the expression 2/ 3 are integers, the quotient will be an integer. The quotient of 4. 5/ 2. 25 will
bearea number because both operandsarereals. But what isthe quotient of 2/ 2. 25?Our options
areto coercethe numerator tobeaReal andthen performreal division, or coercethe denominator
tobean | nt eger and then perform integer division. Which shall it be?

Sincethe set of al realsincludesthe set of all integers, it makes sense to promote the integer 2
to the corresponding real value 2. 0 and then perform real division. MUSIMAT automatically con-
verts2/ 2. 25 into 2. 0/ 2. 25 and then performsreal division. In general, integer values are auto-
matically promoted to reals wherever they occur in an expression with reals.

If automatic type promotion isnot desired, the type of an expression can be coerced by directly
indicating its type. Consider the expression:

10/ I nt eger (3. 33)

First, the real value 3. 33 istruncated to the integer value 3, then because both numerator and
denominator are now integers, integer division is performed. Beware of things being donefor you
automatically by computers! You still must pay attention to head off unintended consequences.
Consider:

26/ 1 nt eger (2. 5)
equals 13, but
I nt eger (26/ 2. 5)

equals 10.
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B.1.14 Accessing List Elements

We can access an element of alist using the index operator [ ] . Suppose we have the following
declarations:

Integer w=1, x =2, y =3, z = 4
IntegerList iL ={w x, y, z};

Then the statement

Integer ¢ = iL[0];

assigns ¢ the same value asw (which is 1). The statement
c =ilL[3];

assigns c the samevalueasz (whichis4).
Thefirstelementonali st isindexedby 0, andif aLi st hasN elements, thelast oneisindexed
by N—1

B.1.15 Functions

Functional notation in mathematics allows usto encapsul ate and name arithmetic expressions. For
example, if we have defined thefunction f(a, b) =a+ b, thenf standsfor a+ b. Thevalueor values
in parentheses after afunction name, called arguments, supply the function with inputs. Functions
aso typically return aresult. For example, using this definition of f, 7 = (3, 4).

Programming languagestypically comewith aset of predefined functionsfor the most common
necessities, and they also allow new functionsto be created. For example, in MUSIMAT al oper-
ators also have afunctional representation, so writing

Real x = Divide(11.0, 4.0);
isthe same as writing
Real x = 11.0/4.0;

In this case, x is set to the quatient, 2.75. Real division is performed because both numerator
and denominator arereals. If wewant to performinteger division, both numerator and denominator
must be integers. We could write

Integer x = Divide(1l1l, 4);
or equivalently,

Integer x = 11/ 4;
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In either case, x isset to the quotient, 2, and the remainder is discarded. To get the remainder after
integer division we can write

Integer x = Mod( 11, 4 ); // remainder of integer division

The variable x is set to 3, the remainder of 11/4. For positive integersmand n, Mod(m n)
liesbetween 0 and n — 1. Why isthisfunction called Mod instead of, say, Renai nder ? See appen-
dix A, A.6. The equivalent operator form for remaindering also |ooks a little strange:

Integer x = 11 % 4;

The%sign doesnot haveitsusual meaning of “ percent” in MUSIMAT. Instead, it means* remain-
der of integer division.” Mod and %can only be applied to integer operands.

Some useful built-in functions are not associated with operators. Exponentiation is performed
by the function Pow( ) . These three statements,

Real base = 10.0;
Real exp = 2.0;
Real x = Pow(base, exp);

are equivalent to writing x = 10.029, and the result stored in x is 100. 0. Going the other way:
Log10( x) isequivalent to log,, X, and

Real y = Log10(100.0);

setsy to 2.
Another built-in function, Pri nt () , alowsusto observe the value of avariable or expression.
When executed, the statements

Real x = 11.0/4.0;
Print(x);

display the value of x, or 2.75. The way in which the value is displayed varies with the type of the
expression and thetypeof computer. If thecomputer isaperson, for example, heor shemight say “two
point sevenfive.” If itisan electromechanical computer, it might show the value on adisplay screen.?

When the predefined function Hal t () isexecuted, the method in progress stops at that step in
theprogram. TheargumenttoHal t () , if any, can be used to indicate the answer or result obtained
by the program up to that point.

Onefinal built-in function isRandont( ) , which returns areal number in therange of 0.0to 1.0
chosen at random.

B.1.16 Conditional Statements

A mathematical notation for determining the sign of a number is

_ X<0, a
y= x>0, b
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which setsy to a if x is negative; otherwise it setsy to b. Such relational expressions are called
predicates. MUSIMAT accomplishes the same thing like this:

If (x <0)
y = &
El se
y =b;

In thisexample, y receivesthe value of a if x islessthan O; otherwisey receivesthe value of b.
The El se part of this construction is optional. So for example,

If (a <b)
Print(a);

printsa only if itislessthanb. | f and El se can be combined to allow chains of predicates:

If (x <0) /'l is x negative?
y = &

Else If (x == 0) /1 it’s not negative, but is it zero?
y = b;

El se /'l neither negative nor zero, x nust be positive
y =¢;

B.1.17 Compound Statements

Supposewe need to do morethan onething depending onthevalueof apredicate. If weneedto execute
multiple statements that depend upon a common predicate, we can group them together into alist of
statements. For example, {m = n; n = r;} isalist of statements, also called a compound state-
ment. Consider steps 2 and 3 of Euclid’s method (see section 9.2.2), which can be expressed

If (r==0)
Hal t (n);
El se {
m = n;
n=r;

}

If r isnot equal to O, first mis assigned the value of n, and then n is assigned the value of r . We
express thisin MUSIMAT by making these two steps into a compound statement.

Any legal statement can appear within acompound statement, including other compound state-
ments. This means we can nest compound statements inside each other.

B.1.18 Iteration

We must be ableto repeat astatement or statements multiple times. For example, Euclid’s method
returns to step 1 from step 3, depending upon the value of variable r (see section 9.2.2). In
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MUSIMAT, the Repeat statement causes a statement or compound statement to repeat intermina-
bly. This alows us to implement Euclid’s method as follows:

Repeat {
r = Mod(m n); //remai nder of mdivided by n
If (r ==0) {

Hal t (n); /1 halt, and give answer n
} Else {
m= n;
n=r;
}
}
This code shows an example of nested compound statement lists. The bare syntax of thisexampleis
Repeat {... If (...) {...} Else {...}}

and the compound statementsfollowing | f and El se are nested inside the compound statement
following Repeat . We can nest compound statements as deeply as we desire.

Sinceit never stopshy itself, theonly way toterminateaRepeat statementiswithaHal t state-
ment.3 It's a crude but effective technique; however, there are more elegant ways to decide how
many times to repeat a block of statements. The Do- Wi | e statement allows us to specify ater-
mination condition that is evaluated after the body has been executed. Here is an example that
prints the random value assigned to x and repeats for aslong asx islessthan 0. 9.

Real x;

Do {
x = Randon(); // choose a random val ue between 0.0 and 1.0
Print(x);

} Wile (x < 0.9);

Because Randon( ) returnsauniform random value in the range 0.0 to 1.0, its value will be less
than 0.9 on average 90 percent of the time. It is possible, though unlikely, that this statement would
printitsvalueonly once, anditisalso possiblethat it could print dozens, even hundreds, of timesbefore
halting, depending upon the particular sequence of random numbers returned by Randont( ) .

The For statement also implements away of repeating a statement or compound statement a
number of times, but it allows usto directly manage the value of one or more variables each time
the statements are executed and to use them to determine when to stop. This example prints the
integers between 0 and 9:

I nteger i;
For (i =0; i <10; i =i + 1)
Print(i);



430 Appendix B

Thevariablei iscalled the control variable. The examplefirst setsi to 0, thentestsif i < 10.
Since0 < 10,thePrint () statement is executed. Next, the For statement executes the state-
menti =i + 1,whichaddsltothevalueofi.Sonowi equalsl. Again, theFor loop tests
ifi < 10,andsincel < 10, itexecutesPrint () again. It again adds 1 to thevalue of i . So now
i equals2. This process continues until i == 10, whereupon the For loop terminates because
theni < 10 isFal se.

TheFor statement isalittletwisty, solet’'stake amore careful look at its operation. In general,
we can name the parts of the For statement asfollows;

For (initialization; test; change)
st at enent

where st at emrent can beasingle statement (terminated by asemicolon) or acompound statement
(enclosed with curly braces). The For statement first executesthei ni ti al i zat i on code, then
evaluatestheboolean expressiont est . If thevalueof t est isFal se,theFor statement terminates.
If thevalueof t est iSTr ue, the st at ement isexecuted, thenthechange expression isexecuted,
andfinalythet est isevaluated again. If thevalueof t est isFal se,theFor statement terminates.
If thevalue of t est iSTr ue, the cycle repeats again and again until the value of t est isFal se.

As a convenience, it is possible to define and set the value of thei ni ti al i zat i on variable
in one step, so the preceding example could have been written

For (Integer i =0; i <10; i =i + 1)
Print(i);

B.1.19 User-Defined Functions

MUSIMAT, like most programming languages, allows users to define their own functions. Take
Euclid’'s method, for example. To define it, we must state how the input variables mand n receive
their inputs, and determinewhat happensto theresult when the method halts. We can defineafunc-
tion named eucl i d() in MusIMAT asfollows:

Integer euclid (Integer m Integer n){
Repeat {
Integer r = Mod(m n);
If (r == 0)

Ret urn(n);
Else {

m = n;

n=r;

The function is declared to be of type | nt eger becauseit will returnan| nt eger result.
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Notethat Ret ur n( n) hasbeen substituted for the Hal t ( n) function shown previously. Instead
of halting execution altogether, the Ret ur n( n) statement only exitsthe current function, carrying
withit thevalue of itsargument back to the context that invoked it. The program can then continue
executing from there, if there are statementsfoll owing itsinvocation. Here's an example of invok-
ing theeucl i d() function:

Integer x = euclid(91, 416);
Print(x);

whichwill print 13. If wehad used Hal t () ineucl i d(),we'dnever reachthePri nt statement
because the computer would stop.
Here's another way to compute the same thing:

Print(euclid(91, 416));

Thisway we can eliminatethe“ middleman” variable x, which only existed to carry thevaluefrom
theeucl i d() functiontothePri nt () function. Inthisexample, thecall totheeucl i d() func-
tion is nested within the Pri nt () function. MUSIMAT invokes the nested function first, and the
valuethat eucl i d() returnsissupplied automatically as an argument to the enclosing function,
Pri nt () . Functions can be nested to an arbitrary extent. The most deeply nested function is
aways called first.

B.1.20 Invoking Functions

We had two situations where the function eucl i d() wasfollowed by alist of arguments, once

whereit was defined, and another where it wasinvoked. The arguments associated with the def-

inition of eucl i d() arecalled its formal arguments. They arel nt eger mand | nt eger n.

The values associated with itsinvocation (integers 91 and 416) are called its actual arguments.

A function will have only one set of formal arguments that appear where the function is defined.

It will have as many sets of actual arguments asthere are invocations of the functionin aprogram.
When afunction is invoked, three things happen:

1. The values of the actual arguments are copied to the corresponding formal arguments.

If an actual argument isaconstant, itsvalueissimply copied to the corresponding formal argument.
Example: Pri nt (3) copies3 totheformal argument for Pri nt () .

If anactual argumentisavariable, itsvalueiscopied to the corresponding formal argument. Example:
Integer a = 3; Print(a) copiesthevaue of a (whichis 3) to the formal argument for
Print().

If an actual argument is another function, that function is evaluated first, and its return value
replaces the function. Example: For the statement Pri nt (eucl i d(91, 416)), first
euclid(91, 416) isevauated, and the result (which is 13) is substituted in its place. So the
statement becomes Pri nt ( 13) . Finally, the 13 is copied to the corresponding formal argument
of thePri nt () function.
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2. The body of the function is executed using the values copied to the formal arguments in the
first step.

3. Thereturn value of the function is substituted for the function call in the enclosing program.
B.1.21 Scopeof Variables

A function’sformal argumentsare said to have local scope because they flow into existence when
the function begins to execute and cease to exist when the function is finished. It is also possible
to declare other variables within the body of afunction. For example, thisfunction definesalocal
variable named sum

Integer add(lnteger a, Integer b) {//return the sumof a plus b
I nteger sum= a + b;
Return(sum;

}

Liketheformal argumentsa and b, the scope of sumislocal tothefunctionadd( ) . They disappear
when the function exits. The only thing that persists is the expression in the Ret ur n statement,
which is passed back to the caller of the function.

Local variables can aso be declared within compound statements. For example,

If (x > 10 And vy < 10){
Integer sum= x + vy;
Print(sum;

}

These variables disappear when the compound statement is exited.

Variablesdeclared outside the scope of any function arecalled global variables. They are acces-
sible from the point they are declared until the end of the program. They are said to have global
scope.

B.1.22 Passby Valuevs. Passby Reference

Global variables can be accessed directly within functions. For example, this function returnsthe
difference of global variablesx and y.

Integer x = 2; /1 x is a global variable
Integer y = 3; /1y is a global variable
I nteger subxy() {Return (x —vy);}

Referencing global variables directly inside afunction is not arecommended practice because
it ties the function to particular individual variables, limiting its useful ness.

Thereason people aretempted to reference global variablesdirectly insidefunctionsisthat ordi-
narily al that returnsfrom afunctionistheexpressioninitsRet ur n() statement. Sometimes, it's
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nice to allow afunction to have additional side effects. That way functions can affect more than
onething at atimein the program. But there's a better way to accomplish side effects: we can use
arguments to pass in a reference to a variable from outside.

Asdescribed in the preceding section, ordinarily only the value is copied from an actual argu-
ment to its corresponding formal argument. But declaring a formal argument to be of type
Ref er ence causes MUSIMAT to let the function directly manipulate a variable supplied as an
actual argument. Thefunction doesn’t get the value of thevariable, it getsthevariableitself. When
afunction changes aRef er ence formal argument, it changes the variable supplied as the actual
argument.

We can use Ref er ence argumentsto allow functions to have multiple effects on the variables
inaprogram. For example, let’sdeclare afunction that takestwo Ref er ence argumentsand adds
10 to each of their values.

add10( Ref erence a; Reference b){
a = a + 10;
b =Db+ 10;

}

Now let's declare two global variables with initial values:

I nteger x
I nteger y

2;
3,

Now let's use them as actual arguments to the function and then print their values:

add10(x, Vy);
Print(x);
Print(y);

Thisprints 12 and 13 because the function changed the values of both global variables. Thisisa
very handy trick.
Here are the rules to remember:

= Anordinary (non-Ref er ence) formal argument provides its function with a copy of its actual
argument. Changing the value of an ordinary (non-Ref er ence) formal argument inside thefunc-
tion does not change anything outside the function, that is, such arguments have local scope. The
actual arguments are said to be passed by value to the formal arguments.

* A Ref er ence formal argument providesits function with direct access to the variable named
as its actual argument. The actual argument must be a variable. Modifying the value of a
Ref er ence argument inside a function changes the referenced variable outside the function.
Thus, the scope of aRef er ence formal argument isthe same as the scope of its actual argument.
The actual arguments are said to be passed by reference to formal arguments when they are
declared to be of type Ref er ence.
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B.1.23 Type Conversion
We can explicitly convert | nt eger expressionsto Real , and vice versa. For example:

Real a = 10.0/3.0;

Print(a);

prints3.333 . . . ,and

Integer b = Integer(a); // convert a to Integer
Print(b);

prints 3.

Whenassigninga tob, theReal valuea isconvertedtoan! nt eger by truncating (discarding)
the fractional part of a (that is, by discarding 0.333...), and the integer residue (3) is assigned to
b. If we then write

Real ¢ = Real (b);

theinteger value of b (whichis 3) is converted to the equivalent Real value (3.0), whichis stored
inReal variablec.
Converting from Real to I nt eger, we have some choices. For example, if

Real a = 10.0/3.0; // Real variable a is set to 3.333 .
then

Real d

Floor(a); // dis set to 3.0

setsd to 3. 0. The built-in FI oor () function returns the largest integer lessthan its Real argu-
ment. The statement

Real x = Ceiling(a);

sets x to 4 because the built-in Cei 1'i ng() function returns the smallest integer greater than its
argument.
We can round aReal to the nearest whole number as follows:

Real r = Floor(a + 0.5); // round c to the nearest whol e nunber

Ifa = 2.4,thenFl oor(a + 0.5) returns2. 0. Butifa = 2.5,Fl oor(a + 0.5) returns
3.0. Floor(a + 0.5) returns2. 0 forany valuea intherange2. 0to 2. 499. .. andreturns
3. 0forany valuea intherange2. 5t02. 999. . . . But wedon't have to do rounding ourselves,
MusIMAT has a built-in function:

Print (Round(2.49999)); // prints 2.0
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B.1.24 Recursion

Recursion meansreferring back to avaluewe' ve cal cul ated previously. Consider thefactorial oper-
ation where 5! means5-4-3-2- 1. We could use a For statement to calculate factorials. This
function calculates factorials using iteration:

Integer factorial (Integer x){
Integer n = 1;
For (Integer i =x; i >1; i =i = 1)
n=n°=w*i;
Return(n);
}

The statement
Print(factorial(5));

prints 120.

Westart withn = 1andi = 5. TheFor loop takesthe previousvalue of n, multipliesit by the
current value of i and reassigns the value to n. It then decrementsi and performs the operation
repeatedly solongasi > 1.

B.1.25 Recursive Factorial

Hereisamoredirect approach to computing factorialsusing recursion. Since x! = x - (x—1)! ,we
can write

Integer factorial (Integer x){

If (x == 1)
Return(1);
El se
Return(x * factorial (x — 1));
}
This method has two states. If x == 1, wereturn 1 since 1! is equal to 1. Otherwise, we return

x multiplied by the factorial of x — 1. Consider the statement
Print(factorial (5));

Whenthefactorial functioniscalled, x isassigned thevalue5. Because5 isnot equal to 1, thefac-
torial function evaluates the El se statement and callsf act ori al (4) . Because 4 is not equal
to 1, the factorial function evaluates the El se statement and callsf act ori al (3), and so on.
Eventualy, wereachf act ori al (1) , whichreturns 1, which is multiplied by 2, then by 3, then
by 4, and finally by 5. The top-level f act ori al () function returns the product, 120, to the
Print () routine.
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B.1.26 Fibonacci Numbers
In the sequence
1,1,23,5,8,13, 21, 34, 55, 89, 144, 377, 610, 987, 1597, 2584, . . .

each subsequent term is the sum of its two immediately preceding values. For example, 8 =5 + 3.

This series, invented by Leonardo Pisano Fibonacci (1170-1250), isthe solution to a problem he

posedin hisbook Liber Abaci: “A certain man put apair of rabbitsinaplacesurroundedonall sides

by awall. How many pairs of rabbits can be produced from that pair in ayear if it is supposed that

every month each pair begets a new pair which from the second month on becomes productive?’
Here is an iterative method of computing the Fibonacci sequence:

Integer iterFib(lnteger n) {
Integer fnl = 1;
Integer fn2 = 1;
I nteger result
For (Integer i
result = fnl + fn2;
fn2 = fnil;
fnl = result;

}
Return (result);

I
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}
Executing this For loop,

For (Integer i = 1; i < 10; i++)
Print(iterFib(i));

prints the sequence 1, 1, 2, 3, 5, 8, 13, 21, 34. Here is a method that accomplishes the same
calculation using recursion:

Integer recurFib(lnteger n) {
If (n==10 n == 2)
Return(1);
El se
Return (recurFib(n — 1) + recurFib(n - 2));

Therecursivetechnique has crisper expressive power than theiterative approach because we see
the inner structure of the sequence directly in the method of its construction. However, it is com-
putationally much more expensive, especially for large n, because we must call ther ecur Fi b()
method twice at each step, whereasi t er Fi b() performs only one addition and minor data
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shuffling at each step. Hereisan example where Knuth's “goodness’ criterion depends upon con-
text. If efficiency isparamount, theiterative approachispreferred; recursionispreferableif expres-
sive crispness is most important.

The Fibonacci sequence becomesrel evant musically when we examine the ratios of subsequent
terms:

1'1'2'3'5" 8"
The corresponding sequence of quotientsis
1, 200, 1.500, 1.670, 1.600, 1.625, 1.619, 1.617, 1.618, . . .

Thus we see that theratio of adjacent Fibonacci numbers converges rapidly to the value of the
golden mean, ® = 1.618. .. . The Greek letter phi, ® , iscommonly used to stand for the golden
mean. Thisnumber appearsin awiderangeof natural designs, including thearrangementsof petals
in flowers, seed clusters, and pine cones. Studied at least since Euclid wrote his Elements, the
golden mean has appeared consciously and unconsciously asacentral design element in countless
musical works (see section 9.16.1).

B.1.27 Other Built-in Functions

MusIMAT includes standard mathematical functionssuchasSqrt (x) = +/x. Therearetrigono-
metric functions such as Si n(x), Cos(x), and Tan( x) . Arguments to trigonometric functions
arein real radian values. Speaking of radian measure, here's an interesting way to compute « to
the machine precision of your computer:

Constant Real Pi = Atan(1.0) * 4.0; // arctangent of 1 tines 4 equals Pi

The function Abs( x) returns the absolute value of its argument. It works for either Real or
I nt eger expressions. For instance, both of the following statements will print Tr ue:

If (Abs(-5) == Abs(5)) Print(True); Else Print(False); // Integer Abs( )
If (Abs(-5.0) == Abs(5.0)) Print(True); Else Print(False); // Real Abs( )

With noarguments, thebuilt-infunction Randon{( ) returnsarandom valuebetween0.0and 1.0,
but if Randon() isgiven arguments specifying Real lower and upper bounds, it returns a Real
random val ue between those boundaries. For example,

Real x = Randon{ 0.0, 11.0);

returnsarandom Real valueintherange 0.0 < x < 11.0. Notetherangeisfrom 0.0to amost 11.0.
If Randon() isgiven arguments specifying | nt eger lower and upper bounds, it returns an
I nt eger random value between those boundaries. For example,

I nteger x = Random(0, 11);
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returnsarandom I nt eger valueintherange 0 < x < 11. NotetherangeisinclusivefromOto 11.
B.1.28 Comments

Itisaways helpful to readersif programmersinsert commentsinto their programs. In MUSIMAT,
any text beginning with two slashes // out to the end of the line is commentary. For example:

X =a+b; // this text is comentary

Sometimesit’suseful to be ableto put acomment anywhere, eveninthemiddleof an expression.
All commentary between/ * and */ isignored.

X =y [/[* this conmentary is ignored by MsIMT */ + z;

When the expressionisevaluated, all commentary isignored, so theresulting expressionisx =
y + z;.Commentary between/* and*/ can extend over multiple lines of text, as necessary.

B.1.29 Representing Text

Inorder to print text, weuseadatatypecalled Char act er , which consistsof theletters of the Roman
alphabet, digitsfrom 0 to 9, and some nonprinting characterslike tab, white space, and punctuation.
Characters arewritten in singlequotes: * a' ,' B',' ¢' , and so on. Punctuation marksinclude'
(blank), ', (comma),"' ;"' (semicolon), and' . (period). We can spell words and sentences by
making lists of characters, for example{' G, 'u', 'i', 'd', 'o'},butthiswouldbeexces
sively tedious. A shortcut for lists of charactersis another datatype called St ri ng. For example,

String ¢ = "U queant |axis resonare";

This string is equivalent to, and much simpler than, assembling alist of characters.

Computers operate with binary numbers, not al phabetic | etters. So we must associate each char-
acter we want to display with aunique binary number. The computer operates only on the binary
numeric values; the display screen connected to the computer knows how to convert binary
numeric values to the corresponding characters for display.

We need atable listing the association between particular binary values and the corresponding
printed characters. Thistableis called acharacter set. When akey is pressed on a computer key-
board, the keyboard looks up the corresponding binary number in the character set and sends it
to the computer. The computer forwards the number to the display screen, which also uses
the character set to determine which character to display. Only the keyboard and the screen usethe
character set; the computer just stores the corresponding binary numbers.

International standard | SO-10646 definesaUniversal Character Set, commonly called Unicode.
Tokeepthingssimple, MUSIMAT usesacommon subset of Unicode called ASCI | (seesection B.2).
Thebuilt-inChar act er () functiontakesan ASCI| character code asitsargument and returnsthe
corresponding printable Char act er.

Print (Character(65));
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printsthe character ' A' . Thel nt eger () function can take a printable Char act er asits argu-
ment and return the corresponding ASCI| character code. For example:

Print(Integer('A));

prints 65.

B.2 Music Datatypesin MUSIMAT

This section describesthe design of music datatypesavailablein MUSIMAT for representing pitch,
rhythm, duration, frequency, and loudness.

B.2.1 Pitch

We would ideally like to have a uniform way to represent all pitch systems discussed in chapter 3.
It would be convenient if we could do arithmetic on pitches, for example, to find the size of an
interval by subtracting two pitches, to calculate the frequency of a pitch, or to get the pitch of
afrequency.

Solving the simplest problem first, | designed adatatypefor the equal -tempered scale using the
piano keyboard. This can be generalized to other scales. The gamut of a standard piano keyboard
is 88 keys, indexed from 0 to 87, lowest to highest. We start by associating each key number with
aname. The lowest pitch on standard pianos is A0, corresponding to key 0, and the highest pitch
isC8, corresponding to key 87. Interval sizein degreesisthe difference between key indexes. For
example, C4 iskey 48 and F4 iskey 53, sotheinterval C4 —F4 correspondsto five semitones, which
isthe diatonic interval of afourth.

MusIMAT comes with a built-in datatype called Pi t ch. By defaullt, it assumes 12 degrees per
octave, but the degrees can correspond to any frequencies, so for example, it can be used directly
to create any dodecaphonic scale. It al so can be adjusted to handle scal eswith other than 12 degrees
per octave.

By default, thePi t ch datatypeemulatescommon musical notation conventionsregarding scale
degrees, interval sizes, and transposition. For example, the pitch As4 (pitch class A; in the fourth
piano octave) is defined as

Pitch As4 = Pitch(9,1,4);

The first number, 9, represents the diatonic degree as the number of semitones above C.
Diatonic pitch A isthe ninth semitone above C (seefigure B.1). The second number, 1, indicates
the accidental. In this case, the A is sharped (raised by a semitone). The chromatic scale
degree is obtained by adding the diatonic scale degree, 9, and the accidental, 1, which for A;
yields 10 (see figure B.1). The third number, 4, indicates the octave on the standard piano
keyboard.
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FigureB.1
Diatonic degrees expressed as chromatic pitch classes.

Thechromatic degreesfrom A0 to C8 are predefined in MusIMAT in both flatsand sharps. Since
As4 and Bb4 represent the same chromatic degree, the statement

Print(Bb4 == As4);

prints Tr ue. In general, Pi t ch isdefined by thetriple (pitch-class, accidental, octave), where
pitch-classis an integer from 0 to N, and N is the number of degreesin an octave.

In defining the pitch A:4, thetriple (9, 1, 4) isassigned tothevariable As4. Variable As4
containsthese three values as one compound entity. This compound val ue can be passed from one
Pi t ch variable to the next. For example, the statements

Pitch x = As4; // assign As4 to X
Print(x==As4);

print Tr ue. Arithmetic can be performed on pitches to sharp or flat them. For example,
Print(A4 + 1) printsAs4, and Pri nt (A4 — 3) prints Go4. Similarly, Pri nt (A4 * 3)
prints C12, and Pri nt ( A4/ 3) printsEl.

Each element of aPi t ch can be accessed using these built-in functions:

Pi tchC ass(Pitch p) Returnsthe diatonic pitch class. For example, if pisAs4,9
isreturned (seefigure B.1).
Acci dental (Pitch p) Returns the accidental as an integer, where 0 is natural,

negative values are increasingly flat, and positive values are
increasingly sharp. For example, if p isAs4, 1isreturned.

Cctave(Pitch p) Returns the octave on the piano keyboard. For example, if
p isAs4, 4 isreturned.

These elements can be used to determine the piano key index corresponding to a particular pitch:

I nteger key(Pitch p) {

Integer pc = Pitchd ass(p); /1l fromoO .. 11
I nt eger acc = Accidental (p); /1 —-1=flat, O=natural, 1=sharp
I nteger oct = Cctave(p); /1 fromO .. 8

Return((pc + acc) + 12 * (oct — 1) + 3);// conbine
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A way to think about theexpressionintheRet ur n() statementisasfollows. Say wewant tofind
the piano key index for A0. We know it’s the bottom note on the piano, so it should return an index
vaueof 0. Thetripleof A0Ois(9, 0, 0).TheexpressonintheRet urn() statement equalso for
thistriple. Similarly, thetripleof A4 is(9, 0, 4),anditscorresponding key index is48.

Equal-Tempered Frequency Pitch provides a representation of scale degrees and does not
denote frequency. We can convert to frequency using any scale system welike, beginning with the
equal-tempered scale. We can compute the equal-tempered frequency of a Pi t ch, assuming a
reference such as A4 equals 440 Hz, by adapting equation (3.3), f,, = f - 2V*¥/12, to compute
hertz values from chromatic scale degrees:

Real pitchToHz(Pitch p){

Real R = 440.0; /'l reference frequency
Real key = PitchC ass(p) + Accidental (p); // get key index
Real oct = Cctave(p); /1 get octave

Return(R * Powm 2.0, (oct — 4) + (key — 9) / 12.0));
/1 return frequency

A way to think about the expression in the Ret ur n() statement is as follows. The reference
pitch is 440 Hz, corresponding to A4. So we want the value returned from this function to equal
440.0 when p isA4. Thetriplefor A4 is(9, 0, 4),sowhenpitchToHz() iscaled with A4,
we want to evaluate f - 20, which can be achieved by subtracting 9 from the pitch and 4 from the
octave. Then, executing

Print(pitchToHz(A4));

prints 440. 0, and substituting any other pitch, regardless of how it is spelled, will produce its
proper hertz value. For example, A0 is27.5 Hz, C4 is 261.63 Hz, and C8 is 4186.01 Hz.

What if we have afrequency x in hertz and want to find its corresponding pitch? The problem
isthat x may lie in between the pitches of the scal e because x can be any frequency. One approach
isto compare x to each semitone on the keyboard from lowest frequency to highest, and to stop
when the keyboard frequency exceeds x. Then the key one semitone below is the closest corre-
sponding pitch on the keyboard.

Pitch hzToPitch(Real x) { /1l find pitch closest to x Hz
For(Integer k = 9+1; k < 88+49; k = k + 1) {// test fromAsO to C8
Pitch p = Pitch(k); /1 get pitch of k
Real f = pitchToHz(p); /1 get frequency of p
if (f > x) /1l have we passed our target?
Return(p — 1); /1 return previous pitch
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/1 1f we get here, the Hz value of x is beyond the end of the keyboard
Ret urn(C8); /1 out of range, clip at C8

}

Thiscodereturns A0 if x islower than or equal to A0, and it returns C8 if x isgreater than or equal
to C8.

Listsof Pitches We can collect pitchesinto lists:

Pi t chLi st shave(C5, 4, (4, Ab4, (4, B4, C5); // shave and a haircut, 2 bits
We can do arithmetic on all the pitchesin alist. To transpose this pitch list up awhole step,

Print( shave = shave + 2 );

adds two degreesto every pitch in shave, and prints{ D5, A4, A4, As4, A4, Cs5, D5}.
To transpose by an octave,

Print( shave = shave * 2 );
multiplies every pitch inthelist by 2 and prints{ D6, A5, A5, As5, A5, Cs6, D6}.

Pythagorean Chromatic Scale We can compute the frequency of a Pi t ch in Pythagorean
chromatic tuning, assuming areference such as A4 equals 440 Hz. We start by computing the fre-
quency of Pythagorean middle C from the reference frequency, using equation (3.11). We define
the reference frequencies in MUSIMAT as follows:

Real R = 440.0;
Real cPi4 = R* 16.0/27.0; // Pythagorean mddle C, 260.74 Hz

Next, referring to figure 3.7, we tabulate the ratios of the Pythagorean chromatic scale in
MuUSIMAT using aReal Li st :

Real Li st pyt hagoreanChronmati c(
1.0/1.0, 256.0/243.0, 9.0/8.0, 32.0/27.0,
81.0/64.0, 4.0/3.0, 1024.0/729.0, 3.0/2.0,
128.0/81.0, 27.0/16.0, 16.0/9.0, 243.0/128.0

)

Last, wedefineavariation of thepi t chToHz() function. Thisversion has the same name but
takes three arguments instead of one.4 When supplied with acertain Pi t ch p, it returnsthe fre-
quency corresponding to its Pythagorean intonation asaReal vauein hertz.

Real pitchToHz(
Pitch p, /1 pitch
Real refC, /'l reference frequency
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Real Li st scal e /1 ratios of scal e degrees
) |
Integer key = PitchC ass(p) + Accidental (p); // get key frompitch
Real oct = Cctave(p); /1 get octave frompitch

Return(refC * scal e[key] * Pow(2.0, (oct — 4)));// conpute frequency

The Ret ur n() statement calculates the frequency of the key from the reference frequency
timestheratio for that degree, then adjusts it for the proper octave. Calling

Print("A4=", PitchToHz(A4 , cPi4, pythagoreanChromatic));
prints A4=440. 0, and

Print("C4=", PitchToHz(C4 , cPi4, pyhagoreanChronmatic));
prints C4=260. 74, as expected.

Natural Chromatic Scale To createthe natural chromatic scale, all we need now isto establish
the frequency reference for natural chromatic middle C and tabulate the ratios of the scale.

Real R = 440. 0;
Real cNat4 = R* 3.0/5.0; //264.00 Hz

Real Li st natural Chromati c(
1.0/1.0, 16.0/15.0, 9.0/8.0, 6.0/5.0,
5.0/4.0, 4.0/3.0, 64.0/45.0, 3.0/2.0,
8.0/5.0, 5.0/3.0, 16.0/9.0, 15.0/8.0

)

Then

Print("A4=", PitchToHz(A4 , cNat4, natural Chromatic));
prints A4=440. 0, and

Print("C4=", PitchToHz(C4 , cNat4, natural Chronmatic));
prints C4=264. 00.

Sruti Scale Asafinal example, we adapt Pi t ch to handle nondodecaphonic scales by demon-
strating the sruti scale (seefigure 3.25). There are 22 degreesin this scale. We start by defining the
ratios of the sruti scale:

Real Li st sruti Scal e(
1.0/1.0, 256.0/243.0, 16.0/15.0, 10.0/9.0, 9.0/8.0, 32.0/27.0, 6.0/5.0,
5.0/4.0, 81.0/64.0, 4.0/3.0, 27.0/20.0,45.0/32.0, 729.0/512.0,
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3.0/2.0, 128.0/81.0, 8.0/5.0, 5.0/3.0, 27.0/16.0, 16.0/9.0, 9.0/5.0,
15.0/8.0, 243.0/128.0

E

Wewant to preservethereference A440 Hz and useit to find the frequency of the lowest degree
of the scale, aswe've donefor Pythagorean and natural scales. But which of the 22 degrees should
correspond to A4407? The sruti scale contains both the Pythagorean major sixth (27/16) and the
natural major sixth (5/3). Let’s choose the simpler 5/3 ratio at degree 17 to correspond to A440.
Then the lowest degree of the sruti scale has the same frequency as the natural chromatic middle
C, 264.0 Hz.

Real R = 440. 0;
Real srutiRef = R* 3.0/5.0; // 264.00 Hz

Next, we must inform Pi t ch of how many degrees there are per octave, which we can do by
finding the length of thelist of ratios:

Set Degr ees(Lengt h(sruti Scale)); // set nunmber of degrees in scale

Thebuilt-in Set Degr ees( ) function adjusts the internal calculations of Pi t ch to the spec-
ified number of degreesin the scale. To keep things simple, the degrees of the sruti scale areindi-
cated only by their degree numbers, rather than by trying to extend the Western pitch-naming
system. Then the frequencies of particular sruti degrees are computed as follows:

For (Integer i = 0; i < Length(srutiScale); i =i + 1) {

Pitch x( i, 0, 4); // pitch, accidental, octave

Real f = pitchToHz(x, srutiRef, sruti);

Print(f);
}
which prints the frequencies of the sruti scale from middle C asfollows:
1 2 3 4 5 6 7 8 9 10 11
264.00 27812 28160 29333 297.00 31289 316.80 330.00 334.13 35200 356.40
12 13 14 15 16 17 18 19 20 21 22

37125 37589 396.00 41719 42240 440.00 44550 469.33 47520 495.00 501.19

Other scales, such as Partch’s scale and the quarter-tone scale, can be constructed in the same
manner. The Bohlen-Pierce scale can aso be constructed this way because the Set Degr ees()
function only specifiesthe number of degreesin the scal e and makes no assumptions about octave
equivalence.
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B.2.2 Rhythm

Durationin common music notationisexpressed asafraction of awholenote. For exampleawhole
note equals four quarter notes:

o=dt )+
We could write this mathematically as follows:

1 = 1—+1—+1—+1—
1

4 4 4 &
which suggests using rational fractions to represent rhythmic durations. A rational fraction isa

ratio of integers. MUSIMAT comes with a built-in data type called Rhyt hm which emulates com-
mon musical notation conventions regarding rhythm. For example, the quarter note is defined as

Rhythm Q = Rhythm( 1, 4 );

Thefirst number isthe numerator of therational fraction, the second isthe denominator. Note that
wecan'twriteRhyt hi( 1/ 4) becausetheinteger quotient of 1/4isOwitharemainder of 1; integer
divisionisperformed if both the numerator and denominator are integers, which won’t work here.
Specifying the numerator and denominator separately avoids this problem and has some other
numerical advantages as well. Executing Pri nt (Q ; prints (1, 4). Internally, Rhyt hm()
keeps the integer numerator and denominator val ues separately.

Rhythmic duration can also be given as areal expression. Pri nt (Rhyt hn( 0. 5)); prints
(1, 2).How doesRhyt hn{) convert thisrea expression into aratio of integers? It does so by
calling the following function internally:

real ToRati onal (Real f, Integer Reference num Integer Reference den) {
Constant Integer iterations = 3000000;

Constant Real limt = 0.000000000001;
num = den = 1; // start off with ratio of 1/1
For (Integer i = 0; i <iterations; i =i + 1) {
If (Real Abs( Real (num) / Real (den) — f ) < linmt)
Return; // we have reached the limt
El se {
Real x = Real Abs(Real (num+tl) / Real (den) - f);
Real y = Real Abs(Real (num) / Real (den+l) - f);

If (x <vy)
num = num + 1;
El se

den = den + 1;
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}

Return; // if we get here, we've not converged on the limt
} // Real Abs() is just a version of Abs() that uses Real arithnetic

Functionr eal ToRat i onal () takesaReal valuef and attemptsto find arational fraction
nunt den that isascloseaspossibletoit. It startsby settingnum = den = 1 and asking whether
nunt den isalready closeenoughtof . If so, it returns. Otherwise, it askswhether (num+1) / den
iscloser thannum/ (den+1) . If so, itincrementsnuni otherwiseit incrementsden and repeatsthe
process. Because numand den are Ref er ence arguments, any changes to these variableswithin
real ToRati onal () arereflected in the value of the actual arguments supplied to it.

This method can be used to find rational approximations to most any real value. For example,

Real Pi = 3.14159265;
Print(Rhythnm(Pi));

prints (1953857, 621932). Note that 1953857/ 621932 = 3. 14159265, whichis
pretty close to the value of wt. This method is limited by the precision of the computer hardware.
The precision of a rational approximation depends upon the value of the built-in variables
iterations andlimt.For example, with the values shown in the preceding code, it took
real ToRat i onal () 2,575,787 trials to come up with its best approximation of r, requiring
about 1 second on my computer. Theiterati onandl i nit parameters can be set to whatever
values produce the optimal performance/accuracy cost/benefit ratio. Barring obscure rhythms
(nothing, say, beyond triplet eights), i terations = 240and linmit = 1.0/ 480 should be
satisfactory.

Although the details go beyond the scope of thisbook,> hereisasketch of how Rhyt hn() uses
real ToRati onal ():

Rhyt hm(Real x) ({
Integer num den; // internal parameters for Rhythm
real ToRational ( x, num den); // convert x to num/ den rational fraction
I

}

When calledwithaReal argument, Rhyt hi() callsr eal ToRat i onal () tosetitsinternal integer
rational fraction values.
MusIMAT provides built-in definitions for standard binary divisions of awhole note:

Constant Rhythm W= Rhythm(1.0/1.0);
Constant Rhythm H = Rhythm(1.0/2.0);
Const ant Rhythm Q = Rhythm(1.0/4.0);
Constant Rhythm E = Rhythm(1.0/8.0);
Constant Rhythm S = Rhyt hn(1. 0/ 16. 0);
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Itiseasy to defineternary divisionsaswell. For example, atriplet eighthisRhyt hn{( 1. 0/ 12. 0)
because thereare 3 - 4 = 12 triplet eighths per whole note. By the same reasoning, a quintuplet
eighth isRhyt hr( 1. 0/ 20. 0) .

We can express compound rhythms by addition. For example, a dotted half noteis

Real Hd = Rhythn{1.0/2.0 + 1.0/4.0); // dotted half
Equivalently,
Real Hd = Rhythn(3.0 / 4.0); // also a dotted half

We can also do arithmetic directly with rhythms. For example, Pri nt (E+S) prints(3, 16).
Also, Print (W - S) prints(15, 16),Print(Q * S) prints(1,64),andPrint(Q/ S)
prints (4, 1) . Thelast value corresponds to a duration of four whole notes.

We can extract the numerator and denominator from Rhyt hn) :

I nteger num den;
Rhyt hm( E+S, num den); // assigns rational fraction for E+Sto numand den

Usedthisway, Rhyt hn( ) calculatestherational fraction of itsfirst argument and setsnumand den
by reference to the result. For the preceding example, numis set to 3 and den is set to 16. We
can leverage this capability to obtain the duration of arhythm asarea number:

Real real Rhyt hm( Rhyt hm x) {
I nteger num den;
Rhyt hm(x, num den); // find rational fraction for x and set numand den
Ret urn(Real (num / Real (den)); // convert numand den to real s and di vi de

}

Then, for example, executing Pri nt (real Rhyt hn{E + S)); prints0. 1875.
As with pitches, we can make lists of rhythms.

Rhythmlist R={Q E E E S, S qQ;
Print(R);

prints{(1,4), (1,8), (1,8), (1,8), (1,16), (1,16), (1,4)}.
B.2.3 Tempo

In common music notation, tempo is expressed using Mé zel’s metronome markings (see sec-
tion 2.6.2). For example, ] = 60MM indicates that the beat or pulse of the music is associated
with quarter notes and that there are 60 beats per minute. Thus at ] = 60MM each quarter note
lasts 1 second, and at J = 1220MM each quarter note lasts 0.5 second. Thus tempo scales the
durations of rhythms.
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We can emulate this by calculating a tempo factor based on Méalzel’s metronome markings.
Rhythms are then multiplied by this coefficient to determine their actual duration. First, we need
afunction that calculates the tempo factor:

Real mm(Real beats, Real perM nute) {
Return(1.0 / (4.0 * beats) * 60.0 / perM nute);

}

Thebeat s argument istherhythmic valuethat getsthe beat, and theper M nut e argument isthe
number of beats per minute. For example,

Real tenpoScale = mm( Q 60.0 ); // 60 quarternotes per mnute
setst enpoScal e to 1. 0, and
Real tenpoScale = mm(Q 120.0); // 120 quarternotes per ninute

setst enpoScal e t0 0. 5. Scaling alist of rhythms with t enpoScal e adjusts them to the pre-
vailing tempo. Start with arhythm list.

RhythnList T={Q E E E S, S Q;
Print(T);

prints{(1,4), (1,8), (1,8), (1,8), (1,16), (1,16), (1,4)}.Nowscaeit.

Rhythmlist S =T * tenpoScale; // tenpoScale == 0.5
Print(S);

prints{(1,8), (1,16), (1,16), (1,16), (1,32), (1,32), (1,8)}.

Though this explicit approach to managing tempo works fine, in fact Rhyt hn() has this cal-
culation conveniently builtin. It worksin conjunctionwith abuilt-infunctionnamed Set Tenpo()
that implicitly scales all rhythmic durations by the specified tempo factor. So, for example, given
the preceding definition of Rhyt hnii st T,

Set Tempo(mm(Q 90)); // set tenpo to 90 quarternotes per mnute
Print(T);

prints{ (1, 6), (1,12), (1,12), (1,12), (1,24), (1,24), (1,6)}.Allrhythmicvaues
are scaled implicitly by Rhyt hny() .

B.24 Loudness

Loudness is expressed in common music notation using performance indications such as fortis-
simo or piano (see section 2.7). But the performed intensity depends upon the acoustical power of

the instrument and the interpretation of the performer. A better approach for the purpose here
would be to define loudness in objective terms using decibel s (see section 5.5.1).
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Since microphones and loudspeakers measure and reproduce pressure waves, it is common to
use dB SPL in audio work (see equation 5.32). It is also conventional in audio to take the loudest
valuethat can bereproduced without distortion asareferenceintensity of O dB (seesection 4.24.2).
Since measured intensitieswill belessintensethan thereference, then by the definition of the deci-
bel they will be expressed as negative decibel levels. We can write, for example, —6 dB to indicate
an amplitude that is (very close to) one half of the amplitude of the 0 dB reference.

Restating (5.32), the equation for dBSPL, as

A’
dB = 20log,,—
y 910A

and simplifying by letting x = A7A, we have y dB = 2010g,(X). Solving for x, we have
X = 10¥/20, (B.1)

For example, setting y = —6 dB, we have x = 10-8/20 = 0,501. The value of x isthe coefficient by
which a signal must be multiplied to lower its amplitude by 6 dB. For another example, setting
y = 0dB, we have x = 10920 = 1, So multplying by 0 dB does not affect amplitude. Setting
y = -120dB, wehave x = 10-120/20 = 0,000001, so multiplying asignal by —120 dB rendersit vir-
tually inaudible. Finally, if we wish to amplify asoft sound, scaling it by +6 dB makesit twice as
loud. Thus, scaling sounds with decibel coefficients allows usto achieve arbitrary loudnesslevels
for waveforms. So we define

Real dB(Real y){
Ret ur n( Powm 10. 0, y/20.0));

}

For example, Pri nt (dB(-6)) prints0.501187, Print (dB(0)) prints1. 0, and
Print (dB(—=120)) prints0. 000001.
Suppose we have the following audio samples for a sound:

Real Li st mySound = {0, 0.16, 0.192, -0.37, —-0.45, -0. 245, -0.43, 0.09, . . .};
We wish to halve the sound’s amplitude. Then

Real Li st scal edSound = nySound * dB(-6);
Print (scal edSound) ;

prints{0. 02, 0.08, 0.10, -0.19, -0.23, -0.12, -0.22, 0.05, . . .}.

See volume 2, chapter 1, for more about sampled signals.
MusIMAT provides built-in definitions for standard music dynamicslevels based on figure 4.7.

Real ffff = dB(0), fff = dB(-10), ff = dB(-18), f = dB(—24),
nf = dB(-32), np = dB(-40), p = dB(-48), pp = dB(-56),
ppp = dB(—64);
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TableB.1
ASCII Character Codes

0 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15

O | NUL | SOH | STX | ETX | EOT | ENQ |ACK |BEL | BS |HT | LF | VT | FF |CR | SO | S

1 | DLE | DC1 | DC2 | DC3 | DC4 | NAK | SYN | ETB |CAN |EM |SUB |[ESC| FS | GS | RS | US

2| SP ! # $ % & ( ) * + /
3 0 1 2 3 4 5 6 7 8 9 ; < = > ?
4 @ A B Cc D E F G H | J K L M N (0]
5 P Q R S T U \% w X Y z [ \ ] n -
6 a b c d e f g h i j k | m n o]
7 p q r s t u \Y w X y z { | } ~ | DEL

Thusf f ff does not change the amplitude of the signal, but all others attenuate it to varying
degrees.

B.3 Unicode (ASCII) Character Codes

The Universal Character Set, or Unicode, encodes virtualy all of the world's characters and even
leavesroom for charactersnot yet invented. A common subset of Unicodeis ASCII (American Stan-
dard Codefor Information Interchange), which was proposed by ANSI in 1963 and adopted in 1968.
Recent standards that refer to ASCII include | SO-14962-1997 and ANSI-X3.4-1986 (R1997). The
ASCII codeincludesmany punctuation marksand white space such asblank, tab, and newline (which
forces subsequent text onto anew line).

Toobtaintheinteger ASCII number corresponding to acharacter, first find therow r and column
c containing thecharacter intable B.1. The ASCII number of thischaracter is 2" + ¢ . For example,
the character ‘A’ correspondsto 24+ 1 = 33.

The characters between 0 and 31 and DEL are reserved for functions that mostly don’'t concern
computer users, except for CR (carriage return) and LF (line feed). SP stands for the space
character ' . Thisisanother one of thosetablesthat you must learn if you expect your geek friends
totake you seriously, so place acopy of table B.1 at your bedside or above the mantel piece, where
you can refer to it frequently.

B.4 Operator Associativity and Precedencein MUSIMAT

Tokeepit simple, the MUSIMAT expressionsin thisbook are formatted to obey simpleleft-to-right
evaluation. In fact, the rules are a little more complex because MUSIMAT is basically C++ in
sheep’s clothing.
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TableB.2

Operator Precedence and Associativity

Operator Associativity Description Examples

O left to right grouping a * (x+y) == ax + ay

- right to left negation -3 ==-1*3

* left to right multiplication and division a*b alb

% left to right remainder after integer division 10 %3 == 1, 12 %3 == 0

+ - left to right addition and subtraction a+b a-b

< <= > >= left to right less-than, less-than-or-equal, a<b a<=b

greater-than, greater-than-or-equal a>bh, a>=b

= I= left to right equal, not equal a==b, al=h

And left to right logical AND Fal se And Fal se == Fal se
Fal se And True == Fal se
True And Fal se == Fal se
True And True == True

Or left to right logical OR Fal se Or Fal se == Fal se
Fal se Or True == True
True O Fal se == True
True O True == True

= right to left assignment

a=b, a=b+c

Associativity of operatorsis generally left to right, except for assignment and negation. For
exampletheexpressiona = ¢ = d assignsthevalued toc, then assignsc to a, thereby making
al three have equal value.

Table B.2 shows MUSIMAT's simplified operator precedence and associativity in order from
highest to lowest. This precedence list is a shortened version derived from C and C++. Sinceyou
can't effectively read or write computer programs unless you have memorized these rul es of oper-
ator precedence and associativity, experts recommend that you study these tables while you brush
your teeth every night (Press et al. 1988, 23).

Warning: some expressionsthat might seem to have self-evident meaning can’t be expressed as
suchin C/C++ and so don't work in MUSIMAT either. Taketheexpressionc > b > a, for example.
You'd hope it would test whether b lies between a and c. Alas. Consider this example:

If (3 >2>1) Print("true") Else Print("false")

Itfirst evaluates (3> 2), whichit discoversisTr ue, and replacesthis expression with theinteger
1 (which standsfor Tr ue in C++). It then evaluatesthe expression (1> 1) whichisFal se. Prob-
ably not what we wanted. This example can be rewritten as follows:

If (3 >2And 2 > 1) Print("true") Else Print("false")

which will print Tr ue.






Glossary

A440 The standard of pitch for Western orchestras, corresponding to 440 Hz.
Acoustics The study of signals and signaling systems where the medium is air.

ADSR Segments of the amplitude envelope named for the initial letters of each segment: attack, decay, sustain, and
release.

Amplitude Distance of awave from its peak height to its point of zero displacement or equilibrium. Also called peak
amplitude. Peak-to-peak amplitude is the distance from crest to trough. RM S amplitude is the average energy of a sinu-
soid, based on its amplitude.

Anechoic chamber A room that is so padded that it produces no echoes, thereby eliminating reverberation; usually
also isolated from external noise sources.

Antinode Point where displacement due to vibration is greatest.
Atmosphere Average atmospheric pressure at sealevel, with a standardized value of 101,325 Pa.
Band A range of frequencies within a spectrum.

Band center Geometric mean frequency of a band. For a band extending from 707 Hz to 1.414 kHz, the band center
frequency is 1000 Hz.

Bandwidth Distance between upper and lower frequency limits of a sound.
Beat Fundamental unit of time measurement, corresponding to the pulse of the music.

Causal System that references only current and past input and past output. Causal systems may not reference futurein-
put or current or future output.

Chaotic system A deterministic system that appears to be random such that it is impossible to make long-range pre-
dictions about its behavior.

Complex system System that contains elements that are both differentiated (specialized or compartmentalized) and
integrated (connected or unified) on all levels of scale.

Compliance Thereciprocal of stiffness.

Continuousdistribution A distribution where the events in the sample space cannot be individually distinguished.
Temperature and frequency are examples of continuous distributions.

Critical bands Channels of frequency-selective psychoacoustic processing that affect our perception of pitch, loud-
ness and masking of components lying within a critical frequency distance (roughly 1/3 of an octave) of one another.

Damping The effect of energy dissipation on avibrating system.

Decibel Scale used to measure sound level in sound recording and communications, based on the same logarithmic
principle as the Richter scale.

Degree Individual element of ascale; also, 1/360 of acircular arc.

Degrees An ordered set of names and positions of the elements of ascale.
Deterministic Characteristic of systems where every cause has a unique effect.
Diatonic scale Seven pitches per octave composed of degreesintheorder221222 1.

Discretedistribution A distribution where the events in the sample space can be individually distinguished. Tossing
coins or dice and picking a note on a keyboard are examples of discrete distributions.
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Driven harmonic oscillator A vibrating driving force coupled to a driven simple harmonic oscillator, such as a
spring/mass combination.

Duration In music, the number of beats a note lasts. Generally, the elapsed time of an event.

Dynamicrange Range from the softest to the loudest sound.

Dynamics A field of classical mechanics that studies how force affects motion of material bodies through time.
Efficiency Theratio of useful power output to the total power input.

Elasticity That property of amaterial that allowsit to restoreitself to its original shape after being distorted (stretched,
compressed, twisted, etc.).

Enharmonic equivalents Chromatic degrees that sound the same pitch despite having different symbols.
Enumeration Anitemized list of all possible outcomes; the sum total of such outcomes.

Envelope Characteristic way in which the intensity of a note changes through time.

Equal-tempered interval The semitone, one twelfth of the pitch distance of an octave, the twelfth root of 2.

Equilibrium  The state of a system when it has no acceleration; the resultant when the sum of all external forces acting
on abody is zero and the sum of the momentum of all parts of the system is zero.

Event The outcome of arandom process, such asarall of the dice.

Expectation A prediction based on current and past experiences. See also Surprisal.

Formant Group of frequencies of some particular bandwidth that is emphasized by aresonant system.
Frequency Physical measure of vibrations per second.

Fundamental Lowest pitched partial in atone.

Gamut Entire range of pitches reachable by an instrument or voice.

Harmonics Frequency components of a complex tone that are positive integer multiples (greater than 0) of a funda-
mental frequency.

Harmony In general, any simultaneous combination of tones. More narrowly, an agreeable (consonant) combination
of tones.

Harmony theory The art of organizing multiple concurrent musical lines to reinforce a feeling of harmonic move-
ment and arrival, suspension and resolution.

Heat capacity ratio Theratio of the specific heat of agas at constant pressure to the specific heat at a constant volume.
Hertz The unit of one cycle per second, abbreviated Hz.
Histogram A table of event occurrences.

Ideal string String that is perfectly flexible, has constant mass per unit length, and is connected to massive nonyield-
ing supports.

In phase The state of multiple objects that vibrate with the same speed and direction.
Inertial reactance The tendency of amassto resist change in velocity.

Inharmonic partials Components that are not integer multiples of afundamental.
Interval Differencein pitch between two tones.

Inversion, of aninterval  Subtracting an interval from an octave produces its inversion. Intervals of afifth and fourth
are each other’sinversions.

JND of loudness Amount by which the intensity of a sound must change for the ear to register adifference in loudness.
JND of pitch  Amount by which the frequency of a sound must change for the ear to register a difference in pitch.
Just intervals Intervals made from the ratio of small whole numbers.

Key The degreeto which adiatonic scaeis transposed.

Key signature Association between the key (the chromatic degree that the scale starts on) and the accidentals required
for the corresponding diatonic scale.

Limit of hearing Theintensity above which sound is registered as (possibly damaging) pain.
Loudness The subjective experience corresponding most closely to sound intensity.
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Mass The quantity of matter contained in an object.
Matter  Anything that occupies space and exhibits inertia.

Mean free path The average distance a particle can move in a gas without a collision; in acoustics, the average dis-
tance awave front can travel before being reflected at awall.

Melody Notes played in sequence.

Metronomemark Indication of which duration symbol gets the beat and how many beats there are per minute.
Microtone Scale degreethat islessthan a semitonein pitch.

Modes Variationsof the diatonic scale that preserveinterval order but begin from other than degree 1 of the diatonic scale.

Modulation Changing the effective key signature of amusical work through the introduction of accidentals not in the
original key signature.

Monte Carlo method Any technique that uses probability to study complex systems.

n-limit  The highest prime factor of any interval in amusical scale; used as a measure of scale complexity.

Node A point where displacement due to vibration is zero.

Normal force A forcethat is perpendicular to surfaces that are in contact.

Note A tone placed in temporal context by an onset time and duration. See Tone.

Octave Ratio of 2/1 between frequencies; the musical quality of equivalence.

Octave equivalence The principle that scale degrees perform the same musical function regardless of the octave in
which they are played.

Onset Thetime when a sound begins; the moment stipulated by the score for anote to begin.

Oscillate  To move or swing regularly and continuously from side to side.

Overtones Harmonic componentsin atone that are pitched higher than the fundamental.

Partials Individual sinusoids that collectively make up an instrumental tone; also called components.

Period One complete movement through all the phases of a periodic vibration; for a sinusoid, one period corresponds
to one complete revolution of acircle.

Permutation The number of possible unique orderings.

Phase The fraction of a complete rotation through which an object has advanced; characteristic points, such as peaks,
troughs, and zero-crossings reached periodically each time awave repeats.

Phon A measure of equal loudness. See Sone.

Phon scale A loudness scale that identifies equal loudnesses across all perceivable frequencies and intensities.
Pitch  Subjective experience corresponding to the frequency of sounds.

Polyphony The art of sounding more than one musical line concurrently.

Precession time The period required for a higher-frequency vibration to depart from and then return into alignment
with alower-frequency vibration.

Primenumber Aninteger that isnot divisible by any other number besidesitself and 1.
Probability Therelative likelihood of an event, usually expressed as areal number in the range of 0 to 1.

Probability distribution A function, graph, or listing of the probabilities of the sample space that shows how proba-
bility is distributed among the possible events.

Programming language A specialized means of describing rule systems and methods.

Psychophysics  Psychology of perception, focusing on the boundary between physical and psychological phenomena
Psychoacoustics includes the psychophysics of audition.

Quality factor Theratio of the resonant frequency to the bandwidth 3 dB down from peak amplitude.

Random variable Index of aprobability distribution function.

Resonance The tendency of a system to vibrate sympathetically at a particular frequency in response to energy in-
duced at that frequency.

Resonant frequency The frequency that is most effective at enabling avibrating system to return to its original energy
level by dissipation.
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Restoring force Internal force that seeks to return an elastic object to its original shape.

Rhythm That which pertains to the temporal quality of musical notes and phrases. Onset and duration largely deter-
mine rhythm.

Rubato Gradua perturbationsin the tempo.

Sample space The set of possible outcomes.

Scale A named, ordered set of pitches, together with aformulafor specifying their frequencies.
Score Combination of notes ordered vertically by pitch and horizontally by time.

Self-similarity  Structures that show similarities at all levels of magnification are self-similar.
Series Summation of arepeating pattern of terms. A particular ordering of a set.

Set  Anunordered collection of any size.

Set class A named group of sets that are equivalent under specific conditions.

Signal A physically detectable quantity such as an acoustical wave that traverses asignaling system.
Signaling system A system that combines time, space, source, medium, and receiver.

Silence Sensory percept of the absence of detectable sound intensity at any frequency.

Simple harmonic motion  Vibratory motion in one dimension caused by the interaction of inertia and elastic forces.
Sone A measure of comparative loudness. See Phon.

Sonority The sonic character of amusical interval.

Sound pressurelevel  Average pressure variation per unit area.

Spectrum  Therange of all possible frequencies at all possible intensities.

Staff Five horizontal lines that serve as a grid indicating pitch range (vertically) and relative note onset (horizontally)
in common music notation. Attributed to Guido d’ Arezzo.

Standard temperature and pressure (STP) One atmosphere of pressure at 0° Celsius (or 273.15 K).

Standing waves Waves constrained by wavelength to match the dimensions of physical boundaries. Waves whose
shape remains constant and only their amplitude changes; waves whose height is scaled through time in the direction
perpendicular to their length.

Static equilibrium A system in which the sum of applied forcesis zero and does not change through time.
Stiffness  Theratio of applied force to the resulting displacement.

Surprisal  Asthe probability of an event decreases from 1.0 towards O, the surprisal goes from zero to infinity. See
Expectation.

System A combination of interdependent components that can be viewed as a unified whole. Any function that pro-
duces one or more outputs based on zero or more inputs.

Tempering The practice of adjusting some of the degrees of the scale to irrational values so as to fit within an over-
arching order that is still based on simple integer ratios.

Tempo Number of beats per minute.

Threshold of hearing Minimum amount of sound intensity required for a sinusoid to be detected by a listener in a
noi sel ess environment.

Timbre That which alows us to distinguish notes of equal pitch, loudness, and duration; the name of a sound source
(such as trumpet, violin) or aquality of a sound source (such as sharp, dull).

Timesignature Stipulation of how many beats there are per measure and which note getsthe beat. In 3/4 time, there are
three beats per measure (indicated by the numerator) and the quarternote gets the beat (indicated by the denominator).

Tonal palette Coloration based on the placement of various-sized intervalsin ascale.

Tone Combination of pitch, loudness, and timbre. An ideal tone has constant pitch, loudness, and timbre; convention-
ally, the term describes any reasonably uniform combination of the three properties. A sound without discernible pitch
(such as adrum beat) is not atone. When placed in atemporal context, a tone becomes a note. See Note.

Tonerow A seriesbased on aset of pitch classes.
Transpose To start ascale on any chromatic degree but C.
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Uniform distribution If al eventsin a sample space are equally likely, the resulting distribution is said to be uniform.
Unison 1/1 ratio between frequencies. Tones sounding at the same pitch. The musical quality of identity.
Wave An organized traveling disturbance in amedium, such asair.

Wave shape Characteristic internal organization of a sound wave, responsible for determining the timbre, or sound
quality of asound.

Well-tempered Characteristic of tuning systems that temper at least some intervals or have reasonably equal-sized
semitones.

Wolf fifth  Nonharmonic intervals that cause beating between the interval and the overtone series, making it sound un-
pleasantly like wolves howling.

Work The force applied to move an object times the distance it is moved.






Notes

Preface

1. From a Chinese fortune cookie opened the night the first page was written.

Chapter 2

1. Thisisahit of an oversimplification. Our experience of pitch also depends on loudness, among other factors. For the
full story, see section 6.5.1.

2. Curiously, the diatonic major scale begins with the letter C, not A. I've never seen a sensible explanation for this fact.

3. The practice of singing aided by solmization syllables was developed by Guido D’ Arrezzo, a Franciscan monk of the
tenth century. The practice is called solfeggio.

4. For some transpositions, it may be necessary to raise anote that is already sharp, hence the double sharp; similarly, it
is sometimes necessary to lower an aready flat tone, hence the double flat.

5. Generally, one must study the harmonic semantics of the score to determine whether the major or minor key is
indicated by the key signature.

6. 1862—1918. See for example, Debussy’s piano prelude \oiles.

7. 1917-1982. Monk used whole-tone scales almost as a signature in many of hisjazz compositions.

8. The term overtone generates confusion in numbering. Note that the first partia is the fundamental, while the second
partia is the first overtone. Thus, for example, overtone number 10 is partial number 11. To avoid confusion, I'll

generally avoid the term overtone, preferring partial or component. Since the term partia is primarily an adjective, I'll
use it only when | think the context is clear.

Chapter 3

1. Helmholtz (1863); second English edition (1885), 250.

2. 1n 1995 the paleontologist Ivan Turk of the Slovenian Academy of Sciences discovered what appears to be a fragment
of aflute made from a cave bear thigh bone in a Neanderthal archaeological site. It was subsequently radio-carbon-dated
to be about 43,000 years old. There is an ongoing controversy over whether it is a flute or not, and if so, what scale it
would have played. Whether it is proved or not, it suggests we should consider radically revising backward in time what
musicologists refer to as early music.

3. The cent scale was developed by Alexander Ellis, who translated into English Helmholtz's treatise On the Sensations
of Tone (1863), one of the first scientific studies of consonance.

4. The term diatonic originally referred to a scale constructed from two (dia) tetrachords. The tetrachord was a scale
building block in ancient Greek music theory.
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5. Robert Fludd, History of the Macrocosm and Microcosm (1617). See Debus (1979) and Godwin (1979).

6. Ptolemy, “Harmonics,” in Barker, Stevens, and le Huray (1984), 270-360.

7. It isadescending Syntonic comma because the pure major third is smaller than the Pythagorean major third.
8. A function f(X) is said to be monotonic in x if f aways changes in the same direction as x.

9. The equation for the fitted curveisy = 1.9 + 0.12x + 0.18x2.

10. Francesco Antonio Vallotti, Trattato della Scienza Teorica e Pratica della Moderna Musica. Conceived in 1728, his
ideas weren't published until 1779.

11. J. S. Bach, The Well-Tempered Clavier, comprising two books (1722 and 1744), each having 24 sets of preludes and
fuguesin every major and minor key.

12. Simon Stevin's Van de Spiegheling der Singconst (On the Theory of the Art of Singing), written ca. 1605, was first
published in 1884, 264 years after he died. See also Cohen (1987).

13. Partch, from the liner notes of his RCA phonograph record Castor and Pollux.
14. | studied sitar in Indiawith S. Dagar and in the United States with Pandit Nikil Banerjee.
15. Kees van Prooijen apparently aso discovered the tempered version of this scale in the 1970s.

Chapter 4

1. But there are some interesting cases where this assumption leads into the weeds (see section 9.17.2).

2. For example, consider this ratio of small but nonzero values: atenth divided by abillionth. Such aratio is not asmall
number.

3. It'simportant to note that the backward velocity is just the velocity between points A and B; it is not about having a
negative slope.

4. Thisiswhy “speed kills” Reaction time is constant, but the time required to stop is the square of the speed.

5. Actualy, log (2) = 0.30103 . . ., but the fractional part beyond the tenths position is often ignored for practical
measurements.

Chapter 5

1. If you are uncomfortable with the radian’s being a dimensionless number, you probably will seize upon this
definition of the radian as proof that its dimension isin units of degrees. However, the degreeis also dimensionless. In
fact, all angle measures, including trigonometric functions, are dimensionless. Also note that a radian is only
approximately 57.3°.

2. The radian was developed by James Thomson in 1873, a professor of mathematics at Queens College, Belfast,
Northern Ireland. His brother was the famous physicist William Thomson, Lord Kelvin.

3. Itiscustomary to uset for linear time and T for periodic time.

4. This is the proof that there is no such thing as centrifugal force. If there were, and it applied a force to the object
directly away from the axis of rotation, then the object should fly radially away when released, but it does not. Instead,
circular mation is the vector sum of centripetal force and linear velocity.

5. For example, simple electrical multimeters use this approach when displaying RM S voltage.

Chapter 6

1. Bregman (1990) gives a monumental description of the factors involved in constructing auditory scenes. Handel
(1989) and Yost (2000) provide an easier introduction.

2. The magjority of cues we use for source identification lie within this frequency band, suggesting that our hearing may
have adaptively evolved to be more sensitive to it.
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3. The purpose of the ossicle chain in the middle ear as an impedance matching system was first pointed out by
Helmholtz (1863).

4. Also caled noise-induced temporary threshold shift (NITTS).

5. These symbols are used because when pronounced, ® (phi) and ¥ (psi) sound like the initial syllables of the words
physical and psychological, respectively.

6. Blind men, touching various parts of an elephant, report conflicting accounts of their experience depending upon the
part they touch, then fall into an argument as to whose account is the correct interpretation. The poem by John Godfrey
Saxe (1816-1887) describing this event concludes, “ So oft in theologic wars, / The disputants, | ween, Rail on in utter
ignorance / Of what each other mean, / And prate about an Elephant / Not one of them has seen!”

7. Ernst Weber (1795-1878).

8. A third important attribute is accuracy, not to be confused with precision. Precision has only to do with the fineness of
measure. A ruler with very fine gradations may measure precisely, but if it is warped, it will not measure accurately.

9. Imagine a point light source positioned on the y-axis above the spiral in figure 6.5, shining down through the coils
onto the floor.

10. The impossible staircase was invented by the Swedish artist Oscar Reutersvard and later independently reinvented
by Lionel Penrose and Roger Penrose. It was made famousin M. C. Escher’s print Ascending and Descending.

11. In fact, the German organist Georg Andreas Sorge published a description of the same phenomenon in 1744, but
Tartini’s observation is most frequently cited.

12. This is by no means the only possible or the best definition for these terms, but it will serve for this simplified
example.

13. | had the privilege of being one of Grey’s subjects.

Chapter 7

1. Since the balls represent packets of air rather than individual molecules, we can ignore the random microscopic
motion of the individual molecules.

2. Ludwig Boltzmann, Austrian physicist (1844-1906).

3. At agreat distance from a sound’s origin, a listener experiences the waves to be plane rather than spherical because
the circumference of the wave front is by that time very large in comparison to the local experience of it. However, the
total wave is still actually spherical. See section 4.24.4.

4. A good modern treatment of the subject is given in Sharp (1996).

5. Since the bars are shorter, they have less mass, but the elasticity of the wire is the same, so the rate of wave
propagation increases.

6. Christiaan Huygens, mathematician, physicist, astronomer, lutanist, and music theorist (1629-1695).
7. Named for the British Astronomer Royal Sir George Bidwell Airy (1801-1892).

8. Kids at home: don’t try this!

9. For adramatic telling of the story, see Bliven (1976).

Chapter 8

1. Robert Hooke, physicist, biologist, astronomer, and architect (1635-1703).

2. This expression means “as long as x is much less than |.” This restriction prevents us from having to consider the
nonlinear vibratory behavior of pendulums that can swing more widely.

3. Hermann von Helmholtz, a scientist whose contributions spanned physics, biology, and acoustics (1821-1894). His
book On the Sensations of Tone is till widely referenced.

4. An explosive and racy Chateauneuf, it fairly burst with game, berry, black chocolate, and espresso characteristics.
Ripe and sweet-tasting, it had enough opulent fruit to balance the firm tannin structure, like a rose growing up the
impenetrable wall of its spectacular finish. (Kids at home: don’t try this.)
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5. Even in outer space, the interna friction of the spring would eventually dissipate al of the system’s energy, but we
ignore this effect as well.

6. Pitch is “head over heels’ rotation, yaw is spinning side-to-side rotation, and roll is “over your shoulder” rotation.
Define three axes through your center of gravity asfollows: x is across your body, y is head-to-toe, and zis front to back.
Pitchisrotationin x, yaw isrotationiny, and roll isrotationin z

7. The classica guitarist Andrés Segovia used no amplification during concerts, even though excellent sound
reenforcement was available by the end of his career. But there was no need: his sound adequately reached his thousands
of listeners, who listened in a hush. True acoustic performance seems like alost ideal in today’s public concerts.

8. This equation has been attributed to Mersenne (from his “laws of stretched strings’ in Harmonie Universelle) and to
Brook Taylor (1685-1731) in 1714.

9. Named after Thomas Young (1773-1829).
10. Published figures vary from about 69 to 79 for aluminum, so 74 is about in the middle.

11. Though aflute may look like it's closed at one end, the fipple of the flute is effectively an opening, so it is open at
both ends.

12. The point 3 dB down from the peak energy point is sometimes called the half-power point, a figure used commonly
for this purpose by engineers, because 3 dB is equal to the square root of 2.

Chapter 9

1. Augusta Ada Byron King, Countess of Lovelace, note A, 694, in her notes added to the end of her English translation
of Luigi F. Menabrea, Notions sur la Machine Analytique de M. Charles Babbage, Bibliothéque Universelle de Genéve,
41, 352-376. Her translation was published under the pseudonym AAL in Richard Taylor's Scientific Memoirs, 3, art.
29, 666731, under the title “ Sketch of the Analytical Engine invented by Charles Babbage, Esq., by L. F. Menabrea of
Turin, officer of the Military Engineers,” August 1843.

2. Theterm algorithm derives from the name of ninth-century Persian mathematician, geographer, and astronomer, Abu
Jafar Mohammed ibn Musah al-Khorezmi, inventor of modern decimal positional arithmetic and algebra. Al-Khowarizm
means citizen of Khowarizm, known today as Khorezm in Uzbekistan. Algorizm, the precursor to the modern term
algorithm, is a tranditeration of the last part of his name. His treatise on arithmetic was titled Kitab al jabr
w'al-mugabala, commonly trandated as “Rules of restoration and reduction.” The word al-mugabala is the origin of the
term algebra.

3. Barbara Cook Loy, private communication.
4. The precise relation between rate of change and frequency is developed in volume 2.

5. Bailey and Crandall (2001). Though the expansion of & appears to be random, this has not been proven. Expansion of
other irrational numbers, such as e and log 2 might also be random but, again, this has not been proven.

6. Notice that Lorenz conjectures that a butterfly might “set off ” rather than “cause” a tornado. This is an important
distinction, suggesting that the initial conditions serve to select an outcome from many possibilities.

7. An interesting paradox in mathematics concerns the cardinality of the set of points on a line. Georg Cantor
established that C, the cardinality of all real numbers (corresponding to the number of pointson aline), is greater than X,
the cardinality of all integers. But how much greater is C than Xq? In particular, is there atransfinite number between Xg
and C? Cantor’s continuum hypothesis states that there is no such transfinite number. However, it has been demonstrated
that the validity of the continuum hypothesisis undecidable. Using the standard axioms of set theory, Kurt Godel showed
that the continuum hypothesis is impossible to disprove. Later, Paul Cohen showed that it is impossible to prove under
the same conditions. Hence, the continuum hypothesis is independent. The independence of the continuum hypothesis
has been taken as an exhibit of Godel’s incompleteness theorem, because it is an important question that has been proven
to be undecidable, even though the proofs are based on the standard and universally accepted axioms of mathematics.

8. The midpoint of an 88-key keyboard is between E and F above middle C.

9. The analogy between entropy and information has been criticized by some physicists. There are implications in the
equation for entropy that are not matched for information. However, this dispute need not concern us here: the analogy
between information and entropy has become afixturein the literature.

10. After R. V. Hartley, who in 1927 proposed using logarithms to measure information.
11. Aristoxenus, “ The Harmonics,” in Macran (1902), 27-30.
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12. A mathematical construction is called pathological if it is created simply to invalidate an otherwise universally valid
assertion.

13. Plato, Laws, bk 49, in Pangle (1980).

14. J. S. Bach, 389 Choralgesange fiir Vierstimmigen Gemischten Chor. Nr. 3765. Breitkopf Edition.

15. Herbert Bielawa, private communication.

16. For example, “up athird” isfrom a C chord to an E chord; “down afifth” isfrom a G chord to a C chord, and so on.
17. Dolson (1989). | am indebted to this article for itsintuitive explanation of back propagation.

18. J. S. Bach, 389 Choralgesange firr Vierstimmigen Gemischten Chor. Nr. 3765. Breitkopf Edition.

19. Haus and Sametti (1991, 7). The multiplicity extension is a partial implementation of self-modifying nets, which
were introduced by Valk (1978).

20. J. S. Bach, “Canon Perpetuus’ from A Musical Offering. BWV 1073. London: Boosey and Hawkes, 1952.

21. See, for example, Harel (1987), an important early theoretical paper. For more recent practical developments, see,
for example, Samek (2002).

22. Landon (1976, 508-509). Leopold Mozart quoted Haydn's comment in a letter to his daughter. The encounter
transpired after Haydn heard Mozart's Bb Magj. Quartet K456, “The Hunt” in 1785. The phrase “knowledge of
composition,” kompositionswissenschaft, means literally “ composition science”

23. Flavius Magnus Aurelius Cassiodorus, Senator (ca. 485-ca. 575), Institutiones, Il, iii, paragraph 21, in Strunk
(1950).

Appendix B

1. A simple MUSIMAT emulator written in C++ is available at http://www.musimathics.com/.

2. Prior to the 1940s, when someone said “computer,” they typically referred to a person who performed computations
manually or with the aid of a calculating machine. It was not until the 1950s that “robot brains’ began to supplant human
computers.

3. Wecan also exit aRepeat statement with aRet ur n statement.

4. Functions of the same name that vary in the number or type of arguments or type of return value are said to be
polymorphic. MUSIMAT manages to keep the various versions separate from each other and to use the correct one in
every instance.

5. MUSIMAT Source code is available at http://www.musimathics .com/.
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Equation of Motion (8.11), 249
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Time (7.31), 237
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Second-Order Central Difference
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Sones and Intensity (6.7), 170
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Speed of Sound (7.14), 207
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Total Mechanical Energy (4.31), 112

Transmission (7.20), 216
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Uncertainty (9.18), 346
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Universal Wave Equation
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Ohm'’slaw of, 157
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angle
critical, 219
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Boulanger, Richard, 93
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cacophony, 306
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Calder, Alexander, 293
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Chomsky, Noam, 401
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complexity theory, 305-306
compliance, 240, 244
components, 29
Componium, 297
composable function, 317
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distribution
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of freedom, 187, 249-250, 254,
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density, 201
area, 100
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design, 406
deterministic, 290, 304
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difference frequency, 173
difference tones, 175
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Fraunhofer, 225
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pattern, 223
diffuse, 416
dimension, 352
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dispersion, 211
dispersive effect, 218
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angular, 129, 131
antinodes, 263-264
nodes, 263-264
dissipation-limited, 275
dissonance, 56, 93, 184186, 380
distortion, 121-122, 179, 239
distribution
continuous, 334
discrete, 334
probability, 333
uniform, 299, 333
distribution function
cumulative, 339
probability, 336
Dodge, Charles, 299
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Doppler shift, 228-232
driven harmonic oscillators. See
oscillators
drums, 266, 270
duplex theory, 190
duration, 26
dynamical, 280
dynamical system. See systems
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373-375, 379, 403
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dynamic spectrum, 33
dynamics, 304

eardrum, 151
early reflections, 233
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efficiency, 115
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energy
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internal, 200, 202
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potential, 111
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energy distribution, 30, 32
spectral, 195-196
temporal, 196
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entropy, 345-349, 354
maximum, 347
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spectral, 34, 195
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dynamic, 248
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Experimentsin Musical
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fBm. Seefractional Brownian motion
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Kirnberger, Johann Philip, 69, 295
Koch snowflake, 353

Koenig, Gottfried M., 332

lacunarity, 355
laminar flow, 221
land speed of sound, 220
lateral onset cue, 189
law of inertia, 108
leading tone, 24
learning, 372—389
left-hand side, 424
legato, 36

Ligeti, Gyorgy, 332
limit, 103

limit of hearing, 119

limma, 53

linear congruential method, 301
local minimum, 382

logistic function, 378

lossy, 179

loudness, 119, 167

loudness IND, 167

lowest common denominator, 15
Lydian mode, 20

magnitude, 135
major scale. See scales
malleus, 152
Maélzel’s metronome, 27, 447
Mandelbrot, Benoit, 353
marimba, 263
marking, 398
Markov chains, 363-371
masker, 171
masking, 171
backward, 172
forward, 171
frequency, 171
simultaneous, 172
temporal, 171
mass, 99, 249
mass density, 204
matter, 99
maxima, 144, 254
mean free path, 356
mean value, 145-146
measures, 26
meatus, 151
mediant, 17
melody, 12, 14, 29
membranes, 266
membranophones, 251
Mersenne, Marin, 58
Messiaen, Olivier, 331
meter, kilogram, second, 97
methodol ogy, 285, 288, 290
12-tone, 86, 312, 332
compositional, 311, 350, 402
deterministic, 290
experimental, 155
nondeterministic, 289
metronome, 27
metronome mark, 26
Micrologus, 286
microphones, 124
microtonality, 72-82
microtonal scales. See scales
microtones, 72
middle C, 41
Pythagorean, 49
MIDI. See Musical Instrument
Digital Interface

Subject Index

millisecond, 99
minima, 144
minor scale. See scales
missing fundamental, 157-158
Mixolydian mode, 20
MKS. See meter, kilogram, second
MM. See Mélzel’s metronome
modes (scales), 20
modulation, 54
modulo arithmetic, 301, 414
mol. See mole
mole, 204
monotony, 306
Monte Carlo methods, 360362
motion generator, 271
Mozart, W. A., 296, 375, 401,
403-406
MP3, 170, 179-180, 344
MPEG, 170, 179
Musamaton, 326
music, 407
atonal, 86, 312
automated composition, 297
experimental, 402
programming, 292
representation, 292, 327
Musical Instrument Digital
Interface, 292
musical score, 12
musical style, 350, 363, 400-406
music dictation, 343
music engineering, 13, 47, 63, 295
music notation. See common music
notation
musi ¢ technology, 39
Musikalische Wuirfelspiel,
295-298, 400
MUSMAT, 285, 290292, 309, 317,
324, 415, 421451
Abs(), 437
Acci dent al (), 440
accunul ate(), 340
At an(), 437
br owni an(), 356
Ceiling(),434
Char act er, 438
cycle(),320-321
dB(), 449
Do- Wi | e, 429
El se, 428
factorial (),435
Fi (), 436
Fl oor (), 434
For, 429-430
Fr (), 436
get | ndex(), 340
Hal t (), 427



Subject Index

I f,428

I nt eger, 422,434

I nt eger Li st , 423
invert(),318

key(), 440

l'inearl nterpol ate(), 324
1 0g10(), 427

() , 448

Mod, 427

Mod() , 415
nornalize(), 339
Cctave(), 440

pal i ndrome(), 321
permute(), 322

Pi t ch, 440

Pi tchd ass(), 440

Pi t chLi st , 442

pi tchToHz(), 441
PosMod() , 415

Pow() , 427
Print(),427
Randon{) , 304, 337, 429, 437
randonRow( ) , 328-329
randTendency(), 330
Real , 422,434

Real Li st , 338,423
real Rhyt hn() , 447
real ToRati onal (), 446
Ref er ence, 446
Repeat , 429
retrograde(), 318
Return(), 431

Rhyt hnli st , 447

set Conpl ex(), 319
Set Tenpo() , 448
shuffle(),329

Sart (), 437
stretch(), 325
String, 438
transpose(), 318, 322
VossFracRand(), 358
mutation stops, 175
Myhill, John, 327

nanosecond, 99

narrowband, 36

nat, 347

natural, 21

natural modes, 250

nazard, 175

near field, 125, 209

nested functions, 431

neural networks, 376, 378, 403

Newton’s first law of motion, 108,
272-273, 356

Newton's second law of motion,
108, 248

Newton's third law of motion, 108
nodes, 254
noise, 157
nonsustaining instruments, 115
normal, 109
force, 109
form, 313
normal modes, 250
note, 12
symbals, 12
numero senario, 60
nut, 82

objective composition, 286

octave, 14, 16

octave equivalence, 14, 16, 87

Ohm'slaw of acoustics. See
acoustics

onset, 26

onset time, 26

operands, 423

oracle, 290

orchestrion, 297

organ of Corti, 153

organum, 286

origin, 100

orthogonal, 97-98, 316, 352, 412

oscillation, 8

oscillators

driven harmonic, 270-271
harmonic, 247, 273, 277-278

ossicles, 152

oval window, 153, 217

overtones, 29

overtone series. See series

palindrome, 321

parallel, 244

parallel distributed processing, 377

Parmenides, 414

Partch, Harry, 47, 60, 74-75

partials, 29-37, 47, 157-158, 240

partitioning, 310

pascal, 118

pattern completion, 375

PCM. See pulse-code modulation

PDP. See parallel distributed
processing

peak pressure, 144

peak pressure level, 144

peak-to-peak pressure level, 144

pendulum, 243

pennywhistle, 263

pentatonic scale. See scales

perilymph, 153

period, 98, 136

periodicity, 99, 141

479

periodicity theory, 158
peripheral theories, 158
permanent threshold shift, 152
permutation, 307, 322

circular, 308, 313
Petri nets, 390400
phase, 140

of matter, 202
phase angle, 141
phase offset, 141
phase reversal, 213
phase shift, 141
phon, 167
phon scale, 167
Phrygian mode, 20
piano, 262
Pierce, John, 87, 371
pinna, 151
pipe organ, 263, 355
pipes

closed one end, 264

open both ends, 263
piston, 244
pitch, 13, 439
pitch classes, 16, 164, 312—-336
pitch difference limen, 160
pitch IND, 159-163
pitch space, 164
pizzicato, 254
place theory, 154
point of equilibrium, 4, 248
points of inflection, 254
political economy, 86
polynomial, 300

cyclic, 300

expansion, 300
polyphony, 54
portamento, 253
power, 114
precedence, 424
precedence effect, 193
precession, 57
precomposition, 312
predicate, 428
predicate/transition nets, 398
pressure, 118, 205
pressure waves. See waves
prime form, 316
prime numbers, 58
principa value, 413
probability, 333-343
probability distribution. See

distribution

proportion, 407
proportiona analysis, 349
proximity effect, 125
PrT. See predicate/transition nets



pseudorandom, 300
psychoacoustics, 150, 154
psychophysics, 155

Ptolemy, Claudius, 54

pulse interference. See interference
pulse-code modulation, 179
P-waves, 207

Pythagoras, 47-48

Pythagorean comma. See comma
Pythagoreans, 47-48, 406-407

quadrivium, 407
quality factor, 181, 277

rad. See radians
radians, 130-131
radiation pattern, 208
radius of gyration, 260
Ramos, Bartolomé, 56
random numbers, 300-301, 303,
337, 361-362, 429

random variable. See variable
random walk, 355
rational approximation, 81, 446
Ravel, Maurice, 175
Rayleigh distance, 209
reactance, 249
real, 14
real numbers, 14
recorder (the instrument), 263
recurrence relation, 301
recursion, 84, 435
recursive, 280, 355
redundancy, 343, 347-354, 397
reflection, 210-218

diffuse, 211

specular, 210
refraction, 218-221
relative major, 23
relative minor, 23
release, 36, 279
remaindering, 415
resonance, 36, 245, 270
resonant frequency, 274
response amplitude, 273
response pattern, 156
resting length, 273
restoring force, 239
rests, 26
retrograde, 315, 318, 321
reverberation, 211

tail, 234

time, 281, 417
revolution

aesthetic, 87

of acircle, 130-131

scientific, 98

Rhythmicon, 326
right-hand side, 424
ringing, 279

RMS. See root mean squared
RMS amplitude, 146
root mean squared, 146
rotation, 308
roughness, 195

round window, 153
rubato, 26

rule of 18, 82

sabine, 236
Sabine, Wallace, 236
sample space, 333
sarod, 266
scalamedia, 153
scala tympani, 153
scala vestibuli, 153
scales
19-tone, 73
53-tone, 73
Bohlen-Pierce, 444
Bohlen-Pierce chromatic, 91-92
Bohlen-Pierce equal-tempered, 92
Bohlen-Pierce just diatonic, 89
cent, 45, 74-75, 459
chromatic, 20-21, 23, 25, 45-46,
166, 312, 337, 341, 359, 380,
439, 441
diatonic, 17, 20, 22
dodecaphonic, 46, 307-308
equal-tempered, 39-42, 4546,
70, 77
harmonic minor, 23
heptatonic, 46
Hungarian minor, 25
just, 43
just pentatonic, 44
major, 18
mean-tone tempered, 63
melodic minor, 24
minor, 18
natural chromatic, 54-56, 71-72,
74,79, 443
natural minor, 24
Partch 43-tone, 76, 444
pentatonic, 23, 46
Pythagorean chromatic, 442
Pythagorean diatonic, 49
Pythagorean dodecaphonic, 52,
54-55, 79
quarter-tone, 73, 444
sruti, 77
Syntonic diatonic, 55
whole-tone, 25, 317
scattering, 199, 211

Subject Index

Schenker, Heinrich, 401
Schillinger, Joseph, 325
schisma, 81
Schoenberg, Arnold, 86, 306,
311-319, 331, 350
scope
global, 432
local, 432
search
comparative, 363
constrained, 363
Second Viennese School, 86, 311
self-similarity, 351, 353
semitone. Seeintervals
sengitivity to initial conditions, 305
serialism, 331-333
series, 244, 312, 332, 410
arithmetic, 410
finite, 410
Fourier, 333
geometric, 410
harmonic, 37, 43, 50, 54-55, 62
infinite, 410
octave, 37
overtone, 4748, 51, 55, 60, 67
set, 306, 312-332
aggregate, 317
set class, 314-317
complement, 317
set complex, 318-319
shadow, acoustical, 208
sharp, 21-22
sharpness, 195
Shepard toneillusion, 165
Sl. See Systéme International
d' Unités
sigma notation, 410
signal, 199
signal to noise ratio, 200
signum function, 378
simple harmonic
motion, 4-7, 240
sinerelation, 137, 412
sinusoid, 7
sinusoidal, 7
solmization syllables, 17
sone, 167
sone scale, 170
sonogram, 33
sonorities, 18
sound intensity level, 120
sound localization, 187-194
sound pressure level, 117, 123
sound quality, 28
specific heat
capacity, 203
spectral tendency, 352



Subject Index

spectrum, 30
harmonic, 31
inharmonic, 31
speed, 101
instantaneous, 103
rotational, 132
tangential, 135
speed of sound, 202, 207
SPL. See sound pressure level
spreading, 199
spring constant, 240, 244, 249
sruti, 77
staff, 12
standard atmospheric pressure, 117
standard temperatureand pressure, 205
standing waves, 255
stapedius, 152
stapes, 152
statement, 422
static spectrum, 32, 34
steady state, 279
stiffness, 240, 248, 257
stiffness-limited, 274
Stockhausen, Karlheinz, 293
STP. See standard temperature and
pressure
Stravinsky, lgor, 405
strike note, 157
strings
ideal, 254
stiffness, 262
tension, 262
style. See musical style
subdominant, 17
submediant, 17
subtonic, 17
sum tones, 175
summation, 410
superdominant, 17
superparticular ratios, 48
superposition, 210, 251
supertonic, 17
supervised learning, 379
surface area, 117-118, 235
surprisal, 345
surprise, 350
sustain, 36
sustaining instruments, 115
synchronicity, 298
Syntonic comma. See comma
Systéme International d’ Unités, 97
systems, 149
adiabatic, 200
analysis/synthesis, 400
auditory, 150
automated composition, 401
belief, 350

causal, 372

chaotic, 304

complex, 306, 361, 398

composing, 402

deterministic, 304

discrete dynamical, 397, 400

dynamical, 248, 304-305

expert, 388

nonlinear, 176

open, 77

random, 304, 337

resonant, 36

rule, 373

scale, 17, 72-73

signaling, 149, 343, 345

spring/mass, 5, 136, 243, 248,
271-272

statistical composing, 333

tuning, 69, 75

vibrating, 8, 29-30, 270

T60 time, 281
tangent relation, 412
taste, 350, 406
tectorial membrane, 153
tempered tuning, 20, 54, 68-72
tempering, 63-64, 68-70, 73, 75
equal, 70
irregular, 69
well, 69
tempo, 26, 447
temporary threshold shift, 152
tension, 110
tensor tympani, 152
thematicism, 331
Theremin, Leon, 326
thermodynamic probability, 345
threshold of hearing, 119
tierce, 175
timbre, 28, 195-198
time, 106
time constant, 281, 417
time signature, 27
tonal fusion, 174
tonal harmony, 8687, 312, 350
See also harmony
tonal palette, 69
tone, 11-12
tone height, 163
tone rows, 308-313, 319-332
tonic, 17, 24
tonotopic dissonance, 185
tonotopic mapping, 154
tonverschmelzung, 174
total absorption, 222
totally organized music, 331
transformer, 217

481

transients, 278, 280
transition table, 365
transpose, 22, 44
transposition, 314
tremolo, 32, 173, 254
tritave, 87
tritone. See intervals
TTS. See temporary threshold shift
Turing test, 403-405
two-alternative forced-choice, 161
two-component theory
of tone, 163
tympani, 267
tympanum, 151, 217

unary prefix, 423

uncertainty, 31, 343, 346
acoustical, 183-184
measurement, 305

Unicode, 438

uniform circular motion, 129

uniform distribution. See

distribution

unison, 14, 16, 185

unit circle, 139

unit distance, 323

universal gas constant, 205

variable, 421-422
actual, 309
continuous, 335
control, 430
global, 432
independent, 15
initialization, 430
input, 430
local, 432
physical, 155
psychoacoustic, 155
random, 334, 336, 358
reference, 321

velocity, 5, 102, 106
angular, 131, 136, 243
instantaneous, 102
radian, 136
rotational, 203
of simple harmonic

motion, 142
tangential, 135, 142
trandational, 200, 203
vibrational, 203

vibraphone, 261, 263

vibration, 4-8

vibration modes, 30

vibrato, 28, 32

Virtua Mozart, 404

volume, 98, 235-236



482

wavelength, 141-142

wave motion
longitudinal, 116
torsional, 116
transverse, 116

waves, 3
compression,

201, 207

crests, 140
cycle, 140
expansion, 201
incident, 215
longitudinal, 207

period, 140
plane, 209
pressure, 207
rarefaction, 207
reflected, 215
transmitted, 215
troughs, 140
Zero-crossings,

140, 254
Weber-Fechner law, 160
Webern, Anton, 311, 331
Weierstrass function, 355
weight, 100, 109

Subject Index

well tempered, 69
whole step, 17
whole tone, 17
wolf fifth, 53
work, 110

Xenakis, lannis, 332

Xeno's paradox, 414

xylophone, 263

Young's modulus, 257-258, 260

Zarlino, Gioseffo, 60, 333



	Contents
	Foreword
	Preface
	About the Author
	Acknowledgments
	1 Music and Sound
	2 Representing Music
	3 Musical Scales, Tuning, and Intonation
	4 Physical Basis of Sound
	5 Geometrical Basis of Sound
	6 Psychophysical Basis of Sound
	7 Introduction to Acoustics
	8 Vibrating Systems
	9 Composition and Methodology
	Appendix A
	Appendix B
	Glossary
	Notes
	References
	Equation Index
	Subject Index

